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To come out of the Olympic Cinema and be taken aback

by how, in the time it took a dolly to travel

along its little track

to the point where two movie stars’ heads

had come together smackety-smack

and their kiss �lled the whole screen,

those two great towers directly across the road

at Moy Sand and Gravel

had already washed, at least once, what had �owed

or been dredged from the Blackwater’s bed

and were washing it again, load by load,

as if washing might make it clean.

Paul Muldoon, ‘Moy Sand and Gravel’
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Introduction

This thesis is composed of two distinct works within the broad �eld of nonlinear Schrödinger equations. Each of

the two chapters begins with an introductory section describing the background and mathematical sign�cance of

the speci�c topic considered. This introduction knits the chapters together by providing a brief overview of the

origins of Schrödinger equations generally. The common theme in the �eld, and of course in partial di�erential

equations generally, is the in�uence of physical theories on the trajectory of mathematical research. Both of the

topics discussed in this thesis ultimately spring from equations �rst introduced by physicists to model real-world

phenomona.

the linear Schrödinger eqation

The linear Schrödinger was �rst introduced by Erwin Schrödinger in 1926 as a model for the behaviour of particles

at the atomic level. Neglecting e�ects due to special relativity, the equation for a single particle reads,

i„
@u

@t
.x; t/ D

�
�„2

2m
�C V.x; t/

�
u.x; t/; (0.0.1)

where m is the mass, V.x; t/ 2 R the potential energy, „ is the reduced Plank’s constant and the space variable is

x 2 Rd . The solution of this equation, the wave function u, is valued in the complex numbers. Within a year of

the publication of the Schrödinger equation, the wave function had been interpreted by Max Born as a generalized

probability density. Namely, for future times t , the probability of the particle being positioned in a set A � Rd is,

Prob.particle in A at time t / D

Z
A

ju.x; t/j2dx: (0.0.2)

Central to this interpretation is the mathematical fact that for any solution u of (0.0.1), the total density kuk2
L2

is

conserved. Hence if the initial data satis�es ku.t D 0/k2
L2
D 1, thus de�ning a probability distribution on Rd by

(0.0.2), for any future time t the solution again de�nes a probability density by the same formula.

By normalizing the space and time variables one can assume that the constants „ and m are 1. There are two

especially important cases of the equation. When V.x; t/ D jxj2 the equation reads,

iut .x; t/C
1

2
�u.x; t/ D jxj2u.x; t/: (0.0.3)

This is the equation for the quantum harmonic oscillator. It is an important model because an arbitrary potential

V can be approximated by jxj2 in a neighborhood of a minimum (up to translation). Moreover, the equation (0.0.3)

can be solved explicitly in terms of the Hermite functions, which form a basis of L2.Rd ! C/. This method of

1
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Figure 1: Plots of
Of .�/ (left) and Ref .x/ (right) where f is a Gaussian centered at � D 5 in Fourier space and

x D 0 in physical space.

solution is discussed at length in Chapter 1.

When V.x; t/ D 0, the equation becomes the free Schrödinger equation,

iut .x; t/C
1

2
�u.x; t/ D 0: (0.0.4)

This equation is the starting point for the mathematical theory of Schrödinger equations. It is the preeminent

example of a dispersive partial di�erential equation. By dispersive is meant that waves of di�erent frequencies

travel at di�erent speeds.

The dispersive character of (0.0.4) can be illustrated by examining the special collection of explicit Gaussian

solutions. We will illustrate this for d D 1, but the same argument can be performed in higher dimensions. Fix

a frequency ! 2 R, a position a 2 R, a parameter � > 0 and de�ne a function f by the following formula in

Fourier space, bf .�/ D 1
p
��

exp

�
�
.� � !/2

2�2

�
exp .ia�/ :

The factor in front ensures that kbf kL2 D kf kL2 D 1. Taking the Fourier transform of this Gaussian gives the

formula for f in physical space,

f .x/ D

r
�

�
exp

�
�
�2.x � a/2

2

�
exp .i!.x � a// :

This function is a wavelet localized about the frequency � D ! in Fourier space and the position x D a in physical

space. The � parameter controls the degree of concentration in Fourier space versus physical space. (By the

uncertainty principle, concentration in one comes at the expense of concentration in the other.) Plots of f and
bf

in the case ! D 5, a D 0 and � D 1 are given in Figure 1.

The linear Schrödinger equation can be explicitly solved when the initial data is the f . If u satis�es (0.0.4),
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then the Fourier transform of the unique L2 solution satis�es i Out .t; �/ D .1=2/�
2 Ou.t; �/. We then �nd that,

Ou.�; t/ D exp

�
�
i t�2

2

�
1
p
��2

exp

�
�
.� � !/2

2�2

�
exp .ia�/ ;

D
1
p
��

exp

�
�
.1C i�2t /.� � !/2

2�2

�
exp .i.aC t!/�// exp

�
i!2t

2

�
;

and hence,

u.x; t/ D

r
�

2�.1C i�2t /
exp

�
�
�2.x � a � t!/2

2.1C i�2t /

�
exp .i!.x � a � t!// exp

�
i!2t

2

�
:

Looking at the magnitude to ignore the phase terms, we have,

ju.x; t/j D

r
�

�
p
1C �2t2

exp

�
�

�

2.1C �2t2/
.x � a � t!/2

�
:

There are two key observations to make.

� The Gaussian is travelling at speed !. That is, the wave is traveling at a speed given by its frequency.

This implies that if one begins the �ow with a superposition of two waves centered at the same point in

physical space, but with di�erent frequencies, they will travel at di�erent speeds and spread apart. Namely,

they will disperse.

Note in particular that the group velocity is independent of a and �.

� The Gaussian is spreading out as time increases, and in the limit as t !1, u.x; t/ goes to 0 pointwise. This

is really a consequence of the �rst observation. The Gaussian is itself the superposition of many frequencies.

The components of the solution corresponding to these frequencies are moving at di�erent speeds, causing

the solution to spread out.

When the wave is highly concentrated in Fourier space (that is, when � is small), the wave spreads out slowly.

This is because the frequencies are concentrated in a small region in Fourier space, and the superpositioned

components of the solution are thus travelling at comparable speeds. Conversely, when � is large the

solution is the superposition of a wide set of frequencies and the pieces are traveling at quite di�erent

speeds.

Using the fundamental solution of the free Schrödinger equation,

u.x; t/ D
1

.2�it/d=2

Z
Rd
ei jx�yj

2=.2t/f .y/dy;

one can quantify the cumulative dispersive e�ect by the following decay inequality,

kx 7! u.x; t/kL1 �
kf kL1

.2�/d=2td=2
: (0.0.5)

In particular, for L1 initial data, the solution converges pointwise to 0 as t ! 1. The L1 norm appearing as

the convergence constant is consistent with the explicit Gaussian solutions we found. One easily calculates that

kf kL1 D
p
2=�, so when � is small (large concentration in Fourier space) the constant factor in (0.0.5) is large,

and the decay is slower.
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The decay inequality (0.0.5) can be used to prove an enormously useful family of estimates known as the

Strichartz estimates. These capture the dispersive character of the equation in a set of space-time norms. To

state these estimates, and for our discussion in the following subsections, we let eit�u0 denote the solution of

iut C�u D 0 with initial data u0. (In what follows it is easier to normalize the space variable again to remove

the 1=2 constant in front of the Laplacian, as we do from now on.)

Theorem (Strichartz estimates for the free Schrödinger equation). Fix d � 1. Call a pair of exponents .q; r/
admissible if 2 � q; r � 1, 2=q C d=r D d=2, and .q; r; d/ ¤ .2;1; 2/.

� For any admissible pair of exponents .q; r/, there holds the homogeneous Strichartz estimate,

keit�u0kLqt L
r
x
� C.d; q; r/ku0kL2x : (0.0.6)

� For any admissible pairs of exponents .q; r/ and .a; b/, there holds the inhomogeneous Strichartz estimate,



Z t

0

e.t�s/�F.s/ds






L
q
t L
r
x

� C.d; q; r; a; b/kF k
La
0

t L
b0
x
; (0.0.7)

where a0 and b0 denote the Hölder conjugate of a and b respectively.

See [43] for a comprehensive discussion of these Strichartz estimates as well as a proof of the main cases.

We will use these estimates in Chapter 2 to prove a global critical wellposedness result for a certain nonlinear

Schrödinger equation. On the other hand, one of the consequences of our work in Chapter 1 is a proof of the

estimate (0.0.6) in the homogeneous case .d; q; r/ D .1; 6; 6/. Our proof moreover reveals the best constant in

this case to be C.1; 6; 6/ D .1=12/1=12.

nonlinear Schrödinger eqations

A number of nonlinear equations related to the linear Schrödinger equation appear in physical theories. The two

topics discussed in this thesis both spring from two such nonlinear equations. The �rst equation we discuss is the

nonlinear Schrödinger equation (NLS),

iut C�u D �juj
2u; (0.0.8)

where � 2 R. This speci�c NLS arises in the theory of nonlinear optics. It is a special case of the general NLS

equation,

iut C�u D �juj
p�1u; (0.0.9)

where � 2 R and p > 1.

An enormous amount of mathematical research has been carried out on (0.0.9). In the original form of the

equation, the space variable is Rd , and so the initial data is a map from Rd to C. It is also possible to pose the

equation where the space variable is Td
or another domain. The dynamics of the equation are hugely dependent

on the domain chosen. Below we show that when the domain is Rd , the dispersive property of the linear equation

can be used (essentially by itself) to prove global small-data wellposedness. On the other hand, when the domain

is Td
, the linear equation exhibits dispersion but this does not translate into decay because of the geometry of the

torus, as we will see. Understanding the dynamics here is extremely di�cult. The theory of continuous resonant

equations arose as a means of advancing research on NLS in this case.

First, we will show by example how the decay estimates for the linear Schrödinger equation can be used to

prove global critical wellposedness for NLS when the space domain is Rd . The theorem is for the L2 critical case,
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namely when the equation is invariant under the L2 scaling f .x/ 7! �d=2f .�x/. The principal ingredient in the

proof is the decay property of the linear equation, quanti�ed using the Strichartz estimates.

Theorem 0.0.1 (Critical L2 NLS solutions). Let p be the L2 critical exponent p D 1C 4=d and let � D ˙1. There
exists � > 0 such that if ku0kL2x � � then there exists a unique global solution of NLS (0.0.9) in C 0t L

2
x .

Observe that when d D 2 this theorem is precisely for the cubic NLS (0.0.8). The proof we present here

follows closely the proof given in [43].

Proof. The �xed point Duhamel representation of (0.0.9) is,

u.t/ D T Œu.t/� WD eit�u0 � i�

Z t

0

ei.t�s/�
�
ju.s/jp�1u.s/

�
ds: (0.0.10)

In order to prove wellposedness we show that T is a contraction mapping in the space-time function space S0

de�ned by the norm,

kukS0 D sup

.q;r/ admissible

kukLqt L
r
x
:

Note that C 0t L
2
x � S

0
as .1; 2/ is always an admissible exponent pair.

Let .q; r/ and .a; b/ be admissible exponent pairs in the sense of the Strichartz estimates. We have, using

(0.0.10) and both Strichartz estimates (0.0.6), (0.0.7),

kT u.t/kLqt L
r
t

. keit�u0kLqt Lrx C kju.t/j
p
k
La
0

t L
b0
x

. ku0kL2x C ku.t/k
p

L
pa0

t L
pb0

x

:

Under the assumptions p D 1C4=d and .a; b/ being admissible, we �nd that .pa0; pb0/ is also admissible. Hence,

kT u.t/kS0 . ku0kL2x C kuk
p

S0
:

It is standard that if � is su�ciently small, this inequality implies that T maps an � ball of S0 centered at 0 to itself.

We next prove that T is a contraction on a su�ciently small ball around 0. Let v.t/; u.t/ 2 S0 and again let

.q; r/ and .a; b/ be admissible exponent pairs. By the inhomogeneous Strichartz estimate (0.0.7), we have,

kT v.t/ � T u.t/kLqt L
r
x
D





Z t

0

ei.t�s/�
�
ju.s/jp�1u.s/ � jv.s/jp�1v.s/

�
ds






L
q
t L
r
x

.


ju.s/jp�1u.s/ � jv.s/jp�1v.s/



La
0

t L
b0
x

.
�
kuk

p�1

L
pa0

t L
pb0

x

C kvk
p�1

L
pa0

t L
pb0

x

�
ku � vk

L
pa0

t L
pb0

x
;

where we have used the pointwise estimate

ˇ̌
jz1j

p�1z1 � jz2j
p�1z2

ˇ̌
� p.jz1j

p�1 C jz2j
p�1/jz1 � z2j. Again,

.pa0; pb0/ is admissible, so taking supremums we have,

kT v.t/ � T u.t/kS0 .
�
kuk

p�1

S0
C kvk

p�1

S0

�
ku � vkS0 :

Hence by choosing the � ball su�ciently small, T is a contraction.

The overall conclusion is that if we have decay, we can access the dynamics. Now, by comparison, consider
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NLS posed for maps on the torus. The linear equation is,

iut .x; t/C�u.x; t/ D 0; (0.0.11)

for x 2 Td
. By expanding the solution u.x; t/ in a time-dependent Fourier series, we �nd that it is possible to

explicitly solve the PDE. When we do this we �nd that the solution u is quasi-periodic.

For concreteness, consider the case d D 1. We can identify maps from the circle T to C with periodic

functions from Œ0; 2�� to C. Expanding such a function u W Œ0; 2��! C as a Fourier series,

u.x; t/ D
X
n2Z

an.t/e
inx ;

and substituting into (0.0.11), we �nd that the coe�cient functions satisfy ia0n.t/ � n
2an.t/ D 0. Hence an.t/ D

e�in
2tan.0/. The linear Schrödinger equation is thus explicitly solvable with solution,

u.x; t/ D
X
n2Z

an.0/e
�in2tCinx : D

X
n2Z

an.0/e
in.x�nt/:

The component of the solution corresponding to the discrete frequency n is still traveling at speed n, and

hence in this sense there is still dispersion. However the solution is periodic in time, with period 2� , so there

cannot possibly be decay. Intuitively, the problem is in the geometry: waves travel apart, but because of the

structure of the torus these waves eventually meet again.

In all, the kind of global Strichartz estimates that were central in the proof above cannot hold. Continuous

resonant equations were introduced in [19] as a way of studying the dynamics of NLS on the torus. The central

idea is to approximate the NLS in a certain time and size regime by a di�erent PDE, the continuous resonant

equation, for which we can say more about the dynamics. These dynamics are then projected back to NLS through

a rigorous approximation theorem. Chapter 1 of this thesis continues this research direction by studying two

continuous resonant type equations set on R.

Schrödinger maps eqations

The Landau-Lipshitz-Gilbert equation (LLG) is another nonlinear Schrödinger equation that appears in physics. It

arises in the physical theory of ferromagnetism. In its simplest form it reads,

u.x; t/ � ut .x; t/ D �u.x; t/C jru.x; t/j
2u.x; t/; (0.0.12)

where the function u is a map from Rd to R3 and � is the cross product of vectors in R3. The solution is actually

valued in the sphere S2 � R3: given initial data u0 W Rd ! R3 satisfying ju0.x/j D 1 pointwise, one can show

for smooth solutions that ju.x; t/j D 1 for all x and t . The equation is thus an equation for maps valued in the

sphere.

It is not immediately obvious that (0.0.12) is a Schrödinger equation at all. To see that it is, we make three

observations. First, as an equation involving derivatives of a function valued on S2, the equation should be

understood as an equality involving elements of TuS2. Recall that the tangent space TuS2 is explicitly given by,

TuS2 D fv 2 R3 j hv; uiR3 D 0g:

Second, for v 2 TuS2 we calculate that u � .u � v/ D �v. This means that the operator Jv D u � v satis�es

6



J 2 D �I and thus behaves similarly to scalar multiplication by i (speci�cally the property i2 D �1). J is called

a complex structure for this reason. Finally, because ux 2 TuS2, we have hu; uxi D 0 and hence,

0 D
d

dx
hu; uxi D juxj

2
C hu; uxxi:

This gives that the projection of uxx onto the tangent space is given by,

P.uxx/ D uxx � huxx ; ui D uxx C juxj
2u:

The equation (0.0.12) thus directly generalizes the linear Schrödinger equation to maps valued on the sphere:

multiplication by i is replaced by multiplication by the complex structure J , and the Laplacian �u is replaced by

the spherical Laplacian �uC jruj2u.

The LLG equation motivates the notion of Schrödinger maps, which is the topic discussed in Chapter 2.

Schrödinger maps generalize the usual linear Schrödinger equation (0.0.11) and the LLG equation (0.0.12) to

arbitrary maps u WM ! N where M is a Riemannian manifold and N is a complex manifold. The Schrödinger

maps equation reads, Jut D �M!Nu;where J is the complex structure onN and�M!N is the Laplace-Beltrami

operator for maps from M to N .

Research on Schrödinger maps has largely focused on the special case (0.0.12), both because of its physical

relevance and its mathematical accessibility. Chapter 2 of this thesis is motivated by the desire to study global

features of Schrödinger maps when the complex dimension of N is greater than 1. By studying the special case

whenN is complex projective space, and making an equivariant ansatz, we are able to determine a mathematically

accessible equation describing the dynamics and access some of the higher dimensional theory.

7



Chapter 1

Continuous Resonant Equations

§1.1 � INTRODUCTION

In recent years resonant systems have emerged as extremely useful tools for studying nonlinear Schrödinger

equations (NLS). Resonant equations have been used to construct solutions of the cubic NLS on T2
that exhibit

large growth of Sobolev norms [15]. They have appeared as modi�ed scattering limits for a number of equations,

including the cubic NLS on R � Td
[31], the cubic NLS on Rd with 2 � d � 5 and harmonic trapping in all

but one direction [32], and a coupled cubic NLS system on R � T [45]. The continuous resonant equation (CR)

was originally shown to approximate the dynamics of small solutions of the two-dimensional cubic NLS on a

large torus T2
L over long times scales (longer than L2=�2, where � is the size of the initial data) [19]. Recent work

has extended this by showing that a whole family of CR equations approximate the dynamics of NLS on Td
L for

arbitrary dimension and arbitrary analytic nonlinearity [12]. The original two-dimensional cubic CR equation is

the same resonant system that appears in the modi�ed scattering limit in [32] for d D 3; it has also been shown

to be a small data approximation for the cubic NLS with harmonic trapping set on R2 [25].

One of the principal reasons that resonant systems are useful is that they generally exhibit a large amount

of structure. They are often Hamiltonian and usually possess many symmetries, a good wellposedness theory,

and an in�nite number of orthogonal, explicit solutions. Extensive work has been done on studying such purely

dynamical properties of the CR equations: starting in the paper that introduced the original two-dimensional

cubic equation [19], in subsequent works again on this cubic case [24, 25], and a more recent paper on the general

case [11]. This research �ts into a larger program of studying the dynamics of nonlocal Hamiltonian PDEs; we

mention, for example, work on the Szegö equation [22] and the lowest Landau level equation [21].

The two-dimensional cubic CR equation has, in particular, been found to have many remarkable dynamical

properties. The PDE is symmetric under many non-trivial actions such as the Fourier transform and the linear

�ow of the Schrödinger equation (with or without harmonic trapping); it is Hamiltonian, and through these

symmetries admits a number of conserved quantities. The equation is globally wellposed in L2 and all higher

Sobolev spaces. It has many explicit stationary wave solutions, including all of the Hermite functions and the

function 1=jxj. All stationary waves that are in L2 are automatically analytic and exponentially decaying in

physical space and Fourier space.

The work of the present chapter was initiated by the question of whether these striking properties also hold for

the only other continuous resonant equation that scales like L2: the one-dimensional quintic continuous resonant

8



equation. Our investigation subsequently broadened to include another one-dimensional resonant equation that

is somewhat more physically relevent, and turns out to be the modi�ed scattering limit in [32] for d D 2. Our

overall �nding is that these Hamiltonian systems do display much of the remarkable dynamical structure of the

two-dimensional cubic CR. In fact, we are able to show that both systems belong to a large class of Hamiltonian

systems on the phase space L2.R ! C/, and that each system is this class bears many of the features of L2

critical CR: they have a strong symmetry structure, global wellposedness in L2 and other Sobolev spaces, , and

many explicit stationary wave solutions in the form of the Hermite functions. Typical members of the class lack

much of the structure of both cubic two-dimensional and quintic one-dimensional CR – for example, it is not the

case that all L2 stationary waves are analytic – but our �ndings do suggest that a number of the properties of the

L2 critical CR equations are generic.

1.1.1 � presentation of the eqations

The two systems we study in this chapter are resonant systems corresponding to the nonlinear Schrödinger

equation with harmonic trapping,

iut ��uC x
2u D iut CHu D juj

2ku; (1.1.1)

where the spatial variable is x 2 R and k D 1; 2 is an integer, so that the nonlinearity is analytic. The cubic k D 1

equation is physically relevant: in this case, (1.1.1) is the Gross–Pitaevskii equation and is a model in the physical

theory of Bose–Einstein condensates [29].

Let us �rst see how the resonant equations arise. Looking at the pro�le v.t/ D e�itHu.t/ (where eitH is the

propagator of the linear equation iut CHu D 0), we �nd it satis�es,

ivt D e
�itH

�
jeitHvj2keitHv

�
:

Expressing v.t/ in the basis of eigenfunctions of the operator H (namely the Hermite functions), the equation on

v can be written as,

ivt .t/ D
X

n1;:::;n2kC22ZC

e2itL˘n2kC2

"
kY

mD1

�
.˘nmv.t//.˘nkC1Cmv.t//

�
˘nkC1v.t/

#
; (1.1.2)

where˘nv is the projection onto the eigenspace ofH corresponding to eigenvalue 2nC 1. The phase L in (1.1.2)

is given by L D n1C : : :C nkC1 � .nkC2C : : :C n2kC2/. The resonant terms in the sum in (1.1.2) are the terms

that are not oscillating in time; that is, those satisfying L D 0. The resonant system corresponding to (1.1.2) is

obtained by considering only the resonant terms; namely,

iwt .t/ D
X

n1;:::;n2kC22ZC

LD0

˘n2kC2

"
kY

mD1

�
.˘nmw.t//.˘nkC1Cmw.t//

�
˘nkC1v.t/

#
: (1.1.3)

We will show in Section 1.2 that this resonant PDE may be written more compactly in terms of a certain time

average of the nonlinearity,

iwt .t/ D
2

�

Z �=4

��=4

e�isH
�
jeisHw.t/j2keisHw.t/

�
ds: (1.1.4)

9



From this expression we are able to infer that the resonant system is, up to a rescaling of time, the Hamiltonian

�ow on the phase space L2.R! C/ corresponding to the Hamiltonian,

H2kC2.f / D
2

�

Z �=4

��=4

Z
R
j.eitHf /.x/j2kC2dxdt: (1.1.5)

The overall resonant program is to gain information on the dynamics of solutions to (1.1.1) by studying

the associated resonant system (1.1.4). This program has two, distinct components. The �rst is to establish

approximation results that rigorously demonstrate that solutions of the resonant system well approximate

solutions of the full system in certain function spaces and over certain timescales. The second component of the

program is to understand the dynamics of the resonant equation itself. One then projects these dynamics back to

the original equation through the approximation results.

We start the chater by proving an approximation result that is valid for all positive integers k. We then analyze

the resonant system (1.1.4) in depth for the cubic case, when k D 1, and the quintic case, when k D 2. These two

cases are particularly signi�cant for separate reasons.

� The cubic case k D 1 is physically relevant, as previously mentioned. In addition, the resonant equation

here is exactly the resonant equation obtained in [32] as the modi�ed scattering limit of the NLS equation,

iut � uxx � uyy C jyj
2u D juj2u; (1.1.6)

where the space variable is .x; y/ 2 R2. Precisely, consider small initial data u0.x; y/. Suppose that

u.x; y; t/ solves (1.1.6) with initial data .x; y/ 7! u0.x; y/. For each �xed x, let w.x; y; t/ be the solution

of the resonant equation (1.1.3) with initial data y 7! u0.x; y/. Then,

lim

t!1




u.x; y; t/ � eit.�@xx�@yyCjyj2/w.x; y; 2 ln.t//




HN .R2/

D 0;

where HN
is the usual Sobolev space. (This holds for any N � 8 so long as the initial data is su�ciently

small.)

� In the quintic case, k D 2, we will prove that the resonant system (1.1.4) is precisely the one-dimensional

quintic continuous resonant equation. It is the only CR equation, other than the original two-dimensional

cubic CR equation, that scales like L2. One of the central motivations of this work is to understand the

dynamics of the CR system in this important special case.

1.1.2 � obtained results

1.1.2.1 � An approximation theorem

We begin, in Section 1.2, by proving the following theorem, which shows that solutions of the resonant equation

(1.1.4) well-approximate solutions of the full equation (1.1.1) on a long time scale. This theorem is essentially a

lower dimensional version of Theorem 3.1 in [25], and our proof that proof closely.

Theorem (Theorem 1.2.3, page 20). De�ne the spaceH s by the norm kf kHs D kH s=2f kL2 ; this is equivalent to the
norm khxisf kL2Ckh�isbf kL2 . Fix s > 1=2 and initial data u0 2 H s . Let u be a solution of the nonlinear Schrödinger
equation with harmonic trapping (1.1.1) and w a solution of the resonant equation (1.1.4), both corresponding to the
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initial data u0. Suppose that the bounds ku.t/kHs ; kw.t/kHs � � hold for all t 2 Œ0; T �. Then for all t 2 Œ0; T �,

ku.t/ � eitHw.t/kHs �

�
t .2k C 1/�4kC1 C �2kC1

�
exp

�
.2k C 1/t�2k

�
:

In particular if t . ��2k then ku.t/ � eitHw.t/kHs . �2kC1:

1.1.2.2 � Representation formulas for the Hamiltonians

Following the approximation result, we focus on studying the resonant system (1.1.4) in the cases k D 2 and

k D 1. Right away we note that the Hamiltonians (1.1.5) for these systems arise from multilinear functionals, in

the following way. In the quintic case (k D 2, so that the nonlinearity in (1.1.4) is order 5) the Hamiltonian is,

H6.f / D
2

�
keitHf k6

L6tL
6
x
D
2

�

Z �=4

��=4

Z
R
j.eitHf /.x/j6dxdt; (1.1.7)

which arises from the multilinear functional,

E6.f1; f2; f3; f4; f5; f6/ D
2

�

Z �=4

��=4

Z
R
.eitHf1/.e

itHf2/.e
itHf3/.eitHf4/.eitHf5/.eitHf6/dxdt; (1.1.8)

through H6.f / D E6.f; f; f; f; f; f /. The cubic Hamiltonian, corresponding to k D 1, is,

H4.f / D
2

�
keitHf k4

L4tL
4
x
D
2

�

Z �=4

��=4

Z
R
j.eitHf /.x/j4dxdt; (1.1.9)

which is associated to the multilinear functional,

E4.f1; f2; f3; f4/ D
2

�

Z �=4

��=4

Z
R
.eitHf1/.e

itHf2/.eitHf3/.eitHf4/dxdt; (1.1.10)

through H4.f / D E4.f; f; f; f /. The fact that the Hamiltonians can be expressed in terms of multilinear

functionals is a nontrivial structural property that guides much of the analysis. The symmetries of the Hamiltonian,

its wellposedness theory and the existence of certain stationary wave solutions can all be determined from studying

the associated multilinear functional (see Theorems 1.3.8 and 1.3.10 for examples of this in practice). We will

prove that Hamilton’s equations corresponding to H6 and H4 are given by,

iut D T6.u; u; u; u; u/ and iut D T4.u; u; u/;

respectively, where the multilinear operators T6 and T4 are de�ned implicitly by the formulas,

hT6.f1; f2; f3; f4; f5/; giL2 D 6E6.f1; f2; f3; f4; f5; g/;

and,

hT4.f1; f2; f3/; giL2 D 4E4.f1; f2; f3; g/:

Hamilton’s equations are precisely the resonant equations (1.1.4) in the cases k D 2 and k D 1.

In the study of resonant equations, it has turned out to be fundamental to determine alternative representations

for the Hamiltonian H , the associated multilinear functional E and associated multilinear operator T . These

11



alternative representations often reveal structure that is concealed by speci�c representations such as (1.1.7) and

(1.1.9). In Sections 1.4 and 1.5 we derive numerous representations for E6 and E4 respectively. First, for E6, we

�nd the two formulas,

E6.f1; f2; f3; f4; f5; f6/ D
2

�

Z
R

Z
R
.eit�f1/.e

it�f2/.e
it�f3/.eit�f4/.eit�f5/.eit�f6/dxdt (1.1.11)

D
1

�2

Z
R6
f1.y1/f2.y2/f3.y3/f4.y4/f5.y5/f6.y6/

ıy1Cy2Cy3Dy4Cy5Cy6ıy2
1
Cy2

2
Cy2

3
Dy2

4
Cy2

5
Cy2

6
dy;

where, in the �rst equation, eit� denotes the propagator of the linear Schrödinger equation. These representations

both show that the quintic Hamiltonian system is the one-dimensional quintic continuous resonant equation [12].

To describe our next representations, we require some notation. For an isometry A W R3 ! R3, let EA be the

multilinear functional,

EA.f1; f2; f3; f4; f5; f6/ D

Z
R3
f1..Ax/1/f2..Ax/2/f3..Ax/3/f4.x1/f5.x2/f6.x3/dx1dx2dx3; (1.1.12)

where .Ax/k D hAx; eki. The functional EA is a special case of the type of functional that appears in Brascamp–

Lieb inequalities [10]. We then have the following representations: for the quintic equation, we prove that,

E6.f1; f2; f3; f4; f5; f6/ D
1

2
p
3�2

Z 2�

0

ER.�/.f1; f2; f3; f4; f5; f6/d�; (1.1.13)

where R.�/ is the rotation of R3 by � radians about the axis .1; 1; 1/; while for the cubic equation, we prove that,

E4.f1; f2; f3; f4/ D
1

2
p
2�2

Z 2�

0

ES.�/.G; f1; f2; G; f3; f4/d�; (1.1.14)

where G.x/ D e�x
2=2

, and S.�/ is the rotation of R3 by � radians about the axis .0; 1; 1/;

The two representations (1.1.13) and (1.1.14) are extremely bene�cial for studying H6 and H4. They also place

the two Hamiltonians in a larger class of Hamiltonians that, we will �nd, share much of the same structure. This

is not obvious: a priori we might expect the Hamiltonians H6 and H4 to be quite unalike. The di�erences in

(1.1.13) and (1.1.14) are also of note. The presence of the Gaussians G in (1.1.14) ultimately causes the symmetry

group of the cubic equation to be smaller than that of the quintic equation; it is also prevents the cubic equation

from having a scaling law, which has consequences for the possible stationary waves we can construct.

1.1.2.3 � Properties of a class of multilinear functionals

Formulas (1.1.13) and (1.1.14) suggest that one can learn much about the dynamics of the Hamiltonian systems H6

and H4 by studying the class of functionals EA. This is precisely what we do in Section 1.3. Our overall �nding is

that many of the remarkable properties of the two-dimensional cubic CR equation may be found at the level of

the functionals EA. By (1.1.13) and (1.1.14), these properties are inherited directly by E6 and E4. We will show

that the functionals EA have a large group of symmetries, that the associated PDE problem is locally wellposed

in every Sobolev space and globally wellposed in L2, and that all of the Hermite functions are stationary wave

solutions of the associated PDE problem. We emphasize that A is always assumed to be an isometry of R3, as it is

in (1.1.13) and (1.1.14).
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Theorem (Theorems 1.3.2 and 1.3.3, page 25). The functional EA is invariant under the following actions (for any
�):

(i) Fourier Transform: fk 7! bf k : (iv) Quadratic modulation: fk 7! ei�x
2

fk :

(ii) Modulation: fk 7! ei�fk : (v) Schrödinger group: fk 7! ei��fk :

(iii) L2 scaling: fk.x/ 7! �1=2fk.�x/: (vi) Schrödinger with harmonic trapping: fk 7! ei�Hfk :

If, in addition, A satis�es A.1; 1; 1/ D .1; 1; 1/ (as is the case for R.�/ in (1.1.13)), then EA is invariant under the
following actions (for any �):

(vii) Linear modulation: fk 7! ei�xfk : (viii) Translation: fk 7! fk.� C �/:

All of these actions give symmetries for H6, by (1.1.13). For H4, the symmetries are not inherited automatically

because of the Gaussian terms in (1.1.14), however we �nd that �ve of the eight symmetries do hold.

Corollary (Theorem 1.4.8, page 42, and Theorem 1.5.5, page 61). The functional E6 is invariant under all the
actions (i) through (viii). The functional E4 is invariant under the actions (i), (ii), (vi), (vii) and (viii).

These symmetries, seen purely at the level of EA, are used to generate conserved quantities for the resonant

equations, using Noether’s Theorem.

Corollary (Table 1.4.2, page 43, and Table 1.5.2, page 62). The following are conserved quantities of the resonant
equation (1.1.4) in the cases k D 2 and k D 1,Z

R
jf .x/j2dx;

Z
R
xjf .x/j2dx;

Z
R
if 0.x/f .x/dx;

Z
R
jxf .x/j2 C jf 0.x/j2dx:

In the quintic case k D 2, we have the additional conserved quantities,Z
R

�
ixf 0.x/C f .x/

�
f .x/dx;

Z
R
jxf .x/j2dx;

Z
R
jf 0.x/j2dx:

We next examine the L2 boundedness of EA.

Theorem (Theorem 1.3.6, page 29). There holds the bound,

jEA.f1; f2; f3; f4; f5; f6/j �

6Y
kD1

kfkkL2 :

In particular, jHA.f /j WD jEA.f; f; f; f; f; f /j � kf k6L2 . If A is not a signed permutation, there is equality in the
Hamiltonian bound if and only if f is a Gaussian.

This bound is actually an example of a geometric Brasscamp-Lieb inequality, and the classi�cation of the

maximizers is already known [2]. We prove the inequality and classify the maximizers in our case in a way that

appears to be new.

The L2 bound on EA directly gives L2 bounds for H6 and H4; indeed,

jH6.f /j �
1

2
p
3�2

Z 2�

0

jER.�/.f; f; f; f; f; f /jd� �
1
p
3�
kf k6

L2
;
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and similarly, jH4.f /j � .1=
p
2�/kf k4

L2
. There is equality in these only if f is a Gaussian. We �nd that for H6

any Gaussian gives equality, whereas for H4 not every Gaussian does, essentially because of the lack of a scaling

law; see Proposition 1.5.7.

Using the representation H6.f / D .2=�/ke
it�f kL6tL

6
x

, from (1.1.11), the L2 bound on H6 reads,

keit�f k6
L6tL

6
x
�

1

2
p
3
kf k6

L2
;

which is the homogeneous Strichartz inequality in dimension one. Our work shows that the constant here is the

best possible, and that there is equality if and only if f is a Gaussian. These facts were previously determined in

[20].

We then turn to the PDE problem associated to EA. Given EA, a multilinear operator TA is de�ned implicitly

by,

hTA.f1; : : : ; f5/; gi D 2EA.f1; f2; f3; g; f4; f5/C 2EA.f1; f2; f3; f4; g; f5/

C 2EA.f1; f2; f3; f4; f5; g/:

From the representations (1.1.13) and (1.1.14), we �nd representations for the resonant equations,

iut D T6.u; u; u; u; u/ D
1
p
3�2

Z 2�

0

TR.�/.u; u; u; u; u/d�; (1.1.15)

and,

iut D T4.u; u; u/ D
1
p
2�2

Z 2�

0

TS.�/.G; u; u;G; u/d�; (1.1.16)

where R.�/ and S.�/ are the same matrices as in (1.1.13) and (1.1.14).

Theorem (Theorem 1.3.7, page 30). The mutilinear operator TA is bounded from X5 to X for (i) X D L2, (ii)
X D L2;� for any � � 0, and (iii) X D H � for any � � 0.

This theorem automatically implies analogous bounds for T6 and T4, and this leads directly to local wellposed-

ness for the resonant equations in all the spaces in the theorem. By pairing this local wellposedness result with

the conservation of the L2 norm, we get global wellposedness in L2.

Corollary (Theorems 1.4.12, page 45, and 1.5.9, page 64). Hamilton’s equations corresponding to H6 and H4 are
locally wellposed in X for (i) X D L2, (ii) X D L2;� for any � � 0, and (iii) X D H � for any � � 0. They are
globally wellposed in L2.

Finally, we �nd that the functional EA interacts well with the Hermite functions.

Theorem (Theorem 1.3.9, page 33). Let f�ng1nD0 be the Hermite functions. If n1 C n2 C n3 ¤ n4 C n5 C n6, then
EA.�n1 ; �n2 ; �n3 ; �n4 ; �n5 ; �n6/ D 0: It follows that,

TA.�n1 ; �n2 ; �n3 ; �n4 ; �n5/ D C�n6 ;

for some C and n6 D n1 C n2 C n3 � n4 � n5.

By using the representations of T6 and T4 in (1.1.15) and (1.1.16), and the fact that G D C�0, we immediately

discover that,

T6.�n; �n; �n; �n; �n/ D Cn�n and T4.�n; �n; �n/ D Dn�n;
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for some constants Cn andDn. This immediately implies that e�iCnt�n.x/ and e�iDnt�n.x/ are explicit solutions

of the resonant equations (1.1.15) and (1.1.16) respectively. We recall that a solution of the form ei!t .x/ is a

stationary wave solution.

Corollary. For every n � 0, �n.x/ is a stationary wave of the Hamiltonian systems H6 and H4.

By letting the symmetries of each of the equations act on �n we can construct more stationary waves; see

(1.4.37) and (1.5.24).

1.1.2.4 � The quintic Hamiltonian, H6

The previous subsection outlined results on the quintic Hamiltonian H6 that all arise from the representation

(1.1.7) along with relevant properties of the functional EA. Such results also apply to any composite Hamiltonian

of the form,

H .f / D

Z
˝

�.!/EA.!/.f; : : : ; f /d!; (1.1.17)

where A.!/ is always an isometry and � is integrable. One of the aspirations of the present work is that other

Hamiltonian systems may be cast into the framework of (1.1.17), and that our results on the functional EA may

be applied therein.

The Hamiltonian H6, however, has more structure than a generic Hamiltonian of type (1.1.17). In Section 1.4

we present a number of results that are based on this additional structure and that do not follow simply from

analogous properties of EA. We �rst prove that if a stationary wave is in L2, then it is automatically analytic and

exponentially decaying in physical space and Fourier space.

Theorem (Corollary 1.4.16, page 50). Suppose that � 2 L2 is a stationary wave solution of the quintic resonant
equation (1.1.3). Then there is ˛; ˇ > 0 such that �e˛x

2
2 L1 and O�eˇx

2
2 L1. In particular, � can be extended

to an analytic function on the complex plane.

We then investigate further boundedness properties of E6, which lead directly to local wellposedness of

Hamilton’s equation in the relevant spaces. Our �rst result is that T6 is smoothing: it maps Sobolev data to a

higher Sobolev space. The second result concerns boundedness in weighted L1 spaces.

Theorem. (i) (Theorem 1.4.17, page 50) For any � > 0, there is a ı > 0 and a constant C such that,

kT6.f1; f2; f3; f4; f5/kL2;�Cı � C

5Y
kD1

kfkkL2;� ;

and,

kT6.f1; f2; f3; f4; f5/kH�Cı � C

5Y
kD1

kfkkH� :

(ii) (Theorem 1.4.18, page 53) For any s > 1=2 there is a constant C such that,

kT6.f1; f2; f3; f4; f5/kL1;s � C

5Y
kD1

kfkkL1;s :
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It is expected that item (ii) here can be sharpened to show that T6 is bounded from . PL1;1=2/5 to PL1;1=2 (note

these are homogeneous weighted L1 spaces). As discussed after the proof of Theorem 1.4.18, this is equivalent to

1=
p
jxj being a stationary wave of the quintic Hamiltonian system, which we conjecture.

1.1.2.5 � The cubic Hamiltonian, H4

As in the quintic case, we present a number of results on the cubic resonant equation that rely on further structure

of H4 beyond that given by the representation (1.1.16). Again, we prove that stationary waves are analytic and

exponentially decaying in physical space and Fourier space once they are in L2, and we examine boundedness in

weighted L1 spaces. Our stationary waves theorem, and the broad plan of the proof, are the same as those of the

quintic equation, but the technical details are quite di�erent.

Theorem (Theorem 1.5.13, page 68). Suppose that � 2 L2 is a stationary wave solution of the cubic resonant
equation (1.1.3). Then there is ˛; ˇ > 0 such that �e˛x

2
2 L1 and O�eˇx

2
2 L1. In particular, � can be extended

to an analytic function on the complex plane.

Theorem. For any s > 1=2 there is a constant C such that, kT4.f1; f2; f3/kL1;s � C
Q3
kD1 kfkkL1;s :

1.1.3 � plan of the chapter

In Section 1.2 we prove the main approximation result. Section 1.3 is devoted to studying the functionals EA

de�ned in (1.1.12). We study the functionals in somewhat more generality than indicated above: we assume the

matrix A is an isometry from Rn to Rn and, then, that EA takes 2n inputs. In Section 1.4 we present results

concerning the quintic Hamiltonian system de�ned by H6, including the representation formulas and the details

of how our �ndings on EA translate to E6. The cubic Hamiltonian system is treated in a similar fashion in Section

1.5. There is one appendix that deals with the technical classi�cation of the maximizers of the L2 bound on EA.

1.1.4 � notations and conventions

� For x 2 R, the Japanese bracket is hxi D
p
1C x2.

� hf; giL2 D
R

R f .x/g.x/dx.

� The Sobolev space H �
is de�ned by the norm kf kH� D khxi

�bf kL2 .

� The weighted space L2;� is de�ned by the norm kf kL2;� D khxi
�f kL2 .

� H D ��C x2 is the operator corresponding to the quantum harmonic oscillator.

� The Fourier transform of f is F .f /.�/ D Of .�/ D .2�/�1=2
R

R e
�ix�f .x/dx: With this convention, the

map f 7! Of is an isometry of L2.R/, and the identity F .F .f //.x/ D f .�x/ holds. We will frequently

use the Fourier inversion formula,

1

.2�/n

Z
Rn

Z
Rn
eiahw;xi�.w/dwdx D

1

.2�/n=2

Z
Rn
O�.aw/dw D

1

jaj
�.0/: (1.1.18)

� We set G.x/ D e�x
2=2

. For all a > 0, F
�
e�

ax2

2

�
.�/ D a�1=2e�

�2

2a and

R
R e
�ax2dx D

p
�=a.

� A . B means there is an absolute constant C such that A � CB . A � B means A . B and B . A.
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§1.2 � AN APPROXIMATION THEOREM

We begin the chapter by treating more precisely the derivation of the resonant equation (1.1.4) and then proving

the approximation theorem described in the introduction.

Before studying the nonlinear problem, we recall some basic properties of the linear problem corresponding to

(1.1.1). These facts will be used extensively throughout the chapter. The linear equation corresponding to (1.1.1)

is simply the equation for the quantum harmonic oscillator,

iut CHu D iut ��uC x
2u D 0; (1.2.1)

where H D ��C x2. For any initial data u0 2 L
2

there is a unique solution to (1.2.1), which we denote eitHu0.

An explicit representation of this solution is given by the Mehler formula,

eitHu0.x/ D
1p

2�j sin.2t/j

Z
R
e�iŒ.x

2=2Cy2=2/ cos.2t/�xy�= sin.2t/u0.y/dy: (1.2.2)

(This and other properties of the linear �ow may be found in [13].) From this expression we see that the solution

is time-periodic with period � .

An alternative representation of the solution of (1.2.1) may be found by examining the Hermite functions
f�ng

1
nD0. The Hermite functions are eigenfunctions of H – they satisfy H�n D .2nC 1/�n – and they form an

orthonormal basis of L2. Each of these functions is a polynomial multiplied by the Gaussian e�x
2=2

; for example,

�0.x/ D c0e
�x2=2; �1.x/ D c1xe

�x2=2; �2.x/ D c2.1 � 2x
2/e�x

2=2;

where the constants cn are normalizing constants that ensure k�nkL2 D 1. Using the eigenfunction property

one �nds that eitH�n D e
it.2nC1/�n. Let ˘nu0 D hu0; �ni�n be the orthogonal projection onto the eigenspace

spanned by �n. Given any u0 2 L
2

we may expand u0.x/ D
P1
nD0.˘nu0/.x/; and then �nd,

eitHu0.x/ D

1X
nD0

eit.2nC1/.˘nu0/.x/;

so the �ow has a simple description in the Hermite function coordinates. We �nally note that the Hermite

functions satisfy �n.�x/ D .�1/n�n.x/, as may be infered from the formula �n.x/ D cne
x2=2.dn=dxn/e�x

2

from [13].

We now turn to the nonlinear problem (1.1.1). The linear part of the equation may be absorbed into the

nonlinearity by changing variables to the pro�le v.x; t/ D e�itHu.x; t/. The function v satis�es the equation,

ivt D e
�itH

�
jeitHvj2keitHv

�
WD Nt .v; : : : ; v/; (1.2.3)

where Nt is the .2k C 1/ multilinear functional,

Nt .f1; : : : ; f2kC1/ D e
�itH

" 
kY

mD1

.eitHfm/.eitHfkC1Cm/

!
.eitHfkC1/

#
: (1.2.4)
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We expand each of the functions fm in the basis of Hermite functions,

eitHfm D e
itH

0@ 1X
nmD0

˘nmfm

1A D 1X
nmD0

eit.2nmC1/˘nmfm;

and then substitute into (1.2.4). This yields,

Nt .f1; : : : ; f2kC1/ D
X

n1;:::;n2kC2�0

e2iLt˘n2kC2

" 
kY

mD1

.˘nmfm/.˘nkC1CmfkC1Cm/

!
˘nkC1fkC1

#
; (1.2.5)

where L D
PkC1
mD1 nm � nkCmC1.

In (1.2.5), when L ¤ 0 the associated term in the sum is oscillating, while when L D 0 the associated term is

not. The resonant equation arises simply from neglecting the oscillatory terms. De�ne the multilinear functional

T by

T .f1; : : : ; f2kC1/ D
X

n1;:::;n2kC2�0
LD0

˘n2kC2

" 
kY

mD1

.˘nmfm/.˘nkC1CmfkC1Cm/

!
˘nkC1fkC1

#
: (1.2.6)

The resonant PDE is then given by,

iwt D T .w; : : : ; w/: (1.2.7)

Lemma 1.2.1. The resonant functional T is the time average of the functionals Nr over the interval Œ��=4; �=4�;
that is,

T .f1; : : : ; f2kC1/ D
2

�

Z �=4

��=4

Nr .f1; : : : ; f2kC1/dr: (1.2.8)

Proof. We integrate the sum in (1.2.5) over Œ��=4; �=4� term by term. If L D 0 nothing changes and we get the

associated term in (1.2.6). If L is even then

R �=4
��=4

e2iLrdr D 0, and the term in (1.2.5) is 0. Finally if L is odd,

then either n2kC2 is even and L� n2kC2 is odd, or n2kC2 is odd and L� n2kC2 is even. In the �rst case we have,

using the Hermite function property .˘nf /.�x/ D .�1/
n.˘nf /.x/, that, 

kY
mD1

..˘nmfm/.�x//..˘nkC1CmfkC1Cm/.�x//

!
.˘nkC1fkC1/.�x/

D .�1/L�n2kC2

 
kY

mD1

..˘nmfm/.x//..˘nkC1CmfkC1Cm/.x//

!
.˘nkC1fkC1/.x/;

and hence the function here is odd. Projecting onto the eigenspace spanned by the even function �n2kC2 gives the

0 vector. The associated term in the sum (1.2.5) is thus 0. In the case when n2kC2 is even and L � n2kC2 is odd a

similar analysis shows that the term in the sum is again 0. In conclusion, all of terms corresponding to L ¤ 0

vanish, while those corresponding to L D 0 are unchanged.
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By virtue of the lemma the resonant equation can be written as,

iwt D T .w; : : : ; w/ D
2

�

Z �=4

��=4

Nr .w.t/; : : : ; w.t//dr

D
2

�

Z �=4

��=4

e�irH
�
jeirHw.t/j2keirHw.t/

�
dr; (1.2.9)

which is precisely (1.1.4). One can show that the resonant equation is, up to a rescaling of time, the �ow

corresponding the Hamiltonian,

H2kC2.f / D
2

�

Z �=4

��=4

Z
R
jeirHf .x/j2kC2dxdr:

The details of this Hamiltonian correspondence are presented in Theorem 1.4.1 below.

We now prove the approximation theorem. The theorem is essentially a lower dimensional analog of Theorem

3.1 in [25], and our proof follows theirs closely. The function space in our theorem is,

H s
D fu 2 L2 W H s=2u 2 L2g;

with the norm kukHs D kH s=2ukL2 . From [46], we have the norm equivalence,

kukHs � khxis=2ukL2 C kh�i
s=2
OukL2 :

This space H s
is useful for two reasons: �rst, if s > 1=2, then the space is an algebra (as a direct consequence

of the norm equivalence); and, second, the space interacts well with the linear propagator eitH , as seen in the

following Lemma.

Lemma 1.2.2. Fix s � 0. For all u 2 H s and t 2 R we have keitHukHs � kukHs .

A general Lp version of this lemma appears in [8]; for L2, there is the following shorter proof.

Proof. First let s be an even non-negative integer. Write u 2 L2 in the basis of Hermite functions as u DP1
nD0 an�n. Becuase s is a non-negative even integer, for every n we have H s=2�n D .2nC 1/

s=2�n. This then

gives,

keitHuk2Hs D






H s=2

1X
nD0

ane
it.2nC1/�n







2

L2

D






 1X
nD0

ane
it.2nC1/.2nC 1/s=2�n







2

L2

D

1X
nD0

jane
it.2nC1/.2nC 1/s=2j2k�nk

2
L2

(by orthogonality)

D

1X
nD0

jan.2nC 1/
s=2
j
2
k�nk

2
L2
D kuk2Hs :

The result for general s follows from interpolation.

Theorem 1.2.3. Fix s > 1=2 and initial data u0 2 H s . Let u be a solution of the nonlinear Schrödinger equation
with harmonic trapping (1.1.1) and w a solution of the resonant equation (1.2.7), both corresponding to the initial
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data u0. Suppose that the bounds ku.t/kHs ; kw.t/kHs � � hold for all t 2 Œ0; T �. Then for all t 2 Œ0; T �,

ku.t/ � eitHw.t/kHs �

�
t .2k C 1/�4kC1 C �2kC1

�
exp

�
.2k C 1/t�2k

�
:

In particular if t . ��2k then ku.t/ � e�itHw.t/kHs . �2kC1:

Proof. Let v.x; t/ D e�itHu.x; t/, so that v satis�es the PDE (1.2.3). We note that v.x; 0/ D u.x; 0/ D u0.x/.

Using the lemma, we �nd that,

ku.t/ � eitHw.t/kHs D keitHv.t/ � eitHw.t/kHs � kv.t/ � w.t/kHs : (1.2.10)

To prove the theorem it therefore su�ces to show that v and w are close in H s
.

Therefore let v and w be solutions of the equations (1.2.3) and (1.2.7) respectively with the same initial data

u0,

ivt .t/ D Nt .v.t/; : : : ; v.t// D e
�itH

�
jeitHv.t/j2keitHv.t/

�
; (1.2.11)

iwt .t/ D T .w.t/; : : : ; w.t// D
2

�

Z �=4

��=4

e�irH
�
jeirHw.t/j2keirHw.t/

�
dr; (1.2.12)

u0.x/ D v.x; 0/ D u.x; 0/: (1.2.13)

Set,

Dt .f1; : : : ; f2kC1/ D Nt .f1; : : : ; f2kC1/ � T .f1; : : : ; f2kC1/ (1.2.14)

D

X
n1;:::;n2kC2�0

L¤0

e2itL˘n2kC2

" 
kY

mD1

.˘nmfm/.˘nkC1CmfkC1Cm/

!
˘nkC1fkC1

#
: (1.2.15)

From the expressions of the multilinear operators Nt and T in (1.2.11) and (1.2.12) (or their multilinear versions

(1.2.4) and (1.2.8)), from Lemma 1.2.2, and from the fact that H s
is an algebra, it follows that Nt and T are

uniformly bounded from .H s/2kC1 to H s
. The same holds for Dt from (1.2.14).

Set �.t/ D v.t/ � w.t/. Because �.0/ D 0, the Duhamel form of the equation on � is,

i�.t/ D

Z t

0

ŒT .v.r/; : : : ; v.r// � T .w.r/; : : : ; w.r//CDr .v.r/; : : : ; v.r//� dr: (1.2.16)

We will determine a priori bounds on �. For the �rst term in the integrand here, we can expand by multilinearity

to �nd,

kT .v.r/; : : : ; v.r// � T .w.r/; : : : ; w.r//kHs

�

2kX
mD0

kT .v.r/; : : : ; v.r/„ ƒ‚ …
m times

; v.r/ � w.r/; w.r/; : : : ; w.r/„ ƒ‚ …
2k�m times

kHs

�

2kX
mD0

kv.r/kmHskv.r/ � w.r/kHskw.r/k2k�mHs

� .2k C 1/�2kkv.r/ � w.r/kHs : (1.2.17)
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For the second term in the integrand in (1.2.16) we need to look more closely at the operator Dt . We �rst

observe the identity,

e2irL D
d

dr

Z r

�
2 b

2r
� c

e2i�Ld�;

where bxc is the smallest integer less that x. (Recall from the proof of the �rst lemma that only even values of L

contribute to the sum in (1.2.15).) The interval of integration here has length less than 1. We can then handle the

second term in (1.2.16) as follows,Z t

0

ŒDr .v.r/; : : : ; v.r//� ds

D

X
n1;:::;n2kC2�0

L¤0

Z t

0

e2irL˘n2kC2

" 
kY

mD1

.˘nmv.r//.˘nkC1Cmv.r//

!
˘nkC1v.r/

#
dr

D

X
n1;:::;n2kC2�0

L¤0

Z t

0

d

dr

 Z r

�
2 b

2r
� c

e2i�Ld�

!
˘n2kC2

" 
kY

mD1

.˘nmv/.˘nkC1Cmv/

!
˘nkC1v

#
dr:

Using integration by parts, we have,

(left hand side)

D �

X
n1;:::;n2kC2�0

L¤0

Z t

0

 Z r

�
2 b

2r
� c

e2i�Ld�

!
d

dr
˘n2kC2

" 
kY

mD1

.˘nmv/.˘nkC1Cmv/

!
˘nkC1v

#
dr

C

X
n1;:::;n2kC2�0

L¤0

 Z t

�
2 b

2t
� c

e2i�Ld�

!
˘n2kC2

" 
kY

mD1

.˘nmv/.˘nkC1Cmv/

!
˘nkC1v

#

D �

Z t

0

2kX
mD0

Z r

�
2 b

2r
� c

D� .v.r/; : : : ; v.r/„ ƒ‚ …
m times

; vr .r/; v.r/; : : : ; v.r/„ ƒ‚ …
2k�m times

/d�dr

C

 Z t

�
2 b

2t
� c

D� .v.t/; : : : ; v.t//d�

!
:

Because the interval of integration

�
�
2

�
2t
�

˘
; t
�

has length less than 1, we get,



Z t

0

ŒDr .v.r/; : : : ; v.r//� ds






Hs

� t .2k C 1/ sup

r2Œ0;t�

�
kv.r/k2kHskvr .r/kHs

�
C kv.t/k2kC1

Hs

� t .2k C 1/�4kC1 C �2kC1;

(1.2.18)

where in the last line we have used kvtkHs � kvk2kC1
Hs � �2kC1, coming from (1.2.3).

Combining the estimates (1.2.17) and (1.2.18) we get

k�.t/kHs � .2k C 1/�2k
�Z t

0

k�.s/kHsds

�
C t .2k C 1/�4kC1 C �2kC1:
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Gronwell’s inequality then implies that,

kv.t/ � w.t/kHs D k�.t/kHs �

�
t .2k C 1/�4kC1 C �2kC1

�
exp

�
.2k C 1/t�2k

�
;

which, with (1.2.10), gives the Theorem.

§1.3 � ANALYSIS OF A CLASS OF MULTILINEAR F UNCTIONALS

In the introduction we presented two formulas (1.1.7) and (1.1.9) that represent the Hamiltonians H6 and H4 in

terms of simpler functionals of the form EA,

H6.f / D
1

2
p
3�2

Z 2�

0

ER.�/.f; f; f; f; f; f /d�; (1.3.1)

H4.f / D
1

2
p
2�2

Z 2�

0

ES.�/.G; f; f;G; f; f /d�: (1.3.2)

Here, for an isometry A W Rn ! Rn, the 2n multilinear functional EA is de�ned by,

EA.f1; : : : ; f2n/ D

Z
Rn

nY
kD1

fk..Ax/k/f nCk.xk/dx; (1.3.3)

where x 2 Rn, xk D hx; eki and .Ax/k D hAx; eki. (In the introduction, and in formulas (1.3.2), n is set to 3, but

the work in this section is for arbitrary n.) As stated in the introduction, it turns out that one can gain signi�cant

insight into the dynamics of the systems associated to the Hamiltonians H6 and H4 by understanding properties

of the functionals EA. This section, therefore, is a general study of this family of functionals. We will examine the

symmetries of EA, its boundedness in L2 and higher Sobolev spaces, and its relationship to the Hermite functions.

Our motivation throughout is to relate these �ndings back to the dynamics of the Hamiltonian systems de�ned by

H6 and H4. For this reason we will also present a number of results that relate properties of a generic multilinear

functional E.f1; : : : ; f2n/, to the �ow induced by the Hamiltonian H .f / D E.f; : : : ; f / associated to it.

Our approach here is abstract, but we consider the abstraction justi�ed for three reasons. First, it is e�cient.

Once we have proved, for example, L2 local wellposedness for the partial di�erential equation induced by (1.3.3),

it will immediately imply L2 local wellposedness for the two distinct systems de�ned by (1.3.2). Second, our

approach clari�es which structure in the Hamiltonians (1.3.2) is responsible for certain dynamics. As a byproduct,

it suggests that many of the remarkable properties of these Hamiltonian systems (large number of symmetries,

wellposedness in many spaces, Hermite functions as stationary waves) are generic. Third, one might expect that

there are other Hamiltonian systems of mathematical or physical interest that can be cast into the framework

suggested by the representations in (1.3.2). Our results here would immediately give signi�cant insight into the

dynamics of such systems.

1.3.1 � the multilinear functional framework

In what follows, plain Latin letters such as EA, TA and HA will denote the speci�c multilinear functional de�ned

by (1.3.3) and objects associated to it. Curly letters E , T , and H will denote a generic multilinear functional,
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multilinear operator and Hamiltonian respectively. All multilinear functionals take 2n arguments, are linear in

the �rst n arguments and conjugate linear in the last n arguments, as in (1.3.3).

The functional properties of EA depend strongly on the matrix properties of A. In the representations in

(1.3.2), the matrices involved are all isometries, and we will �nd that this structural property plays a key role in

the analysis. We will therefore assume throughout that the matrix A is an isometry.

De�nition 1.3.1. (i) To each matrix A we associate a multilinear operator TA de�ned implicitly by the formula,

hTA.f1; : : : ; f2n�1/; giL2 D 2

nX
kD1

EA.f1; : : : ; fnCk�1; g; fnCk ; : : : ; f2n�1/: (1.3.4)

(ii) To each matrix A we associate a function HA de�ned by HA.f / D EA.f; : : : ; f /.

These de�nitions are motivated by the following theorem.

Theorem 1.3.1. Suppose that a multilinear functional E.f1; : : : ; f2n/ has the permutation symmetry,

E.f1; : : : ; fn; fnC1; : : : ; f2n/ D E.fnC1; : : : ; f2n; f1; : : : ; fn/: (1.3.5)

Then H .f / D E.f; : : : ; f / is a real valued function and hence a Hamiltonian on the phase space L2.R ! C/.
Hamilton’s equation of motion is given by iut .t/ D T .u.t/; : : : ; u.t// where the multilinear operator T is de�ned
implicitely by

hT .f1; : : : ; f2n�1/; giL2 D 2

nX
kD1

E.f1; : : : ; fnCk�1; g; fnCk ; : : : ; f2n�1/: (1.3.6)

Proof. First, if (1.3.5) is satis�ed, then H .f / D E.f; : : : ; f / D E.f; : : : ; f / D H .f /, and therefore H .f / 2 R.

In order to �nd Hamilton’s equation of motion corresponding to H , we �rst recall the Hamiltonian phase space

structure of L2.R ! C/. A symplectic form on L2 is given by !.f; g/ D �Im hf; giL2 . Given a Hamiltonian

H W L2 ! R, the symplectic gradient r!H is de�ned as the unique solution of the equation

!.r!H .f /; g/ D
d

d�

ˇ̌̌̌
�D0

H .f C �g/: (1.3.7)

Hamilton’s equation is then ut D r!H .u/.

In the case when H .f / D E.f; : : : ; f /, we have, by multilinearity,

d

d�

ˇ̌̌̌
�D0

H .f C �g/ D
d

d�

ˇ̌̌̌
�D0

E.f C �g; : : : ; f C �g/

D

2nX
kD1

E.f; : : : ; f„ ƒ‚ …
k�1 times

; g; f; : : : ; f„ ƒ‚ …
2n�k times

/ D 2Re

nX
kD1

E. f; : : : ; f„ ƒ‚ …
nCk�1 times

; g; f; : : : ; f„ ƒ‚ …
2n�k times

/; (1.3.8)

where in the last step we used the permutation symmetry (1.3.5). On the other hand, setting,

irwH .f / D T .f; : : : ; f /;

we �nd,

!.r!H .f /; g/ D �Im hiT .f; : : : ; f /; gi D Re hT .f; : : : ; f /; gi: (1.3.9)
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By the de�nition of the symplectic gradient in (1.3.7), the right hand sides of (1.3.8) and (1.3.9) must match for all

f and g. By replacing g by ig and using conjugate linearity, we see that this equality condition holding for all g

actually implies that,

hT .f; : : : ; f /; gi D 2

nX
kD1

E. f; : : : ; f„ ƒ‚ …
nCk�1 times

; g; f; : : : ; f„ ƒ‚ …
2n�k times

/;

which, in polarized from, is precisely (1.3.6).

Finally, Hamilton’s equation is iut D irwH.u/ D T .u; : : : ; u/.

For a generic isometry A, the functional EA does not satisfy the permutation symmetry condition (1.3.5).

However, if we de�ne, for example,

eEA.f1; : : : ; f2n/ D 1

2

h
EA.f1; : : : ; f2n/CEA.fnC1; : : : ; f2n; f1; : : : ; fn/

i
;

then eEA does satisfy (1.3.5), and all the properties of EA we prove below carry over to eEA. We will not be

concerned with this point, because while the functionals EA do not have the permutation symmetry (1.3.5), the

functionals E6 and E4 de�ned in (1.1.8) and (1.1.10) do.

Before presenting general results on EA, we give two concrete examples. These two examples illustrate how

di�erent isometries A can give rise to very di�erent partial di�erential equations iut D TA.u; : : : ; u/.

Example 1. Take n D 2 and let A W R2 ! R2 be the identity matrix. Then,

EA.f1; f2; f3; f4/ D

Z
R2
f1.x1/f2.x2/f3.x1/f4.x2/dx D hf1; f3iL2hf2; f4iL2 ;

and hence HA.f / D kf k
4
L2

. We calculate,

TA.f1; f2; f3/.y/ D 2

�Z
R
f1.x1/

h
f2.x2/f3.x2/

i
ıyDx1dx C

Z
R

h
f1.x1/f3.x1/

i
f2.x2/ıyDx2dx

�
D 2f1.y/hf2; f3iL2 C 2f2.y/hf1; f3iL2 :

Hamilton’s equation is then iut D TA.u; u; u/ D 4ukuk
2
L2
; which has a unique solution for initial data u0 2 L

2

given by u.x; t/ D e
4iku0k

2

L2
t
u0.x/.

Example 2. Take n D 2 again, and let A D 1p
2

 
1 �1

1 1

!
be the rotation of R2 by �=4 radians. Then,

EA.f1; f2; f3; f4/ D

Z
R2
f1

�
x1 � x2
p
2

�
f2

�
x1 C x2
p
2

�
f3.x1/f4.x2/dx;

and,

TA.f1; f2; f3/.y/

D 2

�Z
R
f1

�
y � s
p
2

�
f2

�
y C s
p
2

�
f3.s/ds C

Z
R
f1

�
s � y
p
2

�
f2

�
s C y
p
2

�
f3.s/ds

�
: (1.3.10)

In this case it is not clear that the general solution of the equation iut D TA.u; u; u/ can be written explicitly.

However it is still possible to determine many properties of the �ow. For example, one may verify by substitution
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that, for any ˛ > 0, the functions u.x; t/ D ei
p
8�=˛te�˛x

2
and u.x; t/ D xe�˛x

2
, are explicit solutions of

iut D TA.u; u; u/ (the second solution does not depend on time). These solutions were both produced using

Corollary 1.3.10 below.

1.3.2 � symmetries of the functional and associated conservation laws

In this subsection we uncover some of the rich symmetry structure of the functional EA. We recall that A is

assumed to be an isometry throughout.

Theorem 1.3.2. The functional EA is invariant under the Fourier transform, that is,

EA.bf 1; : : : ;bf 2n/ D EA.f1; : : : ; f2n/: (1.3.11)

It follows that TA.bf 1; : : : ;bf 2n�1//.�/ DcTA.f1; : : : ; f2n�1/.�/.
Proof. Because A is an isometry, we have h�; Axi D hA�1�; xi for all �; x 2 Rn. Now calculating,

EA.bf 1; : : : ;bf 2n/ D Z
Rn

nY
kD1

bf k..Ax/k/bf nCk.xk/dx
D

1

.2�/n

Z
Rn

nY
kD1

�Z
R
e�i�k.Ax/kfk.�k/d�k

��Z
R
ei�kxkf nCk.�k/d�k

�
dx

D
1

.2�/n

Z
Rn

Z
R2n

e�ihA
�1���;xi

nY
kD1

fk.�k/f nCk.�k/d�d�dx;

where in the last line we have used h�; AxiC h�; xi D hA�1� � �; xi. We �rst change variables y.�/ D A�1� � �,

or �.y/ D Ay C A�. The determinant of this change of variables is 1 because A is an isometry. Performing the

change of variables then gives the required identity,

EA.bf 1; : : : ;bf 2n/ D 1

.2�/n

Z
Rn

Z
R2n

e�ihy;xi
nY
kD1

fk.A�k C Ay/f nCk.�k/dyd�dx

D

Z
Rn

Z
R2n

nY
kD1

fk..A�/k/f nCk.�k/d� D EA.f1; : : : ; f2n/;

where in the second equality we used the Fourier inversion identity (1.1.18) with a D 1.

For the operator statement, let g be an arbitrary element of L2. Using the de�nition of TA in (1.3.4) we have,

hcTA.f1; : : : ; f2n�1/;bgi D hTA.f1; : : : ; f2n�1/; gi D 2 nX
kD1

EA.f1; : : : ; fnCk�1; g; fnCk ; : : : ; f2n�1/

D 2

nX
kD1

EA.bf 1; : : : ;bf nCk�1; Og;bf nCk ; : : : ;bf 2n�1/
D hTA.bf 1; : : : ;bf 2n�1/;bgi: (1.3.12)

The operator identity follows.

Theorem 1.3.3. The functional EA is invariant under the following actions (for any �):
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(i) Modulation: fk 7! ei�fk .

(ii) L2 scaling: fk.x/ 7! �1=2fk.�x/.

(iii) Quadratic modulation: fk 7! ei�jxj
2
fk .

(iv) Schrödinger group: fk 7! ei��fk .

(v) Schrödinger with harmonic trapping group: fk 7! ei�Hfk , whereH D ��C jxj2.

If, in addition, A satis�es Ae D e, where e D .1; : : : ; 1/ 2 Rn, then EA is invariant under the following actions (for
any �):

(vi) Linear modulation: fk 7! ei�xfk .

(vii) Translation: fk 7! fk.� C �/.

Proof. (i) We have,

EA.e
i�f1; : : : ; e

i�f2n/ D

Z
Rn

nY
kD1

ei�f1..Ax/k/e
�i�f 2n.xk/dx D EA.f1; : : : ; f2n/:

(ii) Let f �
k
.x/ D �1=2fk.�x/. We write outEA and perform the change of variables y D �x (with dy D �ndx)

to �nd,

EA.f
�
1 ; : : : ; f

�
2n/ D �

n

Z
Rn

nY
kD1

fk.�.Ax/k/f nCk.�xk/dx

D

Z
Rn

nY
kD1

f ..Ay/k/f .xk/dx D EA.f1; : : : ; f2n/:

(iii) Because A is an isometry, jAxj2 D jxj2 for all x 2 Rn. Using this, we have,

EA.e
i�jxj2f1; : : : ; e

i�jxj2f2n/ D

Z
Rn

nY
kD1

ei�j.Ax/k j
2

fk..Ax/k/e
�i�jxk j

2

f nCk.xk/dx

D

Z
Rn
ei�jAxj

2

e�i�jxj
2

nY
kD1

fk..Ax/k/f nCk.xk/dx

D EA.f1; : : : ; f2n/:

(iv) Using the previous part and the invariance of the Hamiltonian under the Fourier transform, we �nd,

EA.e
i��f1; : : : ; e

i��f2n/ D EA.e
�i�jxj2bf 1; : : : ; e�i�jxj2bf 2n/

D EA.bf 1; : : : ;bf 2n/ D EA.f1; : : : ; f2n/:
(v) In this part we use t instead of �, and show invariance of the functional under eitH .

First, we note that if n is an integer then ei.�=2Cn�/Hf D bf (from, for instance, the Mehler formula (1.2.2)).

The t D �=2C n� case thus follows from Theorem 1.3.2.

26



If t ¤ �=2Cn� then we may represent eitHf using the lens transform [44]. This transform relates solutions

of the free linear Schrödinger to the linear Schrödinger equation with harmonic trapping. Precisely, there

holds,

.eitHfk/.x/ D
1p

cos.2t/
.ei.tan.2t/=2/�fk/

�
x

cos.2t/

�
eix

2
tan.2t/=2: (1.3.13)

We substitute this expression into the functional. Using in turn the symmetries (iii) (with � D tan.2t/=2),

(ii) (with � D 1= cos.2t/), and (iv) (with � D tan.2t/=2/, we determine that,

EA.e
itHf1; : : : ; e

itHf2n/

D EA

 
1p

cos.2t/
.ei.tan.2t/=2/�f1/

�
x

cos.2t/

�
;

: : : ;
1p

cos.2t/
.ei.tan.2t/=2/�f2n/

�
x

cos.2t/

�!
D EA

�
.ei.tan.2t/=2/�f1/ .x/ ; : : : ; .e

i.tan.2t/=2/�f2n/ .x/
�
D EA.f1; : : : ; f2n/:

(vi) In these last two parts we assume that, in addition to being an isometry, the matrix A also satis�es Ae D e

for e D .1; : : : ; 1/ 2 Rn. We then have,

EA.e
i�xf1; : : : ; e

i�xf2n/ D

Z
Rn

nY
kD1

ei�.Ax/kfk..Ax/k/e
�i�xkf nCk.xk/dx

D

Z
Rn
ei�hAx;eie��hx;ei

nY
kD1

fk..Ax/k/f nCk.xk/dx

D EA.f1; : : : ; f2n/:

where in the last step we used hAx; ei D hx;A�1ei D hx; ei.

(vii) This follows immediately from the previous part and the invariance of the functional under the Fourier

transform, as in item (iv), noting that the Fourier transform takes x 7! ei�xf .x/ to � 7! bf .� C �/.
The symmetries of the functional EA lead directly to commutator identities for the operator TA.

Corollary 1.3.4. We have the following commuter identities,

ei�QTA.f1; : : : ; f2n�1/ D TA.e
i�Qf1; : : : ; e

i�Qf2n�1/ (1.3.14)

QTA.f1; : : : ; f2n�1/ D

nX
kD1

TA.f1; : : : ; fk�1;Qfk ; fkC1; : : : f2n�1/

�

2n�1X
kDnC1

TA.f1; : : : ; fk�1;Qfk ; fkC1; : : : f2n�1/; (1.3.15)

whereQ is any of the following operators.

1. For a generic isometry A,Q D 1,Q D x2,Q D � andQ D H .
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2. If in addition Ae D e, where e D .1; : : : ; 1/,Q D x,Q D id=dx.

Proof. For each of the operators Q, the �ow map ei�Q is an isometry of L2 for all �, and,

EA.e
i�Qf1; : : : ; e

i�Qf2n/ D EA.f1; : : : ; f2n/;

from Theorem 1.3.3. For each g 2 L2, we thus have,

hei�QTA.f1; : : : ; f2n�1/; giL2

D hTA.f1; : : : ; f2n�1/; e
�i�QgiL2

D 2

nX
kD1

EA

�
f1; : : : ; fnCk�1; e

�i�Qg; fnCk ; : : : ; f2n�1;
�

D 2

nX
kD1

EA

�
ei�Qf1; : : : ; e

i�QfnCk�1; g; e
i�QfnCk ; : : : ; e

i�Qf2n�1;
�

D hTA.e
i�Qf1; : : : ; e

i�Qf2n�1/; giL2 ;

which gives (1.3.14). To get (1.3.15), di�erentiate (1.3.14) with respect to � and set � D 0.

In Hamiltonian mechanics, the primary purpose of �nding symmetries is to determine conservation laws.

These two concepts are linked through Noether’s theorem. We have seen, in Theorem 1.3.1, that in the present

context if a functional E satis�es the permutation symmetry (1.3.5), then the functional gives rise to a Hamiltonian

H and Hamilton’s equation of motion is iut D T .u; : : : ; u/. With this Hamiltonian structure, a version of

Noether’s Theorem applies.

Theorem 1.3.5 (Noether’s Theorem). Let E be a multilinear functional that satis�es the permutation symmetry
(1.3.5). Suppose thatQ is a self-adjoint operator on L2 such that

E.ei�Qf1; : : : ; e
i�Qf2n/ D E.f1; : : : ; f2n/: (1.3.16)

Then the quantity hQf; f iL2 is conserved by the Hamiltonian �ow of H .f / D E.f; : : : ; f /.

Proof. We �rst show that hT .f; : : : ; f /;Qf i 2 R. Di�erentiating equation (1.3.16) with respect to � and setting

� D 0 gives,

nX
kD1

E.f; : : : ; f„ ƒ‚ …
k�1 times

;Qf; f; : : : ; f„ ƒ‚ …
2n�k times

/ D

nX
kD1

E. f; : : : ; f„ ƒ‚ …
nCk�1 times

;Qf; f; : : : ; f„ ƒ‚ …
n�k times

/I (1.3.17)

the sign being determined by the linearity or conjugate linearity of each component. Now using the permutation

symmetry (1.3.5) followed by (1.3.17) gives,

hT .f; : : : ; f /;Qf i D 2

nX
kD1

E. f; : : : ; f„ ƒ‚ …
nCk�1 times

;Qf; f; : : : ; f„ ƒ‚ …
n�k times

/ D 2

nX
kD1

E.f; : : : ; f„ ƒ‚ …
k�1 times

;Qf; f; : : : ; f„ ƒ‚ …
2n�k times

/

D 2

nX
kD1

E. f; : : : ; f„ ƒ‚ …
nCk�1 times

;Qf; f; : : : ; f„ ƒ‚ …
n�k times

/ D hT .f; : : : ; f /;Qf i;
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Symmetry ei�Q of E Operator Q commuting with T Conserved quantity hQf; f i

f 7! ei�f 1
R

R jf .x/j
2dx

f 7! f�
R

R Œixf
0.x/C f .x/� f .x/dx

f 7! ei�jxj
2
f x2

R
R jxf .x/j

2dx

f 7! ei��f �
R

R jf
0.x/j2dx

f 7! ei�Hf H
R

R jxf .x/j
2 C jf 0.x/j2dx

f 7! ei�xf x
R

R xjf .x/j
2dx

f 7! f .� C �/ id=dx
R

R if
0.x/f .x/dx

Table 1.1: Relationship between the symmetries of E and the conserved quantites of the Hamiltonian �ow, as

given by Noether’s Theorem.

which shows that hT .f; : : : ; f /;Qf i is real. Then, if ift D T .f; : : : ; f /, we have,

d

dt
hQf; f i D i ŒhQT .f; : : : ; f /; f i � hQf; T .f; : : : ; f /i�

D i ŒhT .f; : : : ; f /;Qf i � hQf; T .f; : : : ; f /i� D 2i Im hT .f; : : : ; f /;Qf i D 0;

so hQf; f i is constant.

Table 1.1 summarizes the relationships between the symmetries of EA described in Theorem 1.3.3, the

associated commuting operators in Corrolary 1.3.4, and the conserved quantities given by Noether’s Theorem.

As discussed previously, the functional EA does not automatically satisfy the permutation symmetry (1.3.5) so

Noether’s Theorem does not apply directly; however, the Hamiltonian systems de�ned by H6 and H4 do satisfy

(1.3.5) and so will have a number of these conserved quantities as a consequence of symmetries induced by

Theorem 1.3.3.

1.3.3 � boundedness and wellposedness

In this subsection we establish an L2 bound on EA, and bounds of the form,

kTA.f1; : : : ; f2n�1/kX � Ckf1kX � � � kf2n�1kX ; (1.3.18)

for X D L2, X D L2;� and X D H �
. We will then show how these bounds imply local existence of solutions to

Hamilton’s equation iut D TA.u; : : : ; u/ in the space X . By employing some of the conservation laws derived in

the last section, it is possible to establish global existence in L2 and other spaces for certain functionals.

Theorem 1.3.6. There holds the bound,

jEA.f1; : : : ; f2n/j �

2nY
kD1

kfkkL2 : (1.3.19)

In particular we haveHA.f / � kf k2nL2 . Both of these bounds are sharp.
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Proof. The proof involves one use of the Cauchy–Schwarz inequality. We have,

jEA.f1; : : : ; f2n/j D

ˇ̌̌̌
ˇZRn

nY
kD1

fk..Ax/k/f nCk.xk/dx

ˇ̌̌̌
ˇ

�

 Z
Rn

nY
kD1

jfk..Ax/k/j
2dx

!1=2  Z
Rn

nY
kD1

jfnCk.xk/j
2dx

!1=2
:

In the �rst integral we perform the change of variables y D Ax. Because A is an isometry, the determinant of

this change of variables is 1, and so by Fubini’s Theorem,

jEA.f1; : : : ; f2n/j �

 Z
Rn

nY
kD1

jfk.yk/j
2dy

!1=2  Z
Rn

nY
kD1

jfnCk.xk/j
2dx

!1=2
D

2nY
kD1

kfkkL2 ;

which is the bound for EA. Setting fk D f for all k gives the bound HA.f / � kf k
2
L2

.

From the Cauchy–Schwarz inequality, we have the equality condition,

nY
kD1

fk..Ax/k/ D

nY
kD1

fnCk.xk/: (1.3.20)

By assumption, A is an isometry, so that

Pn
kD1 j.Ax/kj

2 D jAxj2 D jxj2 D
Pn
kD1 jxkj

2
. This immediately gives

that the Gaussian G.x/ D e�˛x
2

satis�es the equality condition (1.3.20), and hence that H.G/ D kGk2n
L2

. The

inequality (1.3.19) is thus sharp.

In a later subsection we discuss the classi�cation of all functions ffkg
2n
kD1

that saturate the multilinear

functional inequality (1.3.19). The two examples on page 24 show that, in general, such a classi�cation will depend

on the matrix properties of A. In Example 1, HA.f / D kf k
4
L2

, and so the bound HA.f / � kf k
4
L2

in Theorem

1.3.6 is always equality. This is not the case in Example 2. In Theorem 1.3.11, we will �nd that if A is not a signed

permutation matrix – namely that there is at least one basis element ek such that Aek is a linear sum of at least

two other ej basis elements – then the equality HA.f / D kf k
2k
L2

holds only if f is a Gaussian.

In the meantime, we use the inequality (1.3.19) to establish bounds for the multilinear operator TA.

Corollary 1.3.7. There holds the bound,

kTA.f1; : : : ; f2n�1/kX � Cn

2n�1Y
kD1

kfkk
2n�1
X ;

for the following spaces.

(i) X D L2 with Cn D 2n;

(ii) X D L2;� , for any � � 0 with Cn D 2n2C� .

(iii) X D H � , for any � � 0 with Cn D 2n2C� .

It is important that the boundedness constant Cn is independent of A. This implies that if we have a composite

Hamiltonian of the form, Z
˝

�.�/HA.�/.f /d�;
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then the associated operator will be bounded once � is integrable. This is precisely how Corollary 1.3.7 will be

applied to the Hamiltonian systems H6 and H4.

Proof. (i) We argue by duality using the implicit representation (1.3.4). By the bound on EA from Theorem 1.3.6

we have,

jhTA.f1; : : : ; f2n�1/; giL2 j � 2

2nX
kDnC1

jEA.f1; : : : ; fnCm�1; g; fnCm; : : : ; f2n�1/j

� 2

2nX
kDnC1

2n�1Y
kD1

kfkkL2kgkL2 D

 
2n

2n�1Y
kD1

kfkkL2

!
kgkL2 :

This gives the result for X D L2.

(ii) Fix x 2 Rn. Because A is an isometry we have, for every m, jxmj
2 � jxj2 D jAxj2 D

Pn
kD1 j.Ax/kj

2:

Therefore, for �xed m, there is an integer l such that jxmj
2 � nj.Ax/l j

2
. With hi denoting the Japanese bracket,

we then have hxmi � nh.Ax/li and so,

hxmi � n

0@ nY
kD1;k¤m

h.Ax/k/ihxki

1A h.Ax/mi;
because in all cases hti � 1. In terms of the functional EA, this gives,

EA.jf1j; : : : ; jfk�1j;hti
�
jfkj; jfk�1j; : : : ; jf2nj/

� n�EA.hti
�
jf1j; : : : ; hti

�
jfk�1j; jfkj; hti

�
jfk�1j; : : : ; hti

�
jf2nj/:

(1.3.21)

Now applying this to TA, we have,

hTA.f1; : : : ; f2n�1/; giL2;�

D hTA.f1; : : : ; f2n�1/; hti
2�giL2

D 2n

2nX
kDnC1

EA.f1; : : : ; fk�1; hti
2�g; fk ; : : : ; f2n�1/

� 2n1C�
2nX

kDnC1

EA.hti
�
jf1j; : : : ; hti

�
jfk�1j; hti

�
jgj; hti� jfkj; : : : ; hti

�
jf2n�1j/

�

 
2n2C�

2n�1Y
kD1

kfkkL2;�

!
kgkL2;� ;

which gives the result for X D L2;� .

(iii) This follows from (ii) using the invariance of the operator TA under the Fourier transform.

The next proposition shows that, in general, bounds of the form determined in the previous proposition imply

local wellposedness.

Proposition 1.3.8. Suppose that T W Xm ! X is a multilinear operator that is bounded on a Banach space X ; that
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is,

kT .f1; : : : ; fm/kX � CT

mY
kD1

kfkkX

for some CT . Set T .f / D T .f; : : : ; f /. For every f0 2 X there is a T > 0 and unique local solution to the Cauchy
problem for Hamiltonian’s equation,

ift D T .f /;

f .t D 0/ D f0;
(1.3.22)

in the space L1.Œ0; T �; X/. The time of existence T depends only on kf0kX .

Proof. The Duhamel formulation of the Cauchy problem (1.3.22) is

f .t/ WD R.f .t// D f0 C

Z t

0

T .f .s//ds:

To prove local existence we will show that there is a T D T .kf0kX / such that the operator R is a contraction on

YT D L
1.Œ0; T �; X/. The proposition then follows from Banach’s Fixed Point Theorem.

We �rst have the bound,

kR.f .t//kX � kf0kX C

Z t

0

kT .f .s//kXds � kf0kX C CT

Z t

0

kf .s/kmXds � kf0kX C tCT kf k
m
Yt
: (1.3.23)

Next we have kR.f1.t//�R.f2.t//kX �
R t
0
kT .f1.s//� T .f2.s//kXds: To evaluate the right hand side, we

use multilinearity to write,

T .f1.s// � T .f2.s// D T .f1; : : : ; f1/ � T .f2; : : : ; f2/ D

mX
kD1

T .f1; : : : ; f1„ ƒ‚ …
k�1 times

; f1 � f2; f2; : : : ; f2„ ƒ‚ …
m�k times

/:

This equality gives,

kT .f1.s// � T .f2.s//kX � CT

m�1X
kD1

kf1k
k�1
X kf1 � f2kXkf2k

m�k
X

� kf1 � f2kX .m � 1/CT

�
kf1k

m�1
X C kf2k

m�1
X

�
;

and then,

kR.f1.t// �R.f2.t//kYt � kf1 � f2kYt
�
t .m � 1/CT

�
kf1k

m�2
Yt
C kf2k

m�2
Yt

��
: (1.3.24)

From (1.3.23) and (1.3.24) it follows that for any M > kf0kX we may choose T such that R W BYT .0;M/!

BYT .0;M/ and R a contraction on this space.

It is key in the proposition that the local time of existence depends only on kf0kX . This enables one to pair

the local wellposedness result with a conservation law in the previous subsection to get global wellposedness. We

will do precisely this to prove global wellposedness in L2 of solutions to the Hamiltonian systems H6 and H4.
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1.3.4 � the functional in the basis of hermite functions

The symmetry of the functional under the action eitH implies interesting explicit relationships between EA, TA

and the Hermite functions f�ng
1
nD0.

Theorem 1.3.9. If
Pn
kD1mk �

P2n
kDnC1mk ¤ 0, then EA.�m1 ; : : : ; �m2n/ D 0. This implies that,

TA.�m1 ; : : : ; �m2n�1/ D C�l ; (1.3.25)

for some constant C where l D
Pn
kD1mk �

P2n�1
kDnC1mk . (We understand that if l < 0 then �l WD 0.)

Proof. By the symmetry under the action eitH , we have,

EA.�m1 ; : : : ; �m2n/ D EA.e
itH�m1 ; : : : ; e

itH�m2n/

D EA.e
it.2m1C1/�m1 ; : : : ; e

it.2m2nC1/�m2n/

D eit2LEA.�m1 ; : : : ; �m2n/;

where L D
Pn
kD1mk �

P2n
kDnC1mk . If L ¤ 0, as in the statement of the theorem, then necessarily the EA term

here is 0.

Next, let m1; : : : ; m2n�1 be given, and �x p ¤
Pn
kD1mk �

P2n�1
kDnC1mk . We have,

hTA.�m1 ; : : : ; �m2n�1/; �piL2 D 2

nX
kD1

EA.�m1 ; : : : ; �mnCk�1 ; �p; �mnCk ; : : : ; �m2n/ D 0;

by the previous part and because p ¤
Pn
kD1mk �

P2n�1
kDnC1mk . The function TA.�m1 ; : : : ; �m2n�1/ is thus

orthogonal to �p for all such p. Because the Hermite functions are an orthonormal basis of L2, we must have

(1.3.25).

Corollary 1.3.10. Set !n D 2nHA.�n/. Then u.t; x/ D eit!n�n.x/ is a stationary wave solution of iut D
TA.u; : : : ; u/.

Proof. From the previous proposition, we know that,

TA.�n; : : : ; �n/ D !n�n; (1.3.26)

for some !n. It it follows that e�it!n�n.x/ is a solution of iut D TA.u; : : : ; u/.

Taking the inner product of both sides of (1.3.26) with �n and using (1.3.4), we �nd that !n D 2nHA.�n/.

By applying the symmetries ofEA given in Theorem 1.3.3 to �n, one can obtain other stationary wave solutions.

In fact, with this procedure one �nds that all functions of the form, aeibx
2
�n.cx/ are stationary waves, where

a 2 C and b; c 2 R. If in addition the matrix A satis�es A.1; : : : ; 1/ D .1; : : : ; 1/, then all functions of the form,

aeibx
2Cidx�n.cx C e/ are stationary waves, where a 2 C and b; c; d; e 2 R.

We note that in higher dimensions, as in the work of [25], the dynamics of the eigenvectors of H under the

continuous resonant equation are more interesting because the eigenspaces of H are multidimensional. This

allows for more complicated dynamics than simply stationary waves. In dimension one, each eigenspace of H is

one dimensional (being spanned by �n alone) and it necessarily follows that any eigenvector of H corresponds

simply to a stationary wave solution.
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1.3.5 � classification of the maximizers of the l 2 bound

We have previously established the inequality jHA.f /j � kf k
2n
L2

and showed that it is sharp. In this section we

discuss the classi�cation those functions that saturate the inequality. While classifying the cases of equality in an

inequality is often illuminating, in the theory of Hamiltonians on the phase space L2 it is especially relevant. In

all the Hamiltonian systems discussed in this chapter, the L2 norm of f is conserved by the Hamiltonian �ow,

and the Hamiltonian H itself is always conserved. Therefore, if one takes as initial data to the �ow a function that

saturates the inequality H .f / � kf k2n
L2

, for all �xed future times t the solution x 7! f .x; t/ will still saturate

the inequality. The set of all saturating functions is thus closed under the �ow. Identifying the set of saturating

functions can then lead to interesting explicit solutions. For the Hamiltonians in this chapter, however, we will

�nd that the saturating functions all correspond simply to stationary wave solutions.

The two examples on page 24 show that the set of saturating functions for the inequality jHA.f /j � kf kL2

will depend on the matrix properties of A. Example 1 shows that if A is the identity, or more generally a

permutation, then the inequality is always equality. If A is a signed permutation, for example the negative of the

identity, then there is equality if and only if f is even, as we will see. However if A is not a signed permutation,

as in Example 2, then the set of saturating functions is much smaller.

Theorem 1.3.11. Suppose that A is an isometry which is not a signed permutation – that is, there is some i such
that Aei is the linear sum of at least two basis elements ej . Let e D .1; : : : ; 1/ denote the vector in Rn with all its
entries 1.

(i) IfAe D e, then we have the equalityHA.f / D kf k2nL2 if and only if f .x/ D ce
�˛x2Cˇx for some c; ˛; ˇ 2 C

with Re˛ > 0.

(ii) If Ae ¤ e, then we have the equalityHA.f / D kf k2nL2 if and only if f .x/ D ce�˛x
2
for some c; ˛ 2 C with

Re˛ > 0.

Proof of the ‘if’ statements. To check the equality case for Gaussians f .x/ D ce�˛x
2Cˇx

, we substitute f into

both sides of (1.3.20), which was the equality condition in our use of the Cauchy–Schwarz inequality. The left

hand side is,

nY
kD1

f ..Ax/k/ D c
n

nY
kD1

exp

�
�˛hAx; eki

2
C ˇhx; eki

�
D cn exp

 
�˛

nX
kD1

hAx; eki
2
C ˇhAx; eki

!
(1.3.27)

D cn exp

�
�˛jAxj2 C ˇhAx; ei

�
D cn exp

�
�˛jAxj2 C ˇhx;A�1ei

�
; (1.3.28)

where in the last line we have used hAx; ei D hx;A�1ei coming from A being an isometry.

An identical computation shows that the right hand side of (1.3.20) is,

nY
kD1

f .xk/ D c
n

exp

�
�˛jxj2 C ˇhx; vi

�
:

If Ae D e, so that e D A�1e, then both sides are equal for all c, ˛ and ˇ, which proves the ‘if’ part of item (i). On

the other hand, if Ae ¤ e then there is an x 2 Rn such that hx;A�1ei ¤ hx; ei. Hence for equality to hold we

necessarily have ˇ D 0. However with ˇ D 0 both sides are equal, and so the ‘if’ part of item (ii) is proved.

The ‘only if’ part of the theorem follows from a more general result that classi�es those functions that saturate

the multilinear functional inequality jEA.f1; : : : ; f2n/j � kf1kL2 � � � kf2nkL2 . Our classi�cation result, given
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in Theorem 1.3.12 below, is not new. The multilinear functional inequality (1.3.19) is a speci�c example of a

geometric Brasscamp–Lieb inequality. The Brasscamp–Lieb inequalities originated in [10] as generalizations of

the Hölder inequality. The special class of geometric Brasscamp–Lieb inequalities was introduced in [1], and it

was subsequently shown, in [2], that they are maximized only for Gaussians. Theorem 1.3.12 is a special case of

this broad result. Our proof of this special case is, it seems, new, and we think worthy of presentation; however,

because the result is not new and not essential to other parts of this chapter, the proof is presented in Appendix A.

Theorem1.3.12. LetA be an isometry. Denote Qfk.x/ D fk.�x/. There exists integersm and l , with 0 � m � l � n,
and two permutations �1 and �2 of the integers f1; : : : ; ng such that

EA.f1; : : : ; f2n/ D

mY
kD1

hf�1.k/; fnC�2.k/i

lY
kDmC1

hf�1.k/;
QfnC�2.k/iEB.f�1.lC1/; : : : f�1.n/; fnC�2.lC1/; : : : fnC�2.n//;

where the matrix B W Rn�l ! Rn�l has no permutation part; that is, for all k and j , Bek ¤ ˙ej .
We then have jEA.f1; : : : ; f2n/j D kf1kL2 � � � kf2nkL2 if and only if the following three conditions hold.

1. For k D 1; : : : ; m, f�1.k/.x/ D CkfnC�2.k/.x/, for some Ck 2 R.

2. For k D mC 1; : : : ; l , f�1.k/.x/ D CkfnC�2.k/.�x/, for some Ck 2 R.

3. For k D l C 1; : : : ; n, f�1.k/.x/ and fnC�2.k/.x/ are Gaussians.

Proof of the ‘only if’ statements in Theorem 1.3.11, assuming Theorem 1.3.12. Because A is not a signed permuta-

tion, we must have l < n in the notation of Theorem 1.3.12. Then in, Theorem 1.3.12, condition 3 applies. Hence

to have the equality HA.f / D EA.f; : : : ; f / D kf k
2n
L2

, f must necessarily be a Gaussian.

1.3.6 � regularity of stationary waves: a lemma

In this �nal part of our general study of the functional EA, we prove a weight transfer lemma that is similar to

formula (1.3.21). This lemma will be crucial later to proving that stationary waves of the Hamiltonian systems

(1.1.7) and (1.1.9) equation are analytic and exponentially decaying once they are in L2.

For �xed �; � > 0, de�ne,

G�;�.x/ D exp

�
�x2

1C �x2

�
:

Lemma 1.3.13. If ffkg2nkD1 are positive functions, then,

EA.f1; : : : ; f2n�1; f2nG�;�/ � EA.f1G�;�; : : : ; f2n�1G�;�; f2n/:

Proof. De�ne F�;� D �jxj=.1C �jxj/. We clearly have G�;�.x/ D exp.F�;�.x
2//.

We record two properties of F�;� . First, for x > 0, F�;� is increasing. This may be seen from,

d

dx

�
�

x

1C �x

�
D �

1.1C �x/ � x.�/

.1C �x/2
D �

1

.1C �x/2
> 0:
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Next, we have F�;�.x1 C x2/ � F�;�.x1/C F�;�.x2/. This may be seen from,

F�;�.x1 C x2/ D F�;�.jx1 C x2j/ � F�;�.jx1j C jx2j/ D �
jx1j C jx2j

1C �jx1j C �jx2j

� �
jx1j

1C �jx1j
C �

jx2j

1C �jx2j
D F�;�.x1/C F�;�.x2/:

Now because A is an isometry we have, for all x 2 Rn, x2n D
Pn
kD1.Ax/

2
k
�
Pn�1
kD1.xk/

2
and hence by the

sublinearity property of F�;� ,

F�;�.x
2
n/ D F�;�

 
nX
kD1

.Ax/2k C

n�1X
kD1

�.xk/
2

!
�

nX
kD1

F�;�..Ax/
2
k/C

n�1X
kD1

F�;�.x
2
k/;

Then, because x 7! ex is increasing,

G�;�.xn/ D exp.F�;�.x
2
n// �

nY
kD1

G�;�..Ax/k/

n�1Y
kD1

G�;�.xk/:

Applying this to EA, we have,

EA.f1; : : : ; f2n�1; f2nG�;�/ D

Z
Rn

 
n�1Y
kD1

fk..Ax/k/f nCk.xk/

!
fn..Ax/n/f 2n.xn/G�;�.xn/dx

�

Z
Rn

 
n�1Y
kD1

fk..Ax/k/G�;�..Ax/k/f nCk.xk/G�;�.xk/

!
fn..Ax/n/G�;�..Ax/n/f 2n.xn/dx

D EA.f1G�;�; : : : ; f2n�1G�;�; f2n/;

which is what we wanted to prove.

§1.4 � THE QUINTIC RESONANT EQUATION

We now turn to the �rst resonant Hamiltonian,

H6.f / D
2

�
keitHf kL6tL

6
x
D
2

�

Z �=4

��=4

Z
R
jeitHf .x/j6dxdt; (1.4.1)

which has a corresponding multilinear functional,

E6.f1; f2; f3; f4; f5; f6/ D
2

�

Z �=4

��=4

Z
R
.eitHf1/.e

itHf2/.e
itHf3/.eitHf4/.eitHf5/.eitHf6/dxdt: (1.4.2)

We point out right away that, in contrast to the multilinear functionals EA studied in the previous section, the

functional E6 has a large number of permutation symmetries. For any two permutations of three elements
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�; � 0 2 S3, we have,

E6.f1; f2; f3; f4; f5; f6/ D E6.f�.1/; f�.2/; f�.3/; f� 0.4/; f� 0.5/; f� 0.6//; (1.4.3)

as well as the standard symmetry,

E6.f1; f2; f3; f4; f5; f6/ D E6.f4; f5; f6; f1; f2; f3/: (1.4.4)

These symmetries simplify the formulas for Hamilton’s equation. In fact, by Theorem 1.3.1, H6 de�nes a

Hamiltonian �ow on the phase space L2 with Hamilton’s equation given by

iut D T6.u; u; u; u; u/; (1.4.5)

where T6 is de�ned by the simple relation,

hT6.f1; f2; f3; f4; f5/; giL2 D 6E6.f1; f2; f3; f4; f5; g/: (1.4.6)

Theorem 1.4.1. There holds the representation,

T6.f1; f2; f3; f4; f5/.x/ D
12

�

Z �=4

��=4

e�itH
h
.eitHf1/.e

itHf2/.e
itHf3/.eitHf4/.eitHf5/

i
.x/dt: (1.4.7)

Proof. Using (1.4.6) we have,

hT6.f1;f2; f3; f4; f5/; giL2 D 6E.f1; f2; f3; f4; f5; g/

D
12

�

Z �=2

0

D
.eitHf1/.e

itHf2/.e
itHf3/.eitHf4/.eitHf5/; e

itHg/
E
L2.R/

dt

D
12

�

Z �=2

0

D
e�itH

h
.eitHf1/.e

itHf2/.e
itHf3/.eitHf4/.eitHf5/

i
; g/

E
L2.R/

dt;

where we have used the fact that eitH is an isometry of L2 with inverse e�itH . Upon commuting the space and

time integrations, we get (1.4.7).

This Theorem shows that the Hamiltonian �ow corresponding to H6 is precisely the resonant equation 1.2.9

in the quintic case k D 2, up to a rescaling of time. By the approximation result, Theorem 1.2.3, solutions of

(1.4.5) with initial data of size � are close to solutions of iut ��uC jxj
2 D juj4u in the space H s

for s > 1=2

and times t . ��5.

1.4.1 � representations of the hamiltonian and the flow operator

We discussed in the introduction that a useful approach to the study of Hamiltonians such as H6 is to determine

alternative representation formulas for H6, E6, and T6. Functionals such as E6 can have a large amount of

structure that is concealed by a speci�c representations such as (1.4.2). This is will be illustrated clearly below.

First, we show that E6 is invariant under the Fourier transform. In fact, this invariance will be a simple

consequence of Theorem 1.3.2 (which showed Fourier transform invariance for EA) once we have established a
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speci�c representation of E6 in Theorem 1.4.7 below. However we wish to employ Fourier transform invariance

before establishing that representation.

Lemma 1.4.2. The functional E6 and operator T6 are invariant under the Fourier transform,

E6.f1; f2; f3; f4; f5; f6/ D E6.bf 1;bf 2;bf 3;bf 4;bf 5;bf 6/; (1.4.8)bT6.f1; f2; f3; f4; f5/ D T6.bf 1;bf 2;bf 3;bf 4;bf 5/: (1.4.9)

Proof. First let fk D �nk be Hermite functions. Then O�nk D .i/
nk�nk , and so,

E6. O�n1 ;
O�n2 ;
O�n3 ;
O�n4 ;
O�n5 ;
O�n6/ D .i/

n1Cn2Cn3�n4�n5�n6E6.�n1 ; �n2 ; �n3 ; �n4 ; �n5 ; �n6/: (1.4.10)

On the other hand,

E6.�n1 ; : : : ; �n6/ D
2

�

Z �=4

��=4

e2i.n1Cn2Cn3�n4�n5�n6/dt

�

Z
R
�n1.x/�n1.x/�n2.x/�n3.x/�n4.x/�n5.x/�n6.x/dx

(1.4.11)

If n1 C n2 C n3 � n4 � n5 � n6 is a nonzero even integer, then the time integral in (1.4.11) is 0. If n1 C n2 C

n3 � n4 � n5 � n6 is an odd integer, then by the Hermite function property �nk .�x/ D .�1/nk�n.x/, the

integrand in the space integral in (1.4.11) is odd and hence the integral is 0. Therefore, using also (1.4.10), if

n1 C n2 C n3 � n4 � n5 � n6 ¤ 0, both E. O�n1 ; : : : ;
O�n6/ and E.�n1 ; : : : ; �n6/ are 0 and in particular equal.

Moreover, if n1 C n2 C n3 � n4 � n5 � n6 D 0, then by (1.4.10) E. O�n1 ; : : : ;
O�n6/ D E.�n1 ; : : : ; �n6/.

Because the Hermite functions are a basis of L2, the formula (1.4.8) holds for all functions fk . The operator

statement then follows from the same computation (1.3.12) as in the proof of Theorem 1.3.2.

Theorem 1.4.3. There holds the representations,

E6.f1; f2; f3; f4; f5; f6/ D
2

�

Z
R

Z
R
.eit�f1/.e

it�f2/.e
it�f3/.eit�f4/.eit�f5/.eit�f6/dxdt; (1.4.12)

T6.f1; f2; f3; f4; f5/.x/ D
12

�

Z �=4

��=4

e�it�
h
.eit�f1/.e

it�f2/.e
it�f3/.eit�f4/.eit�f5/

i
.x/dt: (1.4.13)

Proof. Recall that the lens transform (1.3.13) takes solutions u of the linear Schrödinger equation into solutions

v of the linear Schrödinger equation with harmonic trapping. If we let uk.x; t/ D .e
itHfk/.x/ and vk.x; t/ D

.eit�fk/.x/, the lens transform reads,

uk.x; t/ D
1

cos.2t/1=2
vk

�
x

cos.2t/
;

tan.2t/

2

�
eix

2
tan.2t/=2:

We substitute these expressions into (1.4.2) and perform two changes of variable. In the time variable, we perform

s D 1
2

tan.2t/. This change of variables bijectively maps .��=4; �=4/ to .�1;1/ and has determinant cos.2t/�2.
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In the space variable we perform y D x= cos.t/; this has determinant j cos.2t/j�1. Then,Z �=4

��=4

Z
R
.u1u2u3u4u5u6/.x; t/dxdt

D

Z �=2

0

1

j cos.2t/j3

Z
R
.v1v2v3v4v5v6/

�
x

cos.2t/
;

tan.2t/

2

�
.x; t/dxdt

D

Z 1
�1

Z
R
.v1v2v3v4v5v6/ .y; s/ .x; t/dyds;

which gives (1.4.12). The expression for T6 follows from the same argument as in the proof of Theorem 1.4.1.

Theorem 1.4.4. Let ˝1.x/ D y1 C y2 C y3 � y4 � y5 � x and ˝2.x/ D y21 C y
2
2 C y

2
3 � y

2
4 � y

2
5 � x

2. Then
there holds the representations,

E6.f1; f2; f3; f4; f5; f6/ D
1

�2

Z
R6
f1.y1/f2.y2/f3.y3/f4.y4/f5.y5/f6.y6/ı˝1.y6/ı˝2.y6/dy; (1.4.14)

T6.f1; f2; f3; f4; f5/.x/ D
6

�2

Z
R5
f1.y1/f2.y2/f3.y3/f4.y4/f5.y5/ı˝1.x/ı˝2.x/dy: (1.4.15)

Proof. We evaluate (1.4.12) using the fundamental solution formula for the linear Schrödinger equation, .eit�fk/.x/ D

.4�it/�1=2
R

R e
i jx�yk j

2=4tfk.yk/dyk . We have,

E6.f1; f2; f3; f4; f5; f6/ (1.4.16)

D
2

�

Z
R

Z
R
.eit�f1/.e

it�f2/.e
it�f3/.eit�f4/.eit�f5/.eit�f6/dxdt

D
1

32�4

Z
R

1

t3

Z
R

Z
R6
e�ix˝1.y6/=2teCi˝2.y6/=4tf1.y1/f2.y2/f3.y3/f 4.y4/f 5.y5/f 6.y6/

dydxdt

D
1

4�4

Z
R

Z
R

Z
R6
eCix˝1.y6/eCis˝2.y6/f1.y1/f2.y2/f3.y3/f 4.y4/f 5.y5/f 6.y6/dydxds

D
1

2�3

Z
R

Z
R6
eCis˝2.y6/f1.y1/f2.y2/f3.y3/f 4.y4/f 5.y5/f 6.y6/ı˝1.y6/dydx (1.4.17)

D
1

�2

Z
R6
f1.y1/f2.y2/f3.y3/f 4.y4/f 5.y5/f 6.y6/ı˝1.y6/ı˝2.y6/dy;

which is (1.4.14). Equation (1.4.15) follows immediately from de�nition (1.4.6) with theL2 inner product integration

in y6.

Theorem 1.4.5. There holds the representations,

E6.f1; f2; f3; f4; f5; f6/ D
1

2�2

Z
R6
f1.ˇ C �/f2.�ˇ C 
/f3.�
 C � � ��/

f 4.�ˇ C �/f 5.ˇ C �
 C � � ��/f 6.
/dˇd�d�d
: (1.4.18)

T6.f1; f2; f3; f4; f5/.x/ D
3

�2

Z
R6
f1.ˇ C �/f2.�ˇ C x/f3.�x C � � ��/

f 4.�ˇ C �/f 5.ˇ C �x C � � ��/dˇd�d�: (1.4.19)
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Proof. We start with formula (1.4.17). Introduce new variables ˛; ˇ; 
; �; � by y1 D ˇ C � , y2 D �C 
 , y3 D ˛,

y4 D �C � and y5 D ˛ C ˇ. We calculate y6 D y1 C y2 C y3 � y4 � y5 D 
 and

˝2.y6/ D y
2
1 C y

2
2 C y

2
3 � y

2
4 � y

2
5 � y

2
6 D 2ˇ� C 2
� � 2�� � 2˛ˇ;

which gives the formula,

E6.f1; f2; f3; f4; f5; f6/ D
1

2�3

Z
R6
e2itŒˇ�C
�����˛ˇ�f1.ˇ C �/f2.�C 
/f3.˛/

f 4.�C �/f 5.˛ C ˇ/f 6.
/d˛dˇd
d�d�dt

Now change variables from � to � through � D �ˇ. This gives d� D jˇjd� and therefore,

E6.f1; f2; f3; f4; f5; f6/ D
1

2�3

Z
R6
jˇje2itˇŒ�C
�����˛�f1.ˇ C �/f2.�ˇ C 
/f3.˛/

f 4.�ˇ C �/f 5.˛ C ˇ/f 6.
/d˛dˇd
d�d�dt:

Next we use the Fourier inversion formula

R
R

R
R e

iatx�.x/dxdt D 2�jaj�1�.0/; with a D 2ˇ and x.˛/ D

� C 
� � �� � ˛. This gives,

EA.f1; f2; f3; f4; f5; f6/ D
1

2�2

Z
R6
f1.ˇ C �/f2.�ˇ C 
/f3.� C �
 � ��/

f 4.�ˇ C �/f 5.ˇ C � C �
 � ��/f 6.
/dˇd�d�d
;

which is (1.4.18). The representation (1.4.19) follows from the de�nition of T6 in (1.4.6) with the L2 inner product

integration in 
 .

Theorem 1.4.6. There holds the representations,

E6.f1; f2; f3; f4; f5; f6/ D
1

2�2

Z
R

1

�2 � �C 1
EA.�/.f1; f2; f3; f4; f5; f6/d�; (1.4.20)

T6.f1; f2; f3; f4; f5/.x/ D
1

2�2

Z
R

1

�2 � �C 1
TA.�/.f1; f2; f3; f4; f5/.x/d�: (1.4.21)

where, for all �, A.�/ is an isometry and A.�/.1; 1; 1/ D .1; 1; 1/. (The matrix A.�/ is given explicitly in (1.4.22).)

Proof. In formula (1.4.18), let y1; y2; y3 be the arguments of f1; f2; f3 respectively, and let x1; x2; x3 be the

arguments of f 4; f 5; f 6 respectively. We have,

y D

0B@y1y2
y3

1CA D
0B@ ˇ C �

�ˇ C 


�
 C � � ��

1CA D
0B@1 0 1

� 1 0

0 � 1 � �

1CA
0B@ˇ

�

1CA WD B.�/
0B@ˇ

�

1CA ;
and,

x D

0B@x1x2
x3

1CA D
0B@ �ˇ C �

ˇ C �
 C � � ��




1CA D
0B@� 0 1

1 � 1 � �

0 1 0

1CA
0B@ˇ

�

1CA WD C.�/
0B@ˇ

�

1CA :
In equation (1.4.18), perform the linear change of variables x D C.�/.ˇ; 
; �/. We �nd that detC.�/ D �2��C1 D
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.� � 1
2
/2 C 3

4
> 0; in particular C.�/�1 is de�ned for all �. Let A.�/ D B.�/C.�/�1. Changing variables then

establishes (1.4.20). The expression for T6 follows using the de�nition of TA in De�nition 1.3.1.

A calculation reveals that,

A.�/ D B.�/C.�/�1

D
1

�2 � �C 1

0B@ � 1 � � �2 � �

�2 � � � 1 � �

1 � � �2 � � �

1CA (1.4.22)

D
1

�2 � �C 1

264�
0B@1 0 0

0 1 0

0 0 1

1CAC .1 � �/
0B@0 1 0

0 0 1

1 0 0

1CAC �.� � 1/
0B@0 0 1

1 0 0

0 1 0

1CA
375 : (1.4.23)

It remains to verify the two properties of A.�/. These can, of course, be determined from the formula (1.4.22);

however it is more insightful to see how they arise naturally from the combinatorical structure of the arguments

to the functions in (1.4.18).

(i) By inspecting (1.4.18), we �nd that the squares of the arguments in f1; f2; f3 sum to the squares of the

arguments in f4; f5; f6,

.ˇ C �/2 C .�ˇ C 
/2 C .�
 C � � ��/2 D .�ˇ/2 C .ˇ C �
 C � � ��/2 C .
/2: (1.4.24)

This gives, for all x 2 R3, that jB.�/xj2 D
P3
kD1 jhB.�/; ekij

2 D
P3
kD1 jhC.�/; ekij

2 D jC.�/xj2.

Setting x D C.�/�1y gives jA.�/yj2 D jyj2 for all y 2 R3, and hence A.�/ is an isometry.

(ii) Again in (1.4.18), we see that the arguments in f1; f2; f3 sum to the arguments in f4; f5; f6,

.ˇ C �/C .�ˇ C 
/C .�
 C � � ��/ D .�ˇ/C .ˇ C �
 C � � ��/C .
/ (1.4.25)

Setting e D .1; 1; 1/, this means that for all x, hB.�/x; ei D hC.�/x; ei. Set y D C.�/x to give

hA.�/y; ei D hy; ei. Because A is an isometry, A� D A�1, and so hy;A�1ei D hy; ei for all y, and

hence Ae D e.

We note that the expressions (1.4.24) and (1.4.25) arise naturally from the ı arguments in (1.4.14). The properties

of A.�/ in (i) and (ii) should thus be considered generic for continuous resonant type equations.

Theorem 1.4.7. We have the representations,

E.f1; f2; f3; f4; f5; f6/ D
1

2
p
3�2

Z 2�

0

ER.�/.f1; f2; f3; f4; f5; f6/d�; (1.4.26)

T .f1; f2; f3; f4; f5/.x/ D

p
3

�2

Z 2�

0

TR.�/.f1; f2; f3; f4; f5/.x/d�; (1.4.27)

where R.�/ is the rotation of � radians about the axis .1; 1; 1/.

Proof. Because the matrix A.�/ is an isometry, detA.�/ D C1, and A.�/.1; 1; 1/ D .1; 1; 1/, the matrix must, in

fact, be a rotation about the axis .1; 1; 1/. For any rotationA of R3, the angle of rotation � satis�es, 2 cos.�/C1 D
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Trace.A/. In the present case, this means,

cos.�/ D �.�/ WD
1

2
.Trace.A.�// � 1/ D

1

2

�
3�

�2 � �C 1
� 1

�
: (1.4.28)

The formula (1.4.26) follows from performing the change of variables � 7! � , which we do rather carefully.

From analyzing (1.4.28), we determine that � has the following properties. It satis�es �.�1/ D �1, �.1/ D 1;

� is increasing on Œ�1; 1�; � is decreasing on .�1;�1� [ Œ1;1/; and lim�!�1 �.�/ D lim�!C1 �.�/ D 0. By

setting � D 0 in (1.4.23), we determine that sin.�/ D �1
p
3 < 0, and hence � D �4�=3 2 Œ�; 2��. On the other

hand, as �!˙1, sin.�/!C1=
p
3 > 0. From these considerations and continuity, we infer that that under

� 7! � , Œ�1; 1� is bijectively mapped to Œ�; 2��, while .�1;�1/ [ .1;1/ is bijectively mapped to .0; �/. In all,

R is bijectively mapped to .0; 2��.

To perform the change of variables, we need to �nd the determinent which is given by,

d�

d�
D

ˇ̌̌̌
d

d�
arccos

�
1

2

�
3�

�2 � �C 1
� 1

��ˇ̌̌̌
:

To simplify the computation, we �rst �nd that if a D
p
3.1 � �/=.1C �/, then

arccos

�
1

2

�
3�

�2 � �C 1
� 1

��
D arccos

�
1 � a2

1C a2

�
D arctan

�
2a

1 � a2

�
D 2 arctan .a/ D 2 arctan

 p
3.1 � �/

1C �

!
I

we then calculate jd�=d�j D
p
3.�2 � �C 1/�1. Formula (1.4.26) then follows.

We have derived, in total, six di�erent representations for each of E6, H6 and T6. Before moving on, we give a

sketch of the relevance of each of these representations. The �rst expression (1.4.2), in terms of eitH , shows that

the Hamiltonian system H6 is the resonant system for k D 2 discussed in Section 1.2. It also illustrates clearly

the permutation symmetries (1.4.3) and (1.4.4) which are far from obvious from the last three representations

in Theorems 1.4.5, 1.4.6 and 1.4.7. The representations (1.4.12) (in terms of eit�) and (1.4.14) will not be used

extensively in this chapter, but they very importantly show that H6 is the continuous resonant system for d D 1

and p D 2 discussed in [12]. In the remainder of this section we will mostly use the last three representations. The

expression (1.4.18) is useful for proving re�ned multilinear estimates: if we have information about the supports

of the functions fk then we can restrict the range of integration and prove smallness, in tandem with (1.4.20).

The last representation (1.4.26) makes determining certain properties of E6, like L2 boundedness and symmetry

structures, almost trivial because we know so much about ER.�/ from Section 1.3. The following two subsections

are largely about importing such information about EA from Section 1.3 to E6.

1.4.2 � symmetries of the hamiltonian and conserved qantities of the flow

Theorem 1.4.8. The functional E4.f1; f2; f3; f4; f5; f6/ is invariant under the following actions (for all �).

(i) Fourier transform, fk 7! bf k .
(ii) Modulation, fk 7! ei�fk .

(iii) L2 scaling, fk.x/ 7! �1=2fk.�x/.
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(iv) Linear modulation, fk 7! ei�fk .

(v) Translation, fk 7! fk.� C �/.

(vi) Quadratic modulation, fk 7! ei�x
2
fk .

(vii) Schrödinger group, fk 7! ei��fk .

(viii) Schrödinger with harmonic trapping group, fk 7! ei�Hfk .

Proof. Each of the symmetries commutes with the integration over � in (1.4.26). The result then follows immedi-

ately from Theorems 1.3.2 and 1.3.3.

Corollary 1.4.9. We have the following commuter equalities,

ei�QT .f1; f2; f3; f4; f5/ D T .ei�Qf1; e
i�Qf2; e

i�Qf3; e
i�Qf4; e

i�Qf5/ (1.4.29)

QT .f1; f2; f3; f4; f5/ D T .Qf1; f2; f3; f4; f5/C T .f1;Qf2; f3; f4; f5/

C T .f1; f2;Qf3; f4; f5/

� T .f1; f2; f3;Qf4; f5/ � T .f1; f2; f3; f4;Qf5/ (1.4.30)

whereQ are the operators: Q D 1,Q D x,Q D id=dx,Q D x2,Q D �,Q D H .

Proof. These follow immediately from the representation (1.4.27) and Theorem 1.3.4.

By Theorem, 1.3.5, the Hamiltonian �ow associated to H6 has conserved quantities for symmetries (ii) through

(viii). These symmetries and conserved quantities and summarized in the following table.

Symmetry of H6 Conserved quantity Operator commuting with T6

f 7! ei�f
R

R jf .x/j
2dx 1

f 7! f�
R

R Œixf
0.x/C f .x/� f .x/dx

f 7! ei�xf
R

R xjf .x/j
2dx x

f 7! f .� C �/ Re

R
R f

0.x/f .x/dx id=dx

f 7! ei�jxj
2
f

R
R jxf .x/j

2dx x2

f 7! ei��f
R

R jf
0.x/j2dx �

f 7! ei�Hf
R

R jxf .x/j
2 C jf 0.x/j2dx H

1.4.3 � boundedness of the functional and wellposedness of hamilton’s eqation

Theorem 1.4.10. There holds the following sharp bound,

jE6.f1; f2; f3; f4; f5; f6/j �
1

�
p
3

6Y
kD1

kfkkL2 I (1.4.31)

which means in particular 0 � H6.f / � 1=.�
p
3/kf k6

L2
. Equality holds in (1.4.31) if and only if each fk is the

same Gaussian ce�˛x
2Cˇx for some c; ˛; ˇ 2 C and Re˛ > 0.
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Proof. Using representation (1.4.26) and Theorem 1.3.6 we have,

jE6.f1; f2; f3; f4; f5; f6/j �
1

2
p
3�2

Z 2�

0

jER.�/.f1; f2; f3; f4; f5; f6/jd� �
1

�
p
3

6Y
kD1

kfkkL2 ;

which is the inequality (1.4.31).

For equality to hold, we must have equality in,

jER.�/.f1; f2; f3; f4; f5; f6/j D

6Y
kD1

kfkkL2 ; (1.4.32)

for almost every � 2 Œ0; 2��. We know from Theorem 1.3.12 that if the functions fk are the same Gaussian

e�˛x
2Cˇx

for ˛; ˇ 2 C and Re˛ > 0 then equality does hold. (This uses the fact that R.�/ is an isometry for all

� and that R.�/.1; 1; 1/ D .1; 1; 1/.)

On the other hand, because R.�/ is not a signed permutation matrix almost everywhere, Theorem 1.3.12 says

that any functions fk satisfying (1.4.32) must be Gaussians. Write fk.x/ D e�˛kx
2Cˇkx for ˛k ; ˇk 2 C with

Re˛k > 0. The Cauchy–Schwarz equality condition (1.3.20) in this case reads,

f1..R.�/x/1/f2..R.�/x/2/f3..R.�/x/3/ D f4.x1/f5.x2/f6.x3/; (1.4.33)

Substituting the expressions for fk gives, for all � 2 Œ0; 2�� and .x1; x2; x3/ 2 R3,

3X
kD1

�˛k.R.�/x/
2
k C ˇk.R.�/x/k D

3X
kD1

�˛3Ckx
2
k C ˇ3Ckxk :

Setting variously x D .1; 0; 0/, x D .0; 1; 0/ and x D .0; 0; 1/, along with � D 0, � D 2�=3 and � D 4�=3 gives

that ˛k D ˛1 and ˇk D ˇ1 for all k.

Using the expression H6.f / D .2=�/ke
it�f k6

L6
from Theorem 1.4.3, one obtains the sharp inequality,

keit�f k6
L6
�

1

2
p
3
kf k6

L2
; (1.4.34)

which is the Strichartz inequality with best constant in dimension one, as previously proved in [20]

Theorem 1.4.11. We have the operator bound kT6.f1; f2; f3; f4; f5/kX � CX
Q5
kD1 kfkkX for the following

spaces.

(i) X D L2 with CX D 2
p
3=� ,

(ii) X D L2;� , for any � � 0.

(iii) X D H � , for any � � 0.

(iv) X D L1;s , for any s > 1=2.

(v) X D Lp;s , for any p � 2 and s > 1=2 � 1=p.
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Proof. The bounds (i), (ii), and (iii) follow immediately from Theorem 1.3.7 using the representation of T6 in

(1.4.27).

The bound (iv) is proved in Theorem 1.4.18 below.

The bound (v) comes from interpolating between the bounds in (iv) and (ii).

Theorem 1.4.12. Consider the Cauchy problem,

iut D T6.u; u; u; u; u/;

u.t D 0/ D u0;
(1.4.35)

which is Hamilton’s equation corresponding to H6 and the resonant equation (1.1.4) in the quintic k D 2 case.

(i) The Cauchy problem (1.4.35) is locally well-posed in X for any of the spaces X in Theorem 1.4.11.

(ii) The Cauchy problem (1.4.35) is globally well-posed in L2.

Proof. (i) This follows from Theorem 1.3.8, using the bounds on T6 established in the previous theorem.

(ii) We know from Theorem 1.3.8 that the local time of existence of a solution to (1.4.35) in L2 depends only on

ku0kL2 . Because kukL2 is conserved by the �ow (1.4.35), by the usual argument the L2 solution is global.

1.4.4 � analysis of the stationary waves

Stationary wave solutions are solutions of the form ei!t .x/ for some ! 2 R and a function  . By substitution

into (1.4.5), we �nd that  must satisfy,

�! .x/ D T6. ;  ; ; ; /.x/ D

p
3

�2

Z 2�

0

TR.�/. ;  ; ; ; /.x/d�: (1.4.36)

In Theorem 1.3.10, we found that if �n is a Hermite function then TA.�n; �n; �n; �n; �n/.x/ D C�n.x/, which

means from (1.4.36) that T6.�n; : : : ; �n/.x/ D C�n.x/ for some constant C . The function �n is thus a stationary

wave. By letting the symmetries of T6 act on �n, we �nd that each of the functions,

aeibxCicx
2

�n.dx C e/; (1.4.37)

for a 2 C and b; c; d; e 2 R is a stationary wave solution of (1.4.5).

1.4.4.1 � Regularity of stationary waves: introduction

All of the stationary waves (1.4.37) are analytic and decay in space like e�˛x
2

for some ˛ 2 R. The remainder of

this section is devoted to a proof any function 2 L2 satisfying (1.4.36) is automatically analytic and exponentially

decaying in space like e�˛x
2
. Our proof follows closely the proof of the analogous result for the two-dimensional

continuous resonant equation in [25], which in turn is based on work in [33]; there are also similar results in

[18, 28].

Our proof here has two main ingredients. Roughly speaking, once a multilinear functional can supply these

ingredients, the associated Hamiltonian system will satisfy a result like Theorem 1.4.15 below. The �rst ingredient

is an ability to transfer exponential weight from one input of the functional to the other inputs, as in Lemma
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1.3.13 for the functionals EA. The second ingredient is a re�ned multilinear estimate, which we discuss in the

next subsection.

For the weight transfer property, recall that in Lemma 1.3.13, we de�ned G�;�.x/ D exp.�x2=.1C �x2// and

established that if A is an isometry and functions fk are non-negative, then,

EA.f1; : : : ; f2n�1; f2nG�;�/ � EA.f1G�;�; : : : ; f2n�1G�;�; f2n/:

This property is immediately inherited by E6: if functions fk are non-negative, then,

E6.f1;f2; f3; f4; f5; f6G�;�/

D
1

2
p
3�2

Z 2�

0

ER.�/.f1; f2; f3; f4; f5; f6G�;�/d�

�
1

2
p
3�2

Z 2�

0

ER.�/.f1G�;�; f2G�;�; f3G�;�; f4G�;�; f5G�;�; f6/d�

D E6.f1G�;�; f2G�;�; f3G�;�; f4G�;�; f5G�;�; f6/: (1.4.38)

The inequality (1.4.38) is the �rst ingredient in the proof.

1.4.4.2 � Re�ned multilinear Strichartz estimates

The second ingredient we need is a so-called re�ned multilinear Strichartz estimate. Such estimates are treated in

a number of works [7, 9, 42]. Lemma 111 in [9] is prototypical of the type of estimate we require here: it states that

if functions f1; f2 2 L
2.R2 ! C/ satisfy supp

bf 1 � B.0;N / and supp
bf 2 � B.0;M/C , with N �M , then,

k.eit�f1/.e
it�f2/kL4.R2�R/ .

�
N

M

�1=2
kf1kL2.R2/kf2kL2.R2/:

The right hand side is decaying for large M and small N . In our case, under similar support assumptions on

functions
bf i and

bf j , we would like to have analogous control on,

E6.f1; f2; f3; f4; f5; f6/ D
2

�

Z
R

Z
R
.eit�f1/.e

it�f2/.e
it�f3/.eit�f4/.eit�f5/.eit�f6/dxdt I

namely, we would like an L2 bound that is decaying as the supports of
bf i and

bf j become increasingly disjoint.

Using the representations (1.4.18) and (1.4.20) we are in fact able to determine the required re�ned mulitlinear

estimate in an elementary way.

Because we know that E6 is invariant under the Fourier transform, it is equivalent to state the support

assumptions in terms of fi and fj and not their Fourier transforms.

Proposition 1.4.13. Suppose that the support of f2 is in B.0;R/C and the supports of f3, f5 and f6 are in B.0; r/,
with R > 4r . Then,

jE6.f1; f2; f3; f4; f5; f6/j �
1

R

6Y
kD1

kfkkL2 :
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Proof. We use the representation of E6 given in (1.4.18),

E6.f1; f2; f3; f4; f5; f6/ D
1

2�2

Z
R6
f1.ˇ C �/f2.�ˇ C 
/f3.�
 C � � ��/

f 4.�ˇ C �/f 5.ˇ C �
 C � � ��/f 6.
/dˇd�d�d
;

to identify a large set in � on which the integrand is 0. We will then use the representation (1.4.20) to obtain L2

bounds, recalling that the integrand as a function of � is the same in both representations.

Under the assumptions of the proposition, the integrand is non-zero only when,

jˇj � jˇ C �
 C � � ��j C j�
 C � � ��j � 2r;

and only when,

j�ˇj � j�ˇ C 
 j � j
 j � R � 2r �
R

2
:

It follows that the integrand is non-zero only when j�j > R=4.

Then, using the representation (1.4.20),

jE6.f1; f2; f3; f4; f5; f6/j �
1

2�2

Z
j�j>R=4

1

�2 � �C 1
jEA.�/.f1; f2; f3; f4; f5; f6/jd�

�
1

�2

�Z
j�j>R=4

1

�2 � �C 1
d�

� 6Y
kD1

kfkkL2 �
1

R

6Y
kD1

kfkkL2 ;

which is what we wanted to prove.

Proposition 1.4.14. Suppose that for some i and some j , the support of fi is in B.0;R/C and the support of fj is
in B.0; r/, with R > 4r . Then,

jE6.f1; f2; f3; f4; f5; f6/j �
1

R1=6

6Y
kD1

kfkkL2 : (1.4.39)

Proof. We assume, by rescaling, that kfkkL2 D 1 for all k. We have the crude bound H6.f / D ke
it�fkk

6
L6
� 1,

from (1.4.34). Then,

jE6.f1; f2; f3; f4; f5; f6/j �
2

�

Z
R2
jeit�f1j � je

it�f2j � je
it�f3j � je

it�f4j � je
it�f5j � je

it�f6jdxdt;

D
2

�




.eit�f1/.eit�f2/.eit�f3/.eit�f4/.eit�f5/.eit�f6/



L1

�
2

�
k.eit�fi /.e

it�fj /kL3 D
2

�
k.eit�fi /

3.eit�fj /
3
k
1=3

L1

�
2

�
k.eit�fi /.e

it�fj /
2
k
1=3

L2
k.eit�fi /

2.eit�fj /k
1=3

L2

�

�
2

�

�2=3
E6.fj ; fi ; fj ; fi ; fj ; fj /

1=6
�

1

R1=6
;

which is (1.4.39).
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1.4.4.3 � Regularity of stationary waves

Using the weight transfer property (1.4.38) and the re�ned multilinear Strichartz estimate (1.4.39), we prove that

stationary waves are necessarily analytic. We begin with an integrability result.

Theorem 1.4.15. Suppose � 2 L2 satis�es,

j!jj�.x/j � T .j�j; j�j; j�j; j�j; j�j/.x/: (1.4.40)

Then there exists ˛ > 0 such that x 7! �.x/e˛x
2
2 L2.

Proof of Theorem 1.4.15. For the proof, we will �nd � so that we have the bound k�G�;�kL2 . 1 independently

of �. Taking the limit � ! 0 will the yield the result.

We can clearly assume that �.x/ � 0, and will do so throughout. For any M > 0 de�ne,

�<.x/ D �.x/�jxj�M .x/; ��.x/ D �.x/�M<jxj�M2.x/; �>.x/ D �.x/�M2<jxj.x/;

We have the decomposition � D �> C �� C �>, and the supports are all disjoint, which gives,

k�G�;�k
2
L2
D k�<G�;�k

2
L2
C k��G�;�k

2
L2
C k�>G�;�k

2
L2
:

The �rst two terms are trivial to deal with. If jxj �M 2
, we have,

G�;�.x/ � exp.�jxj2/ � exp.�M 4/;

so setting � �M�4 gives k�<G�;�kL2 � k�<e
1kL2 � ek�kL2 ; uniformly in �. The same bound holds for ��. It

remains then to bound k�>G�;�kL2 uniformly in �.

Starting with equation (1.4.40), we multiply both sides by �>.x/G�;�.x/
2
,

!�.x/G�;�.x/
2
� T .�; : : : ; �/.x/�.x/G�;�.x/

2:

Now integrating over R, using the relationship between E6 and T6 in (1.4.6), and passing the exponential weight

using (1.4.38), we determine the bound,

!k�G�;�k
2
L2
� 6E6.�; �; �; �; �; �>G�;�

2/ . E6.�e
G�;� ; : : : ; �eG�;� ; �>e

G�;� /:

For convenience, let  D �G�;� . The bound then reads,

!k k2
L2

. E6. ;  ; ; ; ; >/: (1.4.41)

Now write each  D  < C  � C  > and expand the multilinear functional. We will get many terms, which we

bound in one of two ways.

� If there are three or more  > terms, bound by k >k
k
L2

(where k � 3 is the number of  > terms appearing)

using the standard L2 bound (1.4.31). In this case the other terms are  < or  �, which we know are

uniformly bounded.

� If there are one or two  > terms, then there is either a  < term or a  � term. We may assume M > 4.

Then in the former case we can use the re�ned multilinear estimate (1.4.39) (with r D M and R D M 2
)
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and bound by .1=M 1=3/k >k
k
L2

(where k D 1 or k D 2). If there are no  < terms, we bound by

k �kL2k >k
k
L2

. k��kL2k >kkL2 .

Using these, we �nd,

!k >k
2
L2
� 6E6. ;  ; ; ; ; >/

� C

 
mX
kD3

k >k
k
C

�
1

M 1=3
C k��kL2

�
.k >k

2
L2
C k >kL2/

!
; (1.4.42)

for some constant C independent of  and �. Set ı.M/ DM�1=3 C k��kL2 and,

x.�;M/ D k >kL2 D k��jxj<M2G�;�kL2 :

Note that ı.M/! 0 as M !1. Choose M su�ciently large so that Cı.M/ � !=2. This gives,

!

2C
x.�;M/2 �

mX
kD3

x.�;M/k C ı.M/x.�;M/:

Dividing through by x.�;M/ > 0 and rearranging terms gives,

0 � pı.M/.x.�;M//; where pı.x/ WD

m�1X
kD2

xk �
!

2C
x C ı: (1.4.43)

Observe that p0.0/ D 0, p00.0/ D �!=2C < 0 and p0.x/!1 as x !1. This shows that p0 has another

0 in .0;1/; call the smallest such zero x0. The zeroes of a polynomial are continuous functions of the coe�cients.

Hence if we choose M su�ciently large we can assume that pı.M/ has one zero in .�1; x0=3/ (coming from

p0.0/ D 0/ and one zero .2x0=3;1/ (coming from p0.x0/ D 0) and that pı.M/.x/ < 0 in .x0=3; 2x0=3/. This

shows that for all M su�ciently large,

Zı.M/ D p
�1
ı.M/.Œ0;1// � .�1; x0=3/ [ .2x0=3;1/:

Now we know from the inequality (1.4.43) that x.�;M/ 2 Zı.M/ for all �. If we set � D 1 we get,

x.1;M/ D k >kL2 D k�>e
�x2=.1Cx2/

kL2 � k�>kL2e
�:

Recall that we set� DM�4, so that� . 1 and so x.1;M/ . k�>kL2 . AsM !1, k�>kL2 D k��M2<jxjkL2 !

0, and hence if we take M su�ciently large we will have x.1;M/ � x0=3. But now because x.�;M/ depends

continuously on �, and x.�;M/ 2 Zı.M/ for all �, we have,

x.�;M/ D k >kL2 � x0=3;

for all �. Taking � ! 0 yields x.0;M/ D k�>e
�x2k � x0=3 <1; which is what we wanted to prove.

Corollary 1.4.16. Suppose that � 2 L2 is a stationary wave solution of the Hamiltonian �ow associated to H6; that
is, � satis�es,

!�.x/ D T6.�; �; �; �; �/.x/; (1.4.44)
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for some !. Then there exists ˛ > 0 and ˇ > 0 such that �e˛x
2
2 L1 and b�eˇx2 2 L1. As a result, � can be

extended to an entire function on the complex plane.

Proof. The condition (1.4.44) implies the condition (1.4.40) in the previous theorem, and hence there exists ˛ > 0

such that �e2˛x
2
2 L2. Because T6 commutes with the Fourier transform, condition (1.4.44) also holds with �

replaced by O�. Then, again by the previous theorem, there exists ˇ > 0 such that �e2ˇx
2
2 L2.

To turn these L2 bounds into L1 bounds, we �rst assume � is Schwartz and compute,

�.x/2e2˛x
2

D e2˛x
2

Z 1
x

d

dt
�.t/2dt D e2˛x

2

Z 1
x

2�.t/�0.t/dt � 2

Z 1
x

e2˛t
2

�.t/�0.t/dt

� 2ke2˛t
2

�.t/kL2k�
0
kL2 D 2ke

2˛t2�.t/kL2k� O�kL2

� ˇ�1=2ke2˛t
2

�.t/kL2ke
2ˇ�2 O�kL2 ;

which gives �.x/e˛x
2
2 L1. Because Schwartz functions are dense in L2, this holds for arbitrary � 2 L2. The

L1 bound for O� follows similarly.

Finally, using the L1 bound j O�.�/j . e�ˇ�
2
, and the inverse Fourier transform formula,

�.z/ D
1
p
2�

Z
R
eiz� O�.�/d�:

we can extend � to an entire function on the complex plane.

1.4.5 � smoothing and further boundedness properties

In this section we prove two further boundedness results for the operator T6. Unlike our previous boundedness

results, which were simply inherited from the analogous results for TA, the present results rely on additional

structure in T6.

We �rst strengthen items (ii) and (iii) in Theorem 1.4.11. Item (ii) says that T6 is bounded from .L2;� /5 to

L2;� . Our �rst theorem here improves this by showing that T6 in fact maps .L2;� /5 to L2;�Cı for some ı > 0. By

Fourier invariance, T6 maps .H � /5 to H �Cı
.

The second result here establishes boundedness of T6 from .L1;s/5 to L1;s for any s > 1=2. The analogous

result for s < 1=2 is false, by scaling. We conclude by discussing the important borderline case s D 1=2.

Theorem 1.4.17. For any � > 0, T6 is bounded from .L2;� /5 to L2;�Cı with ı D �=.1C �/ > 0.

Proof. By duality we need to prove that for all f1; : : : ; f5; g 2 L
2

with kfkkL2 D kgkL2 D 1, we have,D
T6 .hxi

��f1; : : : ; hxi
��f5/ ; hxi

�Cıg
E
L2

. 1:

Unpacking this using (1.4.19), we see that this is the same as,Z 1

�1

Z
R3
K.x; y; z; �/f1.z � y C x/f2.�z C x/f3.�y � y C x/

f 4.�z � y C x/f 5.z C �y � y C x/g.x/dydzdxd� . 1; (1.4.45)
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where,

K.x; y; z; �/ D
hxi�Cı

hz � y C xi� h�z C xi� h�y � y C xi� h�z � y C xi� hz C �y � y C xi�
:

(The integration in � here is over Œ�1; 1�. The integral in � for .�1;�1/ [ .1;1/ can be transformed into this

integral by the change of variables � 7! 1=�.)

The overall strategy is to identify a large set on which K is bounded, where controlling the integral is easy,

and use a dyadic decomposition and �ner bounds on T6 to control the integral on the set where K is not bounded.

On the set where K is bounded the boundedness property,

hT6.f1; f2; f3; f4; f5/; gi .

 
5Y
kD1

kfkk
5
L2

!
kgkL2 :

deals with the integral automatically. So we only need to worry about the set where K is unbounded. On the

unbounded piece the re�ned estimate,

˝
.T6/j��aj<�.f; :::; f /; g

˛
� �

 
5Y
kD1

kfkk
5
L2

!
kgkL2 :

will be used to gain control. This re�ned bound is a clear consequence of representation (1.4.20).

Fix � small. We observe �rst that if �jxj � 1 then K . 1. So we assume that �jxj � 1.

Now the relation,

jz � y C xj2 C j�z C xj2 C j�y � y C xj2 D j�z � y C xj2 C jz C �y � y C xj2 C jxj2;

gives that,

jxj � maxfjz � y C xj; j�z C xj; j�y � y C xjg;

and hence,

K �
hxiı

h�z � y C xi� hz C �y � y C xi�
:

Now if,

j�z � y C xj � �jxj or jz C �y � y C xj � �jxj;

then we automatically get K . 1 as ı � � . Hence we assume that,

j�z � y C xj � �jxj and jz C �y � y C xj � �jxj:

We now make some observations about how the sizes of jyj and jzj a�ect K . There are four cases.

1. First, suppose jzj is large or comparable to jxj, so jzj � 2�jxj. Then,

2�jxj � jzj � j�y � y C xj C jz C �y � y C xj � j�y � y C xj C �jxj;

and hence �jxj � j�y � y C xj.
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2. Next, suppose jyj is large or comparable to jxj, so jyj � 2�jxj. Then,

2�jxj � jyj � j�z C xj C j�z � y C xj � j�y � y C xj C �jxj;

and hence �jxj � j�z C xj.

3. Next, suppose jzj is small compared to jxj, so jzj � 2�jxj. Then,

j�z C xj � jxj � j�zj � jxj � jzj � .1 � 2�/jxj;

and so (by the smallness of �) we have �jxj � j�z C xj.

4. Finally, suppose jyj is small compared to jyj, so jyj � 2�jxj. Then,

j�y � y C xj � jxj � j.� � 1/yj � jxj � 2jyj � .1 � 4�/jxj;

and so (by the smallness of �) we have �jxj � j�y � y C xj.

From these observations we see that if jzj and jyj are both large we get,

hxi�Cı . h�z C xi� h�y � y C xi� ;

and hence K . 1. If jzj and jyj are both small then we have the same bound on hxi and the same conclusion.

There are thus two regimes to consider: when jyj is large and jzj small, and when jzj is large and jyj small.

For these regimes we will use a dyadic decomposition:

hxi � 2j ; h�z � y C xi � 2k and hz C �y � y C xi � 2l :

Regime One: jyj large, jzj small.

From the observations above we have that j�z C xj & �2j . We have,

jz � y C xj � j�yj � jz C �y � y C xj �
�

2
j�xj & j�j2j ;

if we assume in addition that j�j2j & �j�jjxj=2 � jz C �y � y C xj D 2l . Under this assumption we have,

K .
.2j /�Cı

h2lihj�j2j ih2j i
. 2j.ı��/2�l� j�j�� ;

which is bounded if 2j.ı=��1/2�l . j�j. Hence in Regime One, K is bounded unless,

j�j � max

n
2l�j ; 2j.ı=��1/2�l

o
DW ˛:

By the bound,

K .
j2j j�Cı

j2kj� j2l j� j2j j�
D

2jı

2k�2l�
;
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we then have,

T6 on Regime One set .
X
�2j�1

X
�2j�2k

X
�2j�2l

2jı

2k�2l�
h.T6/j�j�˛.f1; f2; f3; f4; f5/; gi

.
X
�2j�1

X
�2j�2k

X
�2j�2l

2jı

2k�2l�
max

n
2l�j ; 2j.ı=��1/2�l

o
. 1:

Regime Two: jzj large, jyj small.

From the observations above we have that j�y � y C xj & �2j .

We have,

jz � y C xj � j.1 � �/zj � j�z � y C xj �
�

2
j.1 � �/xj & j1 � �j2j ;

if we assume in addition that j1 � �j2j . �j1 � �jjxj=2 � j�z � y C xj D 2k . Under this assumptions we have,

K .
.2j /�Cı

h2kihj1 � �j2j ih2j i
D 2j.ı��/2�k� j1 � �j�� ;

which is bounded if 2j.ı=��1/2�k . j1 � �j. Hence in Regime Two, K is bounded unless,

j1 � �j � max

n
2k�j ; 2j.ı=��1/2�k

o
DW ˛:

By the bound,

K .
j2j j�Cı

j2kj� j2l j� j2j j�
D

2jı

2k�2l�
;

we then have,

T6 on Regime Two set .
X
�2j�1

X
�2j�2k

X
�2j�2l

2jı

2k�2l�
hTj1��j�˛.f; : : : ; f /; gi

.
X
�2j�1

X
�2j�2k

X
�2j�2l

2jı

2k�2l�
max

n
2k�j ; 2j.ı=��1/2�k

o
. 1:

The bound (1.4.45) is thus established.

Theorem 1.4.18. For all s > 1=2, there is a constant C such that,

kT6.f1; f2; f3; f4; f5/kL1;s � C

5Y
kD1

kfkkL1;s : (1.4.46)

Lemma 1.4.19. Suppose that v21 C v
2
2 C v

2
3 D 1. Then,

hv1y1 C v2y2 C v3y3i �
p
2 Œjv1jhy1i C jv2jhy2i C jv3jhy3i� : (1.4.47)
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Proof. We have,

1C .v1y1 C v2y2 C v3y3/
2
� 2

�
1C v21y

2
1 C v

2
2y

2
2 C v

2
3y

2
3

�
D 2

�
v21.1C y

2
1/C v

2
2.1C y

2
2/C v

2
3.1C y

2
3/
�

� 2
�
jv1j.1C y

2
1/
1=2
C jv2j.1C y

2
2/
1=2
C jv3j.1C y

2
3/
1=2
�2
:

Taking square roots then gives (1.4.47)

Proof of Theorem 1.4.18. We may assume by rescaling that kfkkL1;s D 1, which means jfk.t/j � hti
�s

. Set

yk D .A.�/x/k . Then, for x D .x1; x2; x3/ 2 R3,

kT6.f1; f2; f3; f4; f5/kL1;s � sup

x12R
.hx1i

sT6 .hti
�s; hti�s; hti�s; hti�s; hti�s/ .x1//

D sup

x12R

Z
R

Z
R2

1

�2 � �C 1

hx1i
s

hy1ishy2ishy3ishx2ishx3is
dx2dx3d�:

We will show that the integral of the Japanese bracket terms over x2 and x3 can be bounded by an absolute

constant independent of �. Because .�2 � �C 1/�1 is integrable over R, this will prove the bound.

By Cauchy–Schwarz, we have,Z
R2

hx1i
s

hy1ishy2ishy3ishx2ishx3is
dx2dx3d�

�

�Z
R2

hx1i
2s

hy1i2shy2i2shy3i2s
dx2dx3

�1=2 �Z
R2

1

hx2i2shx3i2s
dx2dx3

�1=2
:

(1.4.48)

The second integral here splits as

R
Rhx2i

�2sdx2
R

Rhx3i
�2sdx3, and is thus �nite as s > 1=2.

To bound the �rst integral we must use some structure of A.�/, which is given by,

A.�/ D
1

�2 � �C 1

0B@ � 1 � � �2 � �

�2 � � � 1 � �

1 � � �2 � � �

1CA WD
0B@a11 a12 a13

a21 a22 a23

a31 a32 a33

1CA :
First we observe that the matrix has the following property. If we �x a row k and column j , then the determinent

of the matrix obtained by deleting row k and column j is precisely akj – the element in row k and column j .

This means that,

a11 D
�

�2 � �C 1
D det

"
1

�2 � �C 1

 
� 1 � �

�2 � � �

!#
D det

 
a22 a23

a32 a33

!
; (1.4.49)

with similar formulas for a21 and a31.

Next, because A is an isometry, the inverse matrix is just the transpose. Since x D A�1y we have the formula,

x1 D a11y1 C a21y2 C a31y3:

A is an isometry, so a211 C a
2
21 C a

2
31 D 1. We can therefore use (1.4.47), from the previous lemma, raised to to

the power s; it reads,

hx1i
2s . ja11j2shy1i2s C ja21j2shy2i2s C ja31j2shy3i2s :
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Applying this to bound the �rst integral in (1.4.48), we then have,Z
R2

hx1i
2s

hy1i2shy2i2shy3i2s
dx2dx3

.
Z

R2

ja11j

hy2i2shy3i2s
dx2dx3 C

Z
R2

ja21j

hy1i2shy3i2s
dx2dx3 C

Z
R2

ja31j

hy1i2shy2i2s
dx2dx3:

We will show how the �rst integral may be bounded; the other two are bounded by an identical argument. We

perform the change of variables z2 D y2 D .Ax/2 and z3 D y3 D .Ax/3. Expressed as a matrix, this change of

variables is,  
z2

z3

!
D

 
a22 a23

a32 a33

! 
x2

x3

!
:

The determinent of this change of variables is, by (1.4.49), simply ja11j. Therefore, using that ja11j � 1 because A

is an isometry,Z
R2

ja11j
2s

hy2i2shy3i2s
dx2dx3 D

Z
R2

ja11j
2s�1

hz2i2shz3i2s
dz2dz3 �

Z
R

1

hz2i2s
dz2

Z
R

1

hz3i2s
dz3;

and the right hand side is �nite because s > 1=2.

Proposition 1.4.20. If s < 1=2, there is no constant C such that kT6.f; f; f; f; f /kL1;s � Ckf k5L1;s for all
functions f 2 L1;s .

The proof of the proposition involves a standard scaling argument, which we omit.

The index s D 1=2, which is the borderline between Theorem 1.4.18 and Proposition 1.4.20, is especially

relevant because the space PL1;1=2 is a critical space for the equation iut D T6.u; u; u; u; u/. That is, both the

equation and the space are invariant under the scaling f .x/ 7! �1=2f .�x/. By analogy with the cubic continuous

resonant equation in dimension two, it seems reasonable to conjecture that the operator T6 is bounded from

. PL1;1=2/5 to PL1;1=2. In fact, this is equivalent to the statement that,

sup

x2R
T6

�
1
p
t
;
1
p
t
;
1
p
t
;
1
p
t
;
1
p
t

�
.x/
p
x <1;

which by scaling is equivalent to,

w D T6

�
1
p
t
;
1
p
t
;
1
p
t
;
1
p
t
;
1
p
t

�
.1/ <1;

and again by scaling, this is equivalent to,

w
p
x
D T6

�
1
p
t
;
1
p
t
;
1
p
t
;
1
p
t
;
1
p
t

�
.x/;

for some jwj < 1. In all, boundedness from . PL1;1=2/5 to PL1;1=2 is equivalent to 1=
p
x being a stationary

wave. In [19] it is proved that 1=x is a stationary wave of the analogous continuous resonant system. The proof,

unfortunately, does not extend to the present situation in a manageable way.

Finally, let us note that 1=
p
x 2 L1;1=2 D L2;1 being a stationary wave would show that Corollary 1.4.16 is

sharp. That result states that once a stationary wave is in L2, it is analytic and exponentially decaying in physical
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and Fourier space. The function 1=
p
x being a stationary wave would show that the result cannot be strengthened

even to weak L2.

§1.5 � THE CUBIC RESONANT EQUATION

In this �nal section we study the system de�ned by the Hamiltonian,

H4.f / D
2

�
keitHf k4

L4tL
4
x
D
2

�

Z �=2

0

Z
R
jeitHf .x/j4dxdt; (1.5.1)

which has an associated multilinear functional,

E4.f1; f2; f3; f4/ D
2

�

Z �=2

0

Z
R
.eitHf1.x//.e

itHf2.x//.eitHf3.x//.eitHf4.x//dxdt: (1.5.2)

The functional has a large number of permutation symmetries,

E4.f1; f2; f3; f4/ D E4.f2; f1; f3; f4/ D E4.f1; f2; f4; f3/ D E4.f3; f4; f1; f2/: (1.5.3)

As in the case of quintic resonant system, Hamilton’s equation is iut D T4.u; u; u/ where T4 is de�ned by,

hT4.f1; f2; f3/; gi D 4E4.f1; f2; f3; g/: (1.5.4)

By an identical computation to the derivation of (1.4.7), we �nd that the operator T4 is given explictly by,

T4.f1; f2; f3/.x/ D
8

�

Z �=4

��=4

e�itH
h
.eitHf1/.e

itHf2//.eitHf3/
i
.x/dt: (1.5.5)

This shows that the �ow corresponding to the Hamiltonian H4 is precisely the resonant equation (1.2.9) in the

case k D 1. As discussed in the introduction, it was shown in [32] that this system is also the modi�ed scattering

limit of the NLS equation (1.1.6).

1.5.1 � representations of the hamiltonian and the flow operator

As for the quintic case, we devote a signi�cant amount of work to determining alternative representations of E4,

H4 and T4. In contrast to the quintic case, we do not have representations for H4 of the form,Z
R4
f1.y1/f2.y2/f3.y3/f4.y4/ıy1Cy2Dy3Cy4ıy2

1
Cy2

2
Dy2

3
Cy2

4
dy or keit�f k4

L4tL
4
x
:

These representations are inconsistent with the scaling of the inequality H4.f / � .1=
p
8�/kf k4

L2
which we

prove in Theorem 1.5.7.
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Theorem 1.5.1. There holds the representations,

E4.f1; f2; f3; f4/ D
1

2�2

Z
R4
e�

1
2 Œ.�v2/

2Cv2
1
�f1.�v1 C v3/f2.v2 C v3/ (1.5.6)

f3.�v1 C v2 C v3/f4.v3/dv1dv2dv3d�; (1.5.7)

T4.f1; f2; f3/.x/ D
2

�2

Z
R4
e�

1
2 Œ.�v2/

2Cv2
1
�f1.�v1 C x/f2.v2 C x/f3.�v1 C v2 C x/dv1dv2d�: (1.5.8)

To prove this theorem we need a lemma.

Lemma 1.5.2. Let  .x/ D .1C x2/�1=2. Then O .�/ D �.�/ WD
1
p
2�

Z
R

1

jvj
e�

1
2 Œ.�=v/

2Cv2�dv.

Proof. It is clear that  is in L2. We will calculate the Fourier transform of �.�/ and �nd that it equals  . The

lemma then follows from Fourier inversion and the fact that  is even.

We have,

O�.x/ D
1

2�

Z
R
eix�

Z
R

1

jvj
e�

1
2 Œ.�=v/

2Cv2�dvd�

D
1

2�

Z
R

1

jvj
e�

1
2 v
2

Z
R
eix�e�

1
2 .�=v/

2

d�dv D
1
p
2�

Z
R
e�

1
2 v
2

e�
1
2 v
2x2dv;

where in the last equality we used the explicit Fourier transform of the Gaussian e�ax
2

with a D 1=.2v2/. In this

last integral we perform the change of variables u D v.1C x2/�1=2, which gives,

O�.x/ D
1

.1C x2/1=2
1
p
2�

Z
R
e�

1
2u
2

du D
1

.1C x2/1=2
D  .x/;

which is what we wanted to prove.

Proof of Theorem 1.5.1. We evaluate (1.5.2) using the Mehler formula (1.2.2), which reads,

eitHfk.x/ D
1

p
2�j sin.2t/j1=2

Z
R
e�i

.x2=2Cy2=2/ cos.2t/�xy
sin.2t/ fk.y/dy:

For notational convenience, let �.x; t/ D .eitHf1/.e
itHf2/.eitHf3/.eitHf4/ be the integrand in (1.5.2). Using

the Mehler formula, we have,

�.x; t/ D
1

4�2j sin.2t/j2

Z
R4
e�i

˝ cos.2t/
2 sin.2t/ e�i

.y1Cy2�y3�y4/x

sin.2t/ f1.y1/f2.y2/f3.y3/f4.y4/dy1dy2dy3dy4
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where ˝ D y21 C y
2
2 � y

2
3 � y

2
4 . Changing variables w.y3/ D �y1 � y2C y3C y4 and integrating over x yields,Z

R
�.x; t/dx

D
1

4�2j sin.2t/j2

Z
R

Z
R4
e�i

˝ cos.2t/
2 sin.2t/ ei

wx
sin.2t/ f1.y1/f2.y2/

f3.w C y1 C y2 � y4/f4.y4/dwdy1dy2dy4dx

D
1

2�j sin.2t/j

Z
R3
e�i

˝ cos.2t/
2 sin.2t/ f1.y1/f2.y2/f3.y1 C y2 � y4/f4.y4/dy2dy3dy4;

where to get the second equality we used the Fourier inversion formula (1.1.18) with a D 1= sin.2t/.

We now integrate t on the interval Œ��=4; �=4� and then perform the change of variablesu D � cos.2t/= sin.2t/.

This change of variables bijectively maps .��=4; 0/ [ .0; �=4� to .�1;C1/ and satis�es du D 2dt= sin
2.2t/.

Moreover,

u2 D
cos

2.2t/

sin
2.2t/

D
1

sin
2.2t/

� 1;

which gives sin.2t/ D .u2 C 1/�1=2. Using these, we �nd,Z �=4

��=4

Z
R
�.x; t/dxdt

D
1

4�

Z
R3

�Z
R
e�i

˝
2 u

1

.1C u2/1=2
du

�
f1.y1/f2.y2/f3.y1 C y2 � y4/f4.y4/dy2dy3dy4:

We notice that the term inside round parentheses is the Fourier transform of

p
2�.1C u2/�1=2 evaluated at the

point �˝=2. Therefore, by Lemma 1.5.2, we have,Z �=4

��=4

Z
R
�.x; t/dxdt

D
1

4�

Z
R3

�Z
R

1

jv1j
e�

1
2 Œ.˝=2v1/

2Cv2
1
�dv1

�
f1.y1/f2.y2/f3.y1 C y2 � y4/f4.y4/dy2dy3dy4:

At this point ˝=2 D Œ.y1/
2 C .y2/

2 � .y1 C y2 � y4/
2 � .y4/

2�=2 D .y1 � y4/.y2 � y4/. For �xed v1, we

perform the linear change of variables,0B@ �v2
v3

1CA D
0B@.y1 � y4/=v1y2 � y4

y4

1CA D
0B@1=v1 0 �1=v1

0 1 �1

0 0 1

1CA
0B@y1y2
y4

1CA ;
which has determinant 1=jv1j. The inverse is given by0B@y1y2

y4

1CA D
0B@�v1 C v3v2 C v3

v3

1CA D
0B@v1 0 1

0 1 1

0 0 1

1CA
0B@ �v2
v3

1CA ;
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and we note speci�cally that ˝=2v1 D Œ.y1 � y4/=v1�.y2 � y4/ D �v2. This givesZ �=4

��=4

Z
R
�.x; t/dxdt D

1

4�

Z
R4
e�

1
2 Œ.�v2/

2Cv2
1
�f1.�v1 C v3/f2.v2 C v3/

f3.�v1 C v2 C v3/f4.v3/dv1dv2dv3d�;

which is formula (1.5.7).

To get (1.5.8), we simply use the relation hT4.f1; f2; f3/; gi D 4E4.f1; f2; f3; f4/.

Theorem 1.5.3. Let G.x/ D e�
1
2x
2
. There holds the representations,

E4.f1; f2; f3; f4/ D
1
p
2�2

Z
R

1

1C �2
EB.�/.G; f1; f2; G; f3; f4/d�; (1.5.9)

T4.f1; f2; f3/ D
1
p
2�2

Z
R

1

1C �2
TB.�/.G; f1; f2; G; f3/d�; (1.5.10)

where for every �, B.�/ is an isometry and B.�/.0; 1; 1/ D .0; 1; 1/.

Proof. We observe that,

.�v2/
2
C .v1/

2
D

�
�v2 � v1
p
2

�2
C

�
�v2 C v1
p
2

�2
;

which gives,

e�
1
2 Œ.�v2/

2C.v1/
2�
D G

�
�v2 � v1
p
2

�
G

�
�v2 C v1
p
2

�
:

We substitute this expression into (1.5.7). Using the fact that G.x/ D G.x/, this gives,

E4.f1; f2; f3; f4/

D
1

2�2

Z
R4
G

�
�v2 C v1
p
2

�
f .�v1 C v3/f .v2 C v3/

G

�
�v2 � v1
p
2

�
f .�v1 C v2 C v3/f .v3/dv1dv2dv3:

By looking at the arguments of the functions in the integrand, we are led to de�ne the matrices C.�/ andD.�/ by,

C.�/

0B@v1v2
v3

1CA D
0B@1=
p
2 �=

p
2 0

� 0 1

0 1 1

1CA
0B@v1v2
v3

1CA D
0B@.�v2 C v1/=

p
2

�v1 C v3

v2 C v3

1CA ;
and,

D.�/

0B@v1v2
v3

1CA D
0B@�1=

p
2 �=

p
2 0

� 1 1

0 0 1

1CA
0B@v1v2
v3

1CA D
0B@.�v2 � v1/=

p
2

�v1 C v2 C v3

v3

1CA :
We perform the change of variables w D D.�/v. We determine that detD.�/ D .1 C �2/=

p
2 > 0, and so

v D D.�/�1w is well de�ned. Set B.�/ D C.�/D.�/�1. Performing the change of variables then yields the
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expression (1.5.9). The equation for T4 follows from (1.5.4). A calculation reveals that B.�/ is given explicitly by

B.�/ D C.�/D.�/�1 D
1

1C �2

0B@�1C �2 �
p
2 ��

p
2

��
p
2 �2 1

�
p
2 1 �2

1CA : (1.5.11)

We �nally verify the two properties of B.�/.

1. The relationship,�
�v2 C v1
p
2

�2
C .�v1 C v3/

2
C .v2 C v3/

2
D

�
�v2 � v1
p
2

�2
C .�v1 C v2 C v3/

2
C .v3/

2;

means that for all v D .v1; v2; v3/ 2 R3 we have jC.�/vj2 D jD.�/vj2. Replacing v with D.�/�1v gives

jB.�/vj D jvj, so that B.�/ is an isometry.

2. Set e D .0; 1; 1/. The relationship among the arguments of the functions fk ,

.�v1 C v3/C .v2 C v3/ D .�v1 C v2 C v3/C .v3/;

means that for all v 2 R3, hC.�/v; ei D hD.�/v; ei. Replacing v by D.�/�1v, we have hv; ei D

hB.�/v; ei D hv; B.�/�1ei, which means e D B.�/�1e and hence B.�/e D e.

Theorem 1.5.4. There holds the representations,

E4.f1; f2; f3; f4/ D
1

2
p
2�2

Z 2�

0

ES.�/.G; f1; f2; G; f3; f4/d�; (1.5.12)

T4.f1; f2; f3/.x/ D

p
2

�2

Z 2�

0

TS.�/.G; f1; f2; G; f3/.x/d�; (1.5.13)

where S.�/ is the rotation of R3 by � radians about the axis .0; 1; 1/.

Proof. Because the matrix B.�/ is an isometry, det.B.�// D C1, and B.�/.0; 1; 1/ D .0; 1; 1/, it must, in fact, be

a rotation about the axis .0; 1; 1/.

For any rotation A of R3, the angle of rotation � satis�es, 2 cos.�/C 1 D Trace.A/. In the present case, this

means,

cos.�/ D �.�/ WD
1

2
.Trace.B.�// � 1/ D

1

2

�
1 � 3�2

1C �2
� 1

�
: (1.5.14)

We carefully perform the change of variables � 7! � in (1.5.9).

We �nd that �.0/ D 1, that � is increasing on .�1; 0�, decreasing on Œ0;C1/, and that as � ! ˙1,

�.�/! �1 . By setting � D 1 in (1.5.11), we �nd that sin.�/ D �1 < 0, and hence � D �3�=2 2 Œ�; 2��. By

setting � D �1 in (1.5.11), we �nd that sin.�/ D 1 > 0, and hence � D �=2 2 Œ0; ��. From these considerations

and continuity, we infer that under � 7! � , R is bijectively mapped to .0; 2��.

To perform the change of variables, we need to �nd its determinant. It is given by,

d�

d�
D

ˇ̌̌̌
d

d�
arccos

�
1

2

�
�1C 3�2

�2 C 1
� 1

��ˇ̌̌̌
D

ˇ̌̌̌
d

d�
arccos

�
�2 � 1

�2 C 1

�ˇ̌̌̌
D

ˇ̌̌̌
d

d�
arctan

�
2�

�2 C 1

�ˇ̌̌̌
D 2

ˇ̌̌̌
d

d�
arctan.�/

ˇ̌̌̌
D

2

1C �2
:
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Formula (1.5.12) then follows.

Formula (1.5.12) is very similar to the formula (1.4.26) derived in Section 4,

E6.f1; f2; f3; f4; f5; f6/ D
1

2
p
3�2

Z 2�

0

ER.�/.f1; f2; f3; f4; f5; f6/d�; (1.5.15)

where R.�/ is the rotation of R3 by � radians about the axis .1; 1; 1/. In both cases the functionals E6 and E4 are

expressed in terms of a family of rotations about a �xed axis. The speci�c axis in both cases is basically determined

by the fact that both functionals are translation invariant.

The presence of G in (1.5.12) has concrete consequences for the symmetry structure of E4. While the

functionals ES.�/ are all invariant under L2 scaling, for example, this is not inherited by E4 because the scaling

transformation also a�ects the G terms, but these must be �xed. Similarly, the functional E4 is not invariant

under the actions fk 7! ei�x
2
fk and fk 7! ei��fk . (However we will see that the functional is invariant under

the action fk 7! ei�Hfk because G is a �xed point for this.) Finally, we will also see that the presence of the G

terms has consequences for the set of saturating functions of the L2 bound for E4.

1.5.2 � symmetries of the hamiltonian and conserved qantities of the flow

Theorem 1.5.5. The function E4.f1; f2; f3; f4/ is invariant under the following actions:

(i) Fourier transform, fk 7! bf k .
(ii) Modulation, fk 7! ei�fk .

(iii) Linear modulation, fk 7! ei�fk .

(iv) Translation, fk 7! fk.� C �/.

(v) Schrödinger with harmonic trapping group, fk 7! ei�Hfk .

Proof. Because S.�/ is an isometry for all � , items (i) through (v) of Theorem 1.3.3 apply to the functional ES.�/.

(i) Let F denote the Fourier transform. Note that F .G/ D F .e�x
2=2/ D e�x

2=2 D G. Therefore,

E4.bf 1;bf 2;bf 3;bf 4/ D 1
p
8�2

Z 2�

0

F
�
ES.�/.G;bf 1;bf 2; G;bf 3;bf 4/� d�

D
1
p
8�2

Z 2�

0

ES.�/.bG; f1; f2;bG; f3; f4/d� D E4.f1; f2; f3; f4/:

(ii) This is an easy consequence of representation (1.5.7).

(iii) This again follows from representation (1.5.7).

(iv) This follows from (iii), along with the Fourier transform symmetry in (i).
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(v) Recall that G.x/ D e�x
2=2

is (a constant multiple of) the �rst Hermite function and hence satis�es

eitHG.x/ D eitG.x/. This then gives, for each � and s,

ES.�/.G; e
isHf1; e

isHf2; G; e
isHf3; e

isHf4/ D ES.�/.e
�isHG; f1; f2; e

�isHG; f3; f4/

D ES.�/.e
�isG; f1; f2; e

�isG; f3; f4/

D ES.�/.G; e
isf1; e

isf2; G; e
isf3; e

isf4/:

Thus,

E4.e
isHf1; e

isHf2; e
isHf3; e

isHf4/ D E4.e
isf1; e

isf2; e
isf3; e

isf4/ D E4.f1; f2; f3; f4/;

using (ii).

Corollary 1.5.6. We have the following commuter equalities,

ei�QT4.f1; f2; f3/ D T4.e
i�Qf1; e

i�Qf2; e
i�Qf3/; (1.5.16)

QT4.f1; f2; f3/ D T4.Qf1; f2; f3/C T4.f1;Qf2; f3/ � T .f1; f2;Qf3/; (1.5.17)

whereQ are the operators: Q D 1,Q D x,Q D id=dx, andQ D H .

The corollary follows immediately from Theorem 1.3.4. By Noether’s Theorem, Theorem 1.3.5, we determine

four conserved quantities for the Hamiltonian �ow corresponding to H4. These are summarized in the following

table.

Symmetry of H4 Conserved quantity Operator commuting with T4

f 7! ei�f
R

R jf .x/j
2dx 1

f 7! ei�xf
R

R xjf .x/j
2dx x

f 7! f .� C �/ Re

R
R f

0.x/f .x/dx d=dx

f 7! ei�Hf
R

R jxf .x/j
2 C jf 0.x/j2dx H

1.5.3 � boundedness of the functional and wellposedness of hamilton’s eqation

Proposition 1.5.7. We have the following sharp bound,

jE4.f1; f2; f3; f4/j �
1
p
2�

4Y
kD1

kfkkL2 ; (1.5.18)

with equality if and only if the functions fk are the same Gaussian fk.x/ D e�
1
2x
2Cˇx for some ˇ 2 C.

In particular there holds H4.f / � .1=
p
2�/kf k4

L2
with equality if and only if f .x/ D e�

1
2x
2Cˇx for some

ˇ 2 C.

The equality case here is a little di�erent to the analogous result for E6 in Theorem 1.4.10. For E6, the set of

saturating functions is all Gaussians of the form e�˛x
2Cˇx

with Re˛ > 0. In the case of E4, we necessarily have

˛ D 1=2.
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Proof. Using the representation (1.5.12), we �nd that,

jE4.f1; f2; f3; f4/j �
1

2
p
2�2

Z 2�

0

jES.�/.G; f1; f2; G; f3; f4/jd�;�
1
p
2�
kGk2

L2

4Y
kD1

kfkkL2 ;

We calculate kGk2
L2
D
R

R.e
�x2=2/2dx D

p
�; which yields the inequality.

To have equality, we must have ,

jES.�/.G; f1; f2; G; f3; f4/j D kGk
2
L2

4Y
kD1

kfkkL2 ; (1.5.19)

for almost all � . Because S.�/ is not a signed permutation almost everywhere, functions fk satisfying (1.5.19)

must necessarily be Gaussians by Theorem 1.3.12. To �nd which Gaussians are admissible, write,

fk.x/ D e
� 12x

2C˛kx
2Cˇkx ; (1.5.20)

for ˛k ; ˇk 2 C. The equality condition from Theorem 1.3.12 reads, for all � and all x 2 R3,

G..S.�/x/1/f1..S.�/x/2/f2..S.�/x/3/ D G.x1/f3.x2/f4.x3/: (1.5.21)

We substitute the expressions for fk in (1.5.20) and G.x/ D e�x
2=2

into (1.5.21). Because S.�/ is an isometry, the

terms involving �x2=2 will cancel, leaving,

˛1.S.�/x/
2
2 C ˇ1.S.�/x/2 C ˛2.S.�/x/

2
3 C ˇ2.S.�/x/3 D ˛3x

2
2 C ˇ3x2 C ˛4x

2
3 C ˇ4x3: (1.5.22)

Set x D .0; k; k/. Then S.�/x D x and so .˛1 C ˛2/k
2 C .ˇ1 C ˇ2/k D .˛3 C ˛4/k

2 C .ˇ3 C ˇ4/k. This gives

˛1 C ˛2 D ˛3 C ˛4 and ˇ1 C ˇ2 D ˇ3 C ˇ4.

Next set x D .1; 0; 0/. Then S.�/x D .cos.�/;� sin.�/=
p
2; sin.�/=

p
2/, which gives,

.˛1 C ˛2/
sin.�/2

2
C .ˇ1 � ˇ2/

sin.�/
p
2
D 0;

and hence ˛1 D �˛2 and ˇ1 D ˇ2. Setting x D S.��/.1; 0; 0/ similarly yields ˛3 D �˛4 and ˇ3 D ˇ4. This

gives ˇ1 D ˇ2 D ˇ3 D ˇ4. Because S.�/.0; 1; 1/ D .0; 1; 1/, the ˇ terms in (1.5.22) cancel, and so any ˇ is

admissible.

Finally set x D .1; 1; 1/ D .1; 0; 0/C .0; 1; 1/. Then S.�/x D .cos.�/; 1 � sin.�/=
p
2; 1C sin.�/=

p
2/, and,

˛1

�
1 �

sin.�/
p
2

�2
� ˛1

�
1C

sin.�/
p
2

�2
D ˛3 C ˛4 D 0;

expanding the left hand side we �nd that 2˛1 sin.�/ D 0, and hence ˛1 D ˛2 D 0. Similarly by considering

x D S.��/.1; 1; 1/ we �nd that ˛3 D ˛4 D 0.

In conclusion, the functions fk in (1.5.20) satisfy the equality condition (1.5.21) if and only if ˛k D 0 and

ˇk D ˇ1 for all k.
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Theorem 1.5.8. We have the operator bound,

kT4.f1; f2; f3/kX � CX

3Y
kD1

kfkkX ;

for the spaces,

(i) X D L2 with CX D
p
8=� .

(ii) X D L2;� , for any � � 0.

(iii) X D H � , for any � � 0.

(iv) X D L1;s , for any s > 1=2.

(v) X D Lp;s , for any p � 2 and s > 1=2 � 1=p.

Proof. The bounds (i) through (iii) follow from the representation (1.5.13) along with bounds on TS.�/ from

Theorem 1.3.7, noting that in all cases kGkX <1.

For (iv), we need to show supx2R jT4.hti
�s; hti�s; hti�s/.x/hxisj <1. As in the proof of Theorem 1.4.18, it

is su�cient to show that,

sup

x2R
TB.�/.e

�t2=2; hti�s; hti�s; e�t
2=2; htis/.x/hxi�s � C;

for some C independent of �. We observe that we have e�t
2=2 . hti�s , which means it is su�cient to show that,

sup

x2R
TB.�/.hti

�s; hti�s; hti�s; hti�s; hti�s/.x/hxis � C;

for some C independent of �. The proof of this bound is identical to the proof of the analogous bound in Theorem

1.4.18.

Item (v) follows from interpolating between L2;� and L1;s .

Theorem 1.5.9. Consider the Cauchy problem,

iut D T4.u; u; u/;

f .t D 0/ D f0;
(1.5.23)

which is Hamilton’s equation corresponding to H4 and the resonant equation (1.1.4) in the cubic case k D 1.

(i) The Cauchy problem (1.5.23) is locally wellposed in X for any of the spaces in the previous theorem.

(ii) The Cauchy problem (1.5.23) is globally wellposed in L2

Proof. Identical to that of Theorem 1.4.12.
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1.5.4 � analysis of the stationary waves

As for the quintic resonant equation, Theorem 1.3.10 may be used to produce stationary solutions of the equation

iut D T4.u; u; u/. In fact, if �n is a Hermite function we have, recalling that G.x/ D c0�0,

TS.�/.G; �n; �n; G; �n/ D c
2
0TS.�/.�0; �n; �n; �0; �n/ D C�n;

for some constant C , by Theorem 1.3.10. This immediately implies that,

T4.�n; �n; �n/ D
1

2
p
2�2

Z 2�

0

TS.�/.G; �n; �n; G; �n/d� D C�n;

and hence that �n is a stationary wave for the Hamiltonian �ow of H4. By taking the inner product with respect

to �n and using H4.�n/ D ke
itH�nkL4tL

4
x
D k�nkL4 , one �nds that C D k�nk

4=4.

By applying the symmetries of H4, we �nd that all functions of the form,

aeibx�n.x C c/; (1.5.24)

are stationary waves for a 2 C and b; c 2 R. The set of stationary waves we can construct for the cubic case

is smaller than the set we can construct for the quintic case in (1.4.37), because the cubic equation has fewer

symmetries.

1.5.4.1 � Regularity of stationary waves: technical issues

All of the stationary waves constructed in the previous subsection are analytic and exponentially decaying in

space. In the remainder of this section we prove that all stationary waves that are in L2 are automatically analytic

and decay in space like e�˛x
2

for some ˛ > 0. This is analogous to Corollary 1.4.16 for the quintic resonant

equation. Recall that the proof of that result relied on two ingredients: a re�ned multilinear Strichartz estimate

(1.4.39) and a weight transfer property (1.4.38).

The weight transfer property was a direct result of the weight transfer lemma, Lemma 1.3.13, for the functionals

EA. In the present case we encounter a problem when trying to replicate this: when we try to transfer weight in

the functional E4 using Lemma 1.3.13, the weight also hits the Gaussians,

EB.�/.G; f1; f2; G; f3; f4G�;�/ � EB.�/.GG�;�; f1G�;�; f2G�;�; GG�;�; f3G�;�; f4/; (1.5.25)

and the right hand side here can’t be related back to E4. To get around this, we observe that,

G.x/G�;�.x/ D e
� 12x

2

e�x
2=.1C�x2/

� e.�
1
2C�/x

2

; (1.5.26)

which, if � < 1=2, is still decaying exponentially fast, and should be possible to handle in estimates.

Because of this consideration, we are led to de�ne,

E
�
4 .f1; f2; f3; f4/ D

1
p
2�2

Z
R

1

1C �2
EB.�/

�
e.�

1
2C�/x

2

; f1; f2; e
.� 12C�/x

2

; f3; f4

�
d�; (1.5.27)

and we note that E04 D E4. We now proceed to develop the two ingredients for the stationary wave result, noting

that both ingredients need to be developed for E
�
4 and not just E4.
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1.5.4.2 � The weight transfer property

Lemma 1.5.10. (i) If � < 1
2
and functions fk are positive then there holds,

E4
�
f1; f2; f3; f4G�;�

�
� E�

�
f1G�;�.x/; f2G�;�.x/; f3G�;�.x/; f4

�
: (1.5.28)

(ii) If � < 1
2
then there holds the bound,

jE
�
4 .f1; f2; f3; f4/j �

r
�

8

1
p
1 � 2�

kf1kL2kf2kL2kf3kL2kf4kL2 : (1.5.29)

Proof. (i) This is immediate from the computations in (1.5.25) and (1.5.26).

(ii) Boundedness is proved in the usual way,

jE
�
4 .f1; f2; f3; f4/ j �

1
p
8�

Z
R

1

1C �2




e.� 12C�/x2


2
L2
kf1kL2kf2kL2kf3kL2kf4kL2d�

�
1
p
8�

�Z
R

1

1C �2
d�

��Z
R
e�.1�2�/x

2

dx

�
kf1kL2kf2kL2kf3kL2kf4kL2 :

Evaluating the integrals appearing here yields the result.

1.5.4.3 � Re�ned multilinear estimates

As for the quintic resonant equation, the re�ned multilinear estimates we need can be determined in an elementary

way using the representations (1.5.7) and (1.5.9) for E4.

Lemma 1.5.11. There is an absolute constant C such that if f1 and f3 are supported in B.0;R/C and f2 and f4
are supported in B.0; r/, with R > 4r , then,

jE4.f1; f2; f3; f4/j �
C
p
R
kf1kL2kf2kL2kf3kL2kf4kL2 : (1.5.30)

Proof. From (1.5.7) we have,

E4.f1; f2; f3; f4/ D
1

2�2

Z
R4
e�

1
2 Œ.�v2/

2Cv2
1
�f1.�v1 C v3/f2.v2 C v3/

f3.�v1 C v2 C v3/f4.v3/dv1dv2dv3d�: (1.5.31)

If the integrand here is non-zero, we necessarily have jv3j � r , jv2 C v3j � r , and j�v1 C v3j � R. This gives,

j�v1j � j�v1 C v3j � jv3j �
R

2
and jv2j � jv2 C v3j C jv3j � r: (1.5.32)

We will use these inequalities to impose constraints on j�v2 C v1j and j�v2 � v1j, which are the inputs to the

Gaussins in representation (1.5.9). If we can ensure that these are large, the fast decay of the Gaussians will imply

that E4 is small. By inspection, we see that large values of j�j pose a problem, but such large values can be dealt

with separately by using the decay of 1=.1C �2/ in (1.5.9).
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Regime One: j�j �
p
R=4. Observe that,

j�v2 C v1j � jv1j � j�v2j �
R

2j�j
� 2j�j;

in the last step using (1.5.32). Because the function x 7! R=.2x/ � 2x is decreasing for positive x, we have,

j�v2 C v1j �
R

2j�j
� 2j�j �

R

2.
p
R=4/

� 2.
p
R=4/ >

p
R:

An identical argument shows that j�v2 � v1j >
p
R. It follows that,

A W D
1
p
2�

Z
j�j�
p
R=4

1

1C �2
jEB.�/.G; f1; f2; G; f3; f4/jd�

D
1
p
2�

Z
j�j�
p
R=4

1

1C �2
jEB.�/.G�jxj�

p
R
; f1; f2; G�jxj�

p
R
; f3; f4/jd�

�
1
p
2�

�Z
R

1

1C �2
d�

�
kG�

jxj�
p
R
k
2
L2
kf1kL2kf2kL2kf3kL2kf4kL2 :

We estimate,

kG�
jxj�
p
R
k
2
L2
D 2

Z 1
p
R

e�x
2

dx �
2
p
R

Z 1
p
R

xe�x
2

dx D
2
p
R
e�R �

2
p
R
;

and hence,

A �
C
p
R
kf1kL2kf2kL2kf3kL2kf4kL2 ;

for some absolute constant C .

Regime Two: j�j �
p
R=4. This is easier: we have,

B W D
1
p
2�

Z
j�j�
p
R=4

1

1C �2
jEB.�/.G; f1; f2; G; f3; f4/jd�

�

p
2

�

�Z 1
p
R=4

1

1C �2
d�

�
kGk2

L2
kf1kL2kf2kL2kf3kL2kf4kL2 :

We estimate Z 1
p
R=4

1

1C �2
d� �

Z 1
p
R=4

1

�2
d� �D

4
p
R
;

which then gives,

B �
C
p
R
kf1kL2kf2kL2kf3kL2kf4kL2 :

Then, because E4.f1; f2; f3; f4/ D AC B , equation (1.5.30) is established.

Theorem 1.5.12. There is an absolute constant C such that if � 2 Œ0; 1=2/, fk is supported in B.0; r/ and fj is
supported in B.0;R/C , with R > 4r , then

jE
�
4 .f1; f2; f3; f4/j �

C

.1 � 2�/5=8R1=4
kf1kL2kf2kL2kf3kL2kf4kL2 : (1.5.33)

Proof. For �xed � 2 Œ0; 1=2/, let ˛ D
p
.1=2/ � �. We will again adopt the notation f �.x/ D �1=2f .�x/. With
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this notation we have,

e�.
1
2��/x

2

D e�.˛x/
2

D G.˛x/ D ˛�1=2G˛.x/:

Using the scaling property of EB.�/, we have,

E
�
4 .f1; f2; f3; f4/ D

1
p
2�

Z
R

1

1C �2
EB.�/

�
˛�1=2G˛; f1; f2; ˛

�1=2G˛; f3; f4

�
D
1

˛

1
p
2�

Z
R

1

1C �2
EB.�/

�
G; f

1=˛
1 ; f

1=˛
2 ; G; f

1=˛
3 ; f

1=˛
4

�
D
1

˛
E4

�
f
1=˛
1 ; f

1=˛
2 ; f

1=˛
3 ; f

1=˛
4

�
:

Now assume that fk1 is supported in B.0;R/C and fk2 is supported in B.0; r/. We then have that f
1=˛

k1
is

supported in B.0; ˛R/C and f
1=˛

k2
is supported in B.0; ˛r/. Then, using representation (1.5.2), we have,

jE
�
4 .f1; f2; f3; f4/j

D

ˇ̌̌̌
1

˛
E4.f

1=˛
1 ; f

1=˛
2 ; f

1=˛
3 ; f

1=˛
4 /

ˇ̌̌̌
D

ˇ̌̌̌
ˇ 1˛ 2�

Z �=2

0

Z
R
.eitHf

1=˛
1 /.eitHf

1=˛
2 /.eitHf

1=˛
3 /.eitHf

1=˛
4 /dxdt

ˇ̌̌̌
ˇ

�
1

˛

 
2

�

Z �=2

0

Z
R
j.eitHf

1=˛

k1
/.eitHf

1=˛

k2
/j2

!1=2  
2

�

Z �=2

0

Z
R
j.eitHf

1=˛

k3
/.eitHf

1=˛

k4
/j2

!1=2
D
1

˛
E4.f

1=˛

k1
; f

1=˛

k2
; f

1=˛

k1
; f

1=˛

k2
/1=2E4.f

1=˛

k3
; f

1=˛

k4
; f

1=˛

k3
; f

1=˛

k4
/1=2

Using (1.5.30), we get,

E4.f
1=˛

k1
; f

1=˛

k2
; f

1=˛

k1
; f

1=˛

k2
/1=2 �

C

.˛R/1=2
kf

1=˛

k1
k
2
L2
kf

1=˛

k2
k
2
L2
D

C

.˛R/1=2
kfk1k

2
L2
kfk2k

2
L2
;

while for the other E4 term we can use the usual L2 boundedness. This gives,

jE
�
4 .f1; f2; f3; f4/j �

C

˛5=4R1=4
kf1kL2kf2kL2kf3kL2kf4kL2 :

Substituting back in ˛ D
p
.1=2/ � � gives the result.

1.5.4.4 � Stationary waves are analytic

Theorem 1.5.13. Suppose that � 2 L2 is a stationary wave solution of iut D T4.u; u; u/; that is, � satis�es,

!�.x/ D T4.�; �; �/.x/; (1.5.34)

for some !. Then there exists ˛ > 0 and ˇ > 0 such that �e˛x
2
2 L1 and b�eˇx2 2 L1. As a result, � can be

extended to an entire function on the complex plane.

Using the proof of Corollary 1.4.16, this theorem is an immediate consequence of the following proposition.
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Proposition 1.5.14. Suppose that � 2 L2 satis�es,

!j�.x/j � T4.j�j; j�j; j�j/.x/; (1.5.35)

for some ! > 0. Then there exists ˛ > 0 such that x 7! �.x/e˛x
2
2 L2.

Proof of proposition. For the proof, we will �nd � so that we have the bound k�G�;�kL2 . 1 independently of �.

Taking the limit � ! 0will the yield the result. The structure of proof here is extremely similar to that of Theorem

1.4.15. For brevity, we will only describe the start of the proof here, which is the only part that is essentially

di�erent to the proof of Theorem 1.4.15.

First, we �x throughout � � 1=4. Using formulas (1.5.28), (1.5.29) and (1.5.33), there are constants C

independent of �, such that,

E4.f1; f2; f3; f4G�;�/ � E
�
4 .f1G�;�; f2G�;�; f3G�;�; f4/ (1.5.36)

jE
�
4 .f1; f2; f3; f4/j � Ckf1kL2kf2kL2kf3kL2kf4kL2 (1.5.37)

jE
�
4 .f1; f2; f3; f4/j � C

1

R1=4
kf1kL2kf2kL2kf3kL2kf4kL2 ; (1.5.38)

where in the last inequality, fi is supported in B.0; r/ and fj is supported in B.0;R/C for R > 4r .

Now consider a function � satisfying (1.5.35). We may assume � is non-negative. For any M > 0 de�ne,

�<.x/ D �.x/�jxj�M .x/; ��.x/ D �.x/�M<jxj�M2.x/; �>.x/ D �.x/�jxj�M2.x/:

We have the decomposition � D �> C �� C �>, and the supports are all disjoint, which gives

k�G�;�k
2
L2
D k�<G�;�k

2
L2
C k��G�;�k

2
L2
C k�>G�;�k

2
L2
:

The �rst two terms are trivial to to bound uniformely in M . If jxj �M 2
, we have,

G�;�.x/ � e
�x2
� e�M

4

so setting � DM�4 gives, k�<G�;�kL2 � k�<e
1kL2 � e

1k�kL2 . 1, with the same bound for ��. In order to

prove the theorem, it remains then to bound k�>e
G�;�;nkL2 .

Starting with the equation (1.5.35) of the theorem, we multiply both sides by �>.x/G�;�.x/
2

which gives,

!�>.x/
2G�;�.x/

2
� T4.�; : : : ; �/.x/�>.x/G�;�.x/

2:

Now integrating over R and using (1.5.36) gives,

!k�>G�;�k
2
L2
� E4.�; �; �; �>G�;�

2/ � E
�
4 .�G�;�; �G�;�; �G�;�; �>G�;�/:

For convenience, let  D �G�;� . The bound then reads,

!k >k
2
L2

. E
�
4 . ;  ; ; >/:

Now write each  D  < C  � C  > and expand the multinear functional. We will get many terms, which we

bound in one of two ways.
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� If there are three or more  > terms, bound by k >k
k
L2

where k is the number of  > terms appearing, using

(1.5.37). In this case the other terms are  < or  �, which are uniformly bounded.

� If there are one or two  > terms, then there is either a  < term or a  � term. In the former case we can

use the re�ned multilinear estimate (1.5.38), with R DM 2
, and bound by M�1=2k >k

k
(where k D 1 or

k D 2). In the latter case we can bound by k �kL2k >k
k
L2

. k��kL2k >kkL2 using (1.5.36).

In total, we get,

!k >k
2
L2
� E

�
4 . ; : : : ;  ;  >/

� C
�
k >k

4
L2
C k >k

3
L2
C .M�1=2 C k��kL2/.k >k

2
L2
C k >kL2/

�
;

for a constant C independent of �. This formula has the same structure as equation (1.4.42) in the proof of

Theorem 1.4.15. Replicating the same argument there, we �nd that if we choose M su�ciently large there is a

constant independent of � such that k >kL2 � C . Letting � ! 0 then gives the result.

PROOF OF THEOREM 1.3.12

Theorem 1.3.12 has two distinct parts, which we state here independently as Lemma 1.5.15 and Theorem 1.5.16.

Lemma 1.5.15 (Decomposition Lemma). Let A be an isometry. Denote Qfk.x/ D fk.�x/. There exists integers m
and l , with 0 � m � l � n, and two permutations �1 and �2 of the integers f1; : : : ; ng such that,

EA.f1; : : : ; f2n/ D

 
mY
kD1

hf�1.k/; fnC�2.k/i

!0@ lY
kDmC1

hf�1.k/;
QfnC�2.k/i

1A
�EB.f�1.lC1/; : : : f�1.n/; fnC�2.lC1/; : : : fnC�2.n//;

where the matrix B W Rn�l ! Rn�l has no permutation part; that is, for all i and j , Bei ¤ ˙ej .

Proof. Call a pair of integers .i; j / good if Aei D ej and bad if Aei D �ej . Because A is injective, for a given j

there is at most one i such that .i; j / is good or bad. Let m be the number of good pairs, and l �m the number of

bad pairs. Order the good pairs in any way, and for k D 1; : : : ; m, let �1.k/ D i and �2.k/ D j where .i; j / is

the kth good pair in the ordering. In a similar fashion, order the bad pairs in any way, and for k D l C 1; : : : ; m,

let �1.k/ D i and �2.k/ D j where .i; j / is the .k �m/th bad pair in the ordering.

Now consider i such that i is not the �rst component in a good or bad pair. There are n� l such i . Order them

in any way, and for k D lC1; : : : ; n set �1.k/ D i where i is the .k� l/th number in the ordering. Then consider

j such that j is not the second component in a good or bad pair, and for k D l C 1; : : : ; n de�ne �2.k/ D j in a

similar fashion.

It is clear that,

A Wspan.e�1.1/; : : : ; e�1.m// Š Rm ! span.e�2.1/; : : : ; e�2.m// Š Rm (1.5.39)

A Wspan.e�1.mC1/; : : : ; e�1.l// Š Rl�m ! span.e�2.mC1/; : : : ; e�2.l// Š Rl�m; (1.5.40)

70



and that A D I and A D �I on these subspaces respectively, with the implied identi�cations of bases. Because A

is an isometry, we then necessarily have,

A W span.e�1.mC1/; : : : ; e�1.n// Š Rn�m ! span.e�2.mC1/; : : : ; e�2.n// Š Rn�m: (1.5.41)

Let B be the restriction of A as a map between the subspaces in (1.5.41). The condition that Bei ¤ ˙ej holds

because otherwise .i; j / would be a good or bad pair and ei and ej would not be in the subspaces given in (1.5.41).

The representation of EA arises because A is the identity in (1.5.39) and the negative of the identity in

(1.5.40).

In light of the representation of EA, it is clear that we have the equality jEA.f1; : : : ; f2n/j D
Q2n
kD1 kfkkL2 if

and only if the following three conditions hold.

1. For all k D 1; : : : ; m, jhf�1.k/; fnC�2.k/ij D kf�1.k/kL2kfnC�2.k/kL2 , which means f�1.k/ D CkfnC�2.k/

for some constant Ck by the usual Cauchy–Schwarz equality condition.

2. For all k D mC 1; : : : ; l ,

jhf�1.k/;
QfnC�2.k/ij D kf�1.k/kL2k

QfnC�2.k/kL2 D kf�1.k/kL2kfnC�2.k/kL2 ;

which means f�1.k/ D Ck QfnC�2.k/ for some constant Ck , again by the usual Cauchy–Schwarz equality

condition.

3. jEB.f�1.lC1/; : : : f�1.n/; fnC�2.lC1/; : : : fnC�2.n//j D
Qn
kDlC1 kf�1.k/kL2kfnC�2.k/kL2

To �nish the proof of Theorem 1.3.12, we examine the equality case in item 3. This equality is, of course, identical

looking to the original equality condition (1.3.20). The di�erence is thatB has the structural conditionBei ¤ ˙ej .

Theorem 1.5.16. Suppose that A is an isometry, and for all i and j , Aei ¤ ˙ej . Then,

jEA.f1; : : : ; f2n/j D

2nY
kD1

kfkkL2 ;

only if each of the functions is a Gaussian. Equality holds if each of the functions is the same Gaussian of the form
e�˛x

2
for some ˛ > 0.

The ‘if’ part of the Theorem was proved before, in Theorem 1.3.11. The ‘only if’ part follows from a close

analysis of the Cauchy–Schwarz equality condition,

nY
kD1

fk..Ax/k/ D

nY
kD1

fnCk.xk/; (1.5.42)

which was given in (1.3.20). The proof is in three steps.

1. First we show that if all the functions in (1.5.42) are smooth and strictly positive, then they must be Gaussians.

2. Next we show that if all the functions in (1.5.42) are merely non-negative and in L2, then they must

be Gaussians. The idea here is extremely simple: the heat �ow acting on each function simultaneously

conserves the relationship (1.5.42). For future times, the heat �ows are smooth and positive, and part one

can be applied.
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3. Finally we show that if the functions in (1.5.42) are complex valued and in L2, then they must be Gaussians.

Lemma 1.5.17 (Step One). Suppose that functions fk satisfy (1.5.42), are all strictly positive and smooth. Then they
are all Gaussians.

Proof. Let gk.x/ D logfk.x/. Because fk is strictly positive and smooth, gk is well-de�ned and smooth. To show

fk is a Gaussian we will show that gk is polynomial of degree at most two.

Because A is an isometry, it satis�es A�1 D AT . Therefore, for all m, we have the matrix expansions,

Aem D

nX
kD1

akmek and A�1em D

nX
kD1

amkek ; (1.5.43)

for numbers fakmg
n
k;mD1

. By the assumptions in the theorem, we have jakmj < 1 for all k and all m. Set

� D maxm;k jakmj < 1. Because A is an isometry, we have,

1 D jAemj
2
D

nX
kD1

a2km and 1 D jA�1emj
2
D

nX
kD1

a2mk ; (1.5.44)

for all m.

Taking the logarithm of both sides of the Cauchy–Schwarz equality condition (1.5.42) (and switching the left

and right sides) gives the condition on the functions gk ,

nX
kD1

gnCk.xk/ D

nX
kD1

gk..Ax/k/: (1.5.45)

Fix m 2 f1; : : : ; ng and set x D tem. For all k 2 f1; : : : ; ng, we have .Ax/k D t .Aem/k D tamk and xk D tıkm.

Therefore,

gnCm.t/C

nX
kD1
k¤m

gnCk.0/ D

nX
kD1

gk.akmt /:

Di�erentiating this equation twice with respect to t yields,

g00nCm.t/ D

nX
kD1

a2kmg
00
k.akmt /: (1.5.46)

We can evaluate this equation at t D 0 to get g00nCm.0/ D
Pn
kD1 a

2
km
g00
k
.0/. Subtracting this from (1.5.46) then

gives,

g00nCm.t/ � g
00
nCm.0/ D

nX
kD1

a2km
�
g00k.akmt / � g

00
k.0/

�
: (1.5.47)

For all indices m and k we have akmt 2 Œ��jt j; �jt j� and so the bound,

jg00nCm.t/ � g
00
nCm.0/j � max

s2Œ��jt j;�jt j�
max

kD1;:::;n
jg00k.s/ � g

00
k.0/j; (1.5.48)

holds for all m 2 f1; : : : ; ng.

The Cauchy–Schwarz equality condition is similar when the roles of f1; : : : ; fn and fnC1; : : : ; f2n are switched.

72



This may be seen by replacing x by Ax and �nding,

nY
kD1

fnCk..A
�1x/k/ D

nY
kD1

fk.xk/; (1.5.49)

By equations (1.5.43) and (1.5.44), the same estimates forA hold forA�1. Therefore, performing the same argument

as before, we �nd,

jg00m.t/ � g
00
m.0/j � max

s2Œ��jt j;�jt j�
max

kD1;:::;n
jg00nCk.s/ � g

00
nCk.0/j (1.5.50)

for all m 2 f1; : : : ; ng.

The two families of inequalities (1.5.48) and (1.5.50) may be combined into one inequality,

max

kD1;:::;2n
jg00k.t/ � g

00
k.0/j � max

s2Œ��jt j;�jt j�
max

kD1;:::;2n
jg00k.s/ � g

00
k.0/j (1.5.51)

This holds for all t . Applying it recursively N times yields,

max

kD1;:::;2n
jg00k.t/ � g

00
k.0/j � max

s2Œ��N jt j;�N jt j�
max

kD1;:::;2n
jg00k.s/ � g

00
k.0/j:

But now � < 1, and so we have, because g is smooth,

max

kD1;:::;2n
jg00k.t/ � g

00
k.0/j � lim

N!1
max

s2Œ��N jt j;�N jt j�
max

kD1;:::;2n
jg00k.s/ � g

00
k.0/j

D max

kD1;:::;2n
jg00k.0/ � g

00
k.0/j D 0:

Hence g00
k
.x/ D g00

k
.0/ is a constant, gk.x/ is a polynomial of degree at most two, and fk.x/ D egk.x/ is a

Gaussian.

The proof of the previous lemma required smoothness and positivity assumptions on the fk functions. We

now use a heat �ow argument to upgrade the result to non-smooth and non-negative fk .

Lemma 1.5.18 (Step two, part one). The Cauchy–Schwarz equality condition (1.5.42) is conserved by the heat �ow.
More precisely, suppose that there is a 
 > 0 such that all of the functions in (1.5.42) satisfy fke�
x

2
2 L1. Then

there is a time T such that the heat �ow e�t�fk is de�ned for t 2 .0; T / and all k. For �xed t 2 .0; T / the functions
hk.x/ D .e

�t�fk/.x/ satisfy (1.5.42).

Proof. Under the assumptions on fk we can write the solution of the heat equation e�t�fk using the fundemental

solution as,

.e�t�fk/.xk/ D
1
p
4�t

Z
R
e�jy1j

2=4tf .xk � yk/dyk :

The formula is well de�ned for 0 < t < T , with T < 1=
 , because of the integrability assumptions on fk . Using
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this formula n times, we have,

nY
kD1

.e�t�fk/..Ax/k/ D
1

.4�t/n=2

Z
Rn
e�jyj

2=4t

nY
kD1

fk..Ax/k � yk/dy

D
1

.4�t/n=2

Z
Rn
e�jyj

2=4t

nY
kD1

fk..A.x � A
�1y//k/dy

D
1

.4�t/n=2

Z
Rn
e�jyj

2=4t

nY
kD1

fnCk..x � A
�1y/k/dy;

where in the last line we have used the Cauchy–Schwarz equality condition (1.5.42). We now perform the change

of variables z D A�1y. Because A is an isometry, the determinint of this change of variables is 1, and we also

have jyj D jAzj D jzj for every y 2 Rn. This gives,

nY
kD1

.e�t�fk/..Ax/k/ D
1

.4�t/n=2

Z
Rn
e�jzj

2=4t

nY
kD1

fnCk.xk � zk/dy D

nY
kD1

.e�t�fnCk/.xk/:

For �xed t the maps hk.x/ D e
�t�f .x/ thus satisfy (1.5.42).

Corollary 1.5.19 (Part two, step two). Suppose that non-negative functions fk 2 L2 satisfy (1.5.42). Then all of
the functions are Gaussians.

Proof. If fk 2 L
2
, then fke

�
x2 2 L1 for all 
 > 0. By the previous lemma, the heat �ow e�t�fk exists for all k

and t 2 .0;1/, and the functions hk.x/ D e
�t�fk.x/ satisfy (1.5.42). The functions hk are smooth, and because

the initial data is non-negative, the functions hk are also positive. By the �rst lemma, each of the hk functions are

Gaussians.

Fix k. By substituting the general form of a time dependent Gaussian into the heat equation we discover that

if et�fk is a Gaussian for all t 2 .0; T / then necessarily, for t > 0,

.e�t�fk/.x/ D
d

p
t C a

e�b.x�c/
2=4.tCa/;

for some a � 0 and b; d > 0 and c 2 R. We calculate,

ke�t�fkk
2
L2
D

d2

t C a

Z
R
e�b.x�c/

2=2.tCa/dx D
d2
p
t C a

r
2�

b
:

Then, because ke�t�fkkL2 � kfkkL2 , we must have a > 0. This gives,

fk.x/ D lim

t!0
.e�t�fk/.x/ D

1
p
a
e.bx

2Ccx/=4a/;

so fk is a Gaussian.

Having proved the result for non-negative fk we lastly prove it for general complex valued fk .

Lemma 1.5.20 (Step three). Suppose that functions fk 2 L2 satisfy (1.5.42). Then all of the functions are Gaussians.

Proof. We assume that the functions fk are smooth; the result for general functions follows from invoking the

heat �ow argument as in Step Two.
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Taking absolute values in the equality condition (1.5.42), we see that the functions jfkj satisfy the condition

as soon as the functions fk do. By the previous Lemmas, jfkj must be a Gaussian Gk.x/ for all k, and hence,

fk.x/ D e
igk.x/Gk.x/; (1.5.52)

for some real valued function gk . Note that from this we necessarily have fk.x/ ¤ 0. Because fk and Gk are

smooth, and eigk.x/ D fk.x/=Gk.x/ we can choose gk to be smooth.

Plugging the expressions (1.5.52) for fk into (1.5.42) we �nd,

nY
kD1

eigk..Ax/k/Gk..Ax/k/ D

nY
kD1

eignCk.xk/GnCk.xk/:

TheGk terms cancel because we know the functionsGk D jfkj also satisfy (1.5.42). We are left with ei
Pn
kD1 gk..Ax/k/ D

ei
Pn
kD1 gk.xk/, and hence,

nX
kD1

gk..Ax/k/ D

nX
kD1

gnCk.xk/C 2�n.x/:

where n W Rn ! Z. Because g is smooth, n is smooth and hence a constant. Plugging in x D 0 gives n.x/ D 0,

and then the equation for the functions gk is thus,

nX
kD1

gk..Ax/k/ D

nX
kD1

gnCk.xk/:

This is precisely equation (1.5.45). As before, gk must be a polynomial of degree at most two, and fk is a complex

Gaussian.
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Chapter 2

Schrödinger Maps

§2.1 � INTRODUCTION

The harmonic map heat �ow and the Schrödinger maps equations are natural generalizations of the linear heat and

Schrödinger equations where the domain and range of the functions considered are manifolds and the Euclidean

partial derivatives are replaced by covariant derivatives. In this article we will be exclusively discussing the setting

when the base space is some Euclidean space Rd and the target is a Kähler manifold N with complex structure J .

The energy of a map u W Rd ! N is de�ned by the formula,

E.u/ D
1

2

Z
Rd
jduj2dV:

The Euler Lagrange operator �.u/ corresponding to E is calculated, in coordinates, to be �.u/ D
Pd
kD1Dk@ku,

where the Dk operators are covariant derivatives on N . The harmonic map heat �ow is then the Cauchy problem

given by,

ut D �.u/ D
X
k

Dk@ku; u.0/ D u0; (2.1.1)

while the Schrödinger maps equation is the Cauchy problem given by,

ut D J�.u/ D J
X
k

Dk@ku; u.0/ D u0: (2.1.2)

One can also consider the generalized Landau-Lifshitz (GLL) equation, de�ned for ˛ 2 Œ0;1/ and ˇ 2 R by,

ut D J�.u/ D .˛ C ˇJ /
X
k

Dk@ku; u.0/ D u0I (2.1.3)

this corresponds, when the range is C, to the PDE .˛ C ˇi/ut D �u. Let us emphasize that the linearity of the

equations in the familiar case when the target is C is special: in general these problems are nonlinear because of

curvature.

The harmonic map heat �ow is a well known and intensively studied problem. It was introduced in [17]

as a tool for studying the existence of harmonic maps. These are maps which satisfy �.u/ D Dk@ku D 0 and
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correspond to stationary solutions of all of the problems above. Vast work done on the harmonic map heat �ow in

the subsequent years; see, for example, [37] for a textbook treatment. We mention only that it has been shown

that for general N uniqueness of the harmonic map heat �ow does not hold, and that one way to demonstrate

non-uniqueness is through studying self-similar solutions, as is done in [26, 23]. This approach is used to prove a

non-uniqueness result for the case of the �ow for maps from C2 Š R4 to CP2 in section 2.5.

As opposed to the harmonic map heat �ow, the Schrödinger maps equation (2.1.2) has been much less studied

in general. For the setting we are considering here, that of the �ow for maps u W Rd ! N , local well-posedness

in the Sobolev space H l .Rd IN/ for integer l > d=2C 1 is established in [38]. One can see by scaling that PHd=2

is critical for the problem, and signi�cant work has been done on proving global well-posedness in this and other

critical spaces in the special case when the target is the sphere N D S2 [5, 6, 4, 34].

The case of the sphere is particularly attractive for two reasons. First, given the usual embedding S2 � R3, the

Schrödinger maps equation becomes quite explicit. In this framework, the complex structure at the point u is simply

given by the cross product in R3, Jw D u�w. The derivative term is calculated to be

P
kDk@ku D �uCjruj

2u,

where � and r are the Laplacian and gradient operators for functions from Rd to R3. The Schrödinger maps

equation thus becomes,

ut D u � .�uC jruj
2u/; x 2 Rd ; u.x/ 2 S2 � R3: (2.1.4)

The second reason this case of the Schrödinger maps equation is appealing is that it is physically relevant. Equation

(2.1.4) is used to describe the dynamics of ferromagnetic spin systems, and is known in the physics community as

the Heisenberg model. It is a special case of the equation,

ut D .˛ C ˇu�/.�uC jruj
2u/; x 2 Rd ; (2.1.5)

which is the Landau-Lifshitz-Gilbert equation and is used to study the direction of magnetism in a solid. (The

survey article [36] discusses the physical relevance of these equations.) The equation (2.1.5) corresponds precisely

to the GLL equation (2.1.3) in the case of maps u W Rd ! S2. The work on small data existence and uniqueness

in a critical space for the Schrödinger maps equation in this case of the sphere culminated in [4], which furnished

a global critical small data well-posedness result in the Sobolev space PHd=2
.

A large body of work has been devoted to the sphere problem when the domain is R2. The critical space

is PH 1
, so the problem in this dimension is energy critical. It is also tractable to study because one can make

an equivariant ansatz and thereby study a sub-problem of the �ow as a whole. The equivariant ansatz involves

studying solutions of the form the form u.r; �/ D em�Rf .r/ where f .r/ 2 R3, m 2 Z, and R is the generator of

rotations about the z-axis and given by the matrix,

R D

0B@ 0 1 0

�1 0 0

0 0 0

1CA :
The overall picture that has developed can be described in terms of the harmonic maps, which have �nite energy

in this context, and whose existence is generally seen as barrier to global well-posedness. In the case of radial

maps, m D 0, there are no non-trivial harmonic maps and a global existence result for arbritrarily sized data in

H 2
has been established [30]. In the case when m D 1, the lowest energy level of the non-trivial harmonic maps

is 4� ; for initial data with energy strictly smaller than this, global existence has been shown to hold [3]. On the

other hand, in [39], a set of initial data with energy arbitrarily close to 4� is constructed which generates �nite
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time blow up solutions. (This paper resolved the long standing question of whether �nite energy initial data could

lead to �nite time blow up.) Finite time blow up solutions are also constructed in [40]. For m � 3, it has been

shown that if the initial data has energy close to that of the harmonic maps then the solution is, in fact, global [30].

Still in dimension 2, the equivariant ansatz can be made under the more general assumption that the target

N is a complex surface with an S1 symmetry. This was originally done in [14], where a critical well-posedness

theory for equivariant data small in PH 1
was developed. Under the same equivariant ansatz, [27] take a di�erent

approach than the Sobolev theory, and instead study the self-similar solutions of the �ow. These are solutions of

the form u.x; t/ D  .x=
p
jt j/ for a pro�le  . A family of such solutions with C1 pro�les is constructed, giving

an example of regularity breakdown: these solutions are smooth at all times t ¤ 0 but not smooth at t D 0. The

study of these self similar solutions is supplemented with a global critical small data well-posedness theorem in a

Lorentz space that is shown to include the self-similar data.

When the dimensions of the range and domain are larger than two, but the same, it is still possible to formulate

an equivariant ansatz, as will be shown in detail below. For the case of the Schrödinger maps equation for maps

u W Cn ! CPn, this equivariant ansatz is considered in [16], where the existence of self-similar solutions is

established.

The primary purpose of the present chapter is to expand upon this previous work on the equivariant Cn
to

CPn case. We are particularly interested in establishing a critical global small data well-posedness result in a

space. We are not constrained to the Schrödinger maps equation, and many of our results, including our analysis

of the existence and dynamics of the self-similar solutions, are valid for the GLL equation. More broadly, our hope

is to introduce and cast this problem in a transparent way in order to open it up to the kinds of investigations that

have, thus far, been limited to the case of the sphere.

2.1.1 � overview of the results

2.1.1.1 � The equivariant ansatz and derivation of the equation

We consider maps v W Cn ! CPn, where CPn is equipped with the Fubini-Study metric, for n � 2. The n D 1

case is the usual problem of R2 to the sphere because CP1 with the Fubini-Study metric is isometric to S2. In

what follows n is the complex dimension and d D 2n is the real dimension.

Recall that CPn can be viewed in terms of the homogeneous coordinates as points .z0; z1; : : : ; zn/ 2 CnC1

under the identi�cation,

Œz0; z1; : : : ; zn� D Œ˛z0; ˛z1; : : : ; ˛zn�;

for all ˛ 2 Cnf0g. Given a complex isometry A of Cn
we can construct an isometry QA of CPn by the formula,

QAŒz0; z1; : : : ; zn� D Œz0; A.z1; : : : ; zn/�I

that is, we let A act on the last n coordinates in the homogeneous representation. A map v W Cn ! CPn is said

to be equivariant if v.Az/ D QAv.z/ for all isometries A of Cn
and all points z 2 Cn

. This ansatz is formally

conserved by the �ow. This assumption is strong and, as we show, implies that v is in fact of the form,

v.z/ D v..z1; : : : ; zn// D Œz0; f .r/z1; : : : ; f .r/zn�

where r D jzj and f W RC ! C. We observe that for any x 2 R we have,

v..x; 0; : : : ; 0// D Œz0; f .r/x; 0; : : : ; 0�I
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or namely that,

v.RCe1/ � fŒz0; z1; 0; : : : ; 0� W z0; z1 2 Cg ' CP1;

so the image of a real ray is contained in a complex line. The Fubini-Study metric of CPn restricts to the

Fubini-Study metric on this CP1, so in fact the image of v.RCe1/ is contained in a manifold isometric to S2.

The idea, now, is to parameterize this sphere in the usual embedding S2 � R3 and determine an equation on

u.r/ D v.re1/ 2 S2. From the equivariant ansatz we can recover v from u.

By a computation we determine that the energy of v is given in terms of u W Cn ! S2 by the formula,

E.u/ D
1

2

Z
R2n

�
jur j

2
C
u21 C u

2
2 C .2n � 2/ju � e3j

2

r2

�
dx; (2.1.6)

where ju � e3j is the Euclidean distance in R3 between u and the north pole of the sphere e3, and jur j is the

Euclidean norm in R3 of ur . Observe that in the case n D 1, we recover the usual energy for the equivariant

R2 ! S2 problem, as we would expect. (See, for example, [3], p. 2.) For n � 2, one determines that any function

u with �nite energy is continuous and has a limit as r !1; by inspecting the energy one sees that this limit

must be the north pole e3.

The harmonic map heat �ow, the Schrödinger maps equation, and the GLL equation for this equivariant case

are now determined by calculating the variation of the energy. We �nd that the GLL equation is given by,

ut D .˛P C ˇu�/

�
@2u

@r2
C
2n � 1

r

@u

@r
C
2n � 2C u3

r2
e3

�
; (2.1.7)

whereP is the projection onto the tangent space TuS2 and u3 D hu; e3i. The harmonic map heat �ow corresponds

to ˛ D 1 and ˇ D 0; while the Schrödinger maps equation corresponds to ˛ D 0 and ˇ D 1. This representation

of the problem appears to be new. Its similarity to the corresponding equation for maps to the sphere is precisely

what makes it so useful: it immediately opens up the possibility of applying some of the techniques developed for

the case of the sphere to the present setting too.

By taking the stereographic projection from the north pole f .r/ D .u1.r/Ciu2.r//=.1Cu3.r//we determine

the stereographic representation of the problem,

ft D .˛ C ˇi/

 
frr �

2f f 2r
1C jf j2

C
2n � 1

r
fr �

2n � 1

r2
f C

1

r2
2jf j2f

1C jf j2

!
; (2.1.8)

where the function here is a radial map f W R2n ! C. From this representation we see right away that the

harmonic maps – that is, the stationary solutions – are given explicitly in this context by f .r/ D 
r for any


 2 C. In the terms of the sphere coordinates, the harmonic maps are given by a type of stereographic projection

u.r/ D
1

1C j
 j2r2

�
2Re .
/r; 2Im .
/r; 1 � j
 j2r2

�
: (2.1.9)

Again, this is consistent with the n D 1 case, where the equivariant harmonic maps from R2 to S2 are known to

be stereographic projections. It is remarkable that the analytic expressions for the harmonic maps are independent

of n. This seems to suggest that, from the perspective of the theory of harmonic maps, CPn is the natural higher

dimensional analog of S2.

However there is a di�erence for n � 2: observe that from (2.1.9) we have limr!1 u.r/ D �e3, and so we

see, by previous remarks on the energy, that in this equivariant context all of the non-trivial harmonic maps have
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in�nite energy.

2.1.1.2 � Self-similar solutions

We �rst study the self similar solutions of the problem, which are given by u.r; t/ D  .r=
p
t / for a pro�le

 .r/ D u.r; 1/. By substituting this ansatz into (2.1.7) we determine the following ODE system on  :

0 D .˛P C ˇu�/

�
@2 

@r
C

�
2n � 1

r
C
r

2

�
@ 

@r
C
2n � 2C  3

r2
e3

�
; (2.1.10)

 .0/ D e3;

 0.0/ D v D .v1; v2; 0/ 2 Te3S
2:

As mentioned previously, the self similar solutions for the Schrödinger maps equation in this equivariant setting

have already been studied in [16]. However by using the sphere representation we are able to simplify and extend

the analysis, and we also treat the GLL equation as well as the Schrödinger maps equation.

Theorem 2.1.1. Fix ˛ � 0 and ˇ 2 R. For every v 2 Te3S
2 there is a unique global solution to (2.1.10). The solution

is smooth for r > 0. In the non-trivial case, when v ¤ 0, the solution has the following properties:

1. For all r > 0,  .r/ ¤ e3.

2. If ˛ > 0 then j r j . 1=r3. If ˛ D 0 then r j r j ! 0 as r !1.

3. If v ¤ 0, there exists a point  1 2 S2,  1 ¤ e3, such that limr!1  .r/ D  1. Consequently, E. / D1.

4. The limit  1 depends continuously on v; in particular, limv!0  1 D e3.

Because of the convergence, we see that u.r; t/ D  .r=
p
t / is a solution of the GLL �ow corresponding to

the initial data u.r; 0/ �  1.

Notice that in the case ˛ > 0 – that is, when there is some heat �ow – we are able to prove faster convergence

to 0 of  r . In the case of the Schrödinger maps equation the rate of convergence of  r is insu�cient to guarantee

the convergence of  , so an additional argument is needed.

2.1.1.3 � Global critical wellposedness

In this section we illustrate how methods for proving wellposedness of the Schrödinger maps equation for

the sphere may be adapted to prove wellposedness of the equivariant Schrödinger maps equation for complex

projective space. We speci�cally adapt the Hasimoto transformation method from [14]. For a solution u.r; t/ of

(2.1.7) and a �xed time t , the map r 7! u.r; t/ de�nes a curve on S2 starting at e3. Choose any element e 2 Te3S
2

and consider the parallel transport e.r/ of this curve along r 7! u.r; t/. Because the tangent space at the point

u.r; t/ of the sphere is two-dimensional, it is spanned by e.r/ and Je.r/ D u � e.r/. We may therefore de�ne a

complex valued function q by the formula,

Re .q/e.r/C Im .q/Je.r/ D qe.r/ D ur ; (2.1.11)

precisely as in [14]. This equation is known as the Hasimoto transformation. It is chosen so that the function q

will satisfy a ‘nice’ nonlinear Schrödinger equation; namely, an equation where the non-linearity does not contain

derivatives. We derive the equation on q for all n, and in the case n D 2 – that is, for the equivariant Schrödinger
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maps equation from C2
to CP2 – we provide the necessary estimates to prove the following small-data critical

global wellposedness result.

Theorem 2.1.2. Fix p 2 Œ1; 2�. De�ne r by 1=r D 1=2 � 1=6p and the spaces X and X0 by the norms,

kqkX D krqkL3pt L
r
x

and kqkX0 D ke
it�.aq/kX ;

where a.x/ D x1=r . There exists � > 0 such that if u0 W R2n ! S2 is radial, q0 is de�ned by (2.1.11), and
kq0kX0 � �, there is unique global solution of the Schrödinger maps equation (2.1.7) for n D 2 with the derivate term
q in the space X .

Some remarks.

� This is, to the best of our knowledge, the �rst global wellposedness result for the Schrödinger maps equation

where the target manifold has complex dimension greater than one.

� The space X is at the scaling level of the equation.

� Because .3p; r/ is an admissible exponent pair for the Strichartz estimates for the Schrödinger equation, we

have kqkX0 . kr.aq/kL2 . krqkL2 and hence data q0 whose derivative is small in L2 is included in the

wellposedness result.

� For n > 2 we are unable to provide the estimates to close the argument in an elementary way. It would

be very satisfactory to adapt this method, or another method used to prove wellposedness of Schrödinger

maps from the sphere, to the present context for all n.

2.1.1.4 � The ‘real’ heat �ow case

In the �nal part we discuss an interesting sub-problem of the general dynamics (2.1.7) in the special case of the

harmonic map heat �ow with a speci�c class of initial data. Recall that for the linear heat equation, if one starts

with real valued data then the solution will be real valued for all time. On the other hand, if one starts the linear

Schrödinger equation with real valued data then the solution will, in general, be complex valued for future times.

This shows that in the heat �ow case there is a lower dimensional sub-problem when one restricts to real valued

data.

In our context, the analogous result is that if one starts the harmonic map heat �ow with initial data valued in

a great circle passing through the north pole, the solution will continue to be valued on the same great circle for

future times. For the GLL �ow this is not true: the solution will spread out to the whole sphere. For the harmonic

map heat �ow one can thus �x a great circle and consider the problem for initial data valued on that circle. One

expects the analysis of this sub-problem to be easier as the dimension of the problem is reduced. However, because

both the harmonic maps and the self similar solutions are solutions of this type, it is still an interesting case to

consider.

By paramaterizing the great circle by its spherical distance from the north pole, one �nds that the ‘real’ heat

�ow is given by the PDE,

gt D
@2g

@r2
C
2n � 1

r

@g

@r
C
�.g/

r2
; (2.1.12)

where �.g/ D sin.2g/ C .2n � 2/ sin.g/. Equations of this type, which arise in the study of the equivariant

harmonic map heat �ow on spherically symmetric manifolds, have been extensively studied [26, 23]. There is
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a general theorem which, based on the structure of �, classi�es the PDE into a uniqueness regime or a non-

uniqueness regime. Our primary purpose here is to show that for n D 2 – that is, the problem of maps from C2

to CP2 – the PDE (2.1.12) is a borderline case for this classi�cation theorem. We �nd that the dynamics of the

PDE share some of features of the uniqueness regime, and some of the features of the non-uniqueness regime, but

ultimately that non-uniqueness holds.

Theorem 2.1.3. (i) For n D 2 there is a weak non-constant solution of (2.1.12) corresponding to the initial data
g0.r/ � � . This solution is distinct from the constant solution g.r; t/ � � .

(ii) In the case n � 3, for each initial data in L1 and each T > 0, there is at most one solution of (2.1.12) in
L1.Œ0; T �; L1/.

§2.2 � THE EQUIVARIANT ANSATZ AND DERIVATION OF THE

EQUATION

2.2.1 � the eqivariant ansatz

We consider maps v W Cn ! CPn. In order to rigorously describe the equivariant ansatz, we recall more

carefully the construction of CPn. One begins with vectors z D .z0; z1; : : : ; zn/ 2 CnC1nf0g and �rst identi�es

points z � �z where � 2 Rnf0g. The resulting equivalence classes can be identi�ed with points on the sphere

S2nC1 � CnC1
. This sphere has the usual metric induced from CnC1

. Now one de�nes the equivalence relation

z � ei�z for � 2 R, and de�nes CPn D S2nC1= �. The Fubini-Study metric is the metric induced from S2nC1.

To make the equivariant ansatz, we �rst construct a special class of isometries on CPn in the following way.

Take any complex isometry A of Cn
, and de�ne OA W CnC1 ! CnC1

by,

OA.z0; z1; : : : ; zn/ D .z0; A.z1; : : : ; zn//I

that is, A acts on the last n coordinates of a point in CnC1
. If A is a complex isometry of Cn

, then OA is clearly a

complex isometry of CnC1
. Now de�ne a map QA on CPn through the homogeneous coordinates by,

QAŒz0; z1; : : : ; zn� D Œ OA.z0; z1; : : : ; zn/� D Œz0; A.z1; : : : ; zn/�: (2.2.1)

The map QA is well de�ned because A commutes with complex scalar multiplication. It is an isometry of CPn by

the following Lemma.

Lemma2.2.1. Any complex isometry OB ofCnC1 induces an isometry QB ofCPn given in the homogeneous coordinates
by QBŒz� D Œ OBz� for z 2 CnC1. In particular, if A is a complex isometry of Cn then QA de�ned by (2.2.1) is an isometry
of CPn.
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Proof. We have,

dCPn. QBŒv�; QBŒw�/ D dCPn.Œ OBv�; Œ OBw�/

D min

˛;ˇ2Œ0;2��
dS2nC1.e

i˛ OBv; eiˇ OBw/

D min

˛;ˇ2Œ0;2��
2 arcsin

�
1

2
dCnC1.e

i˛ OBv; eiˇ OBw/

�
D min

˛;ˇ2Œ0;2��
2 arcsin

�
1

2
dCnC1.e

i˛v; eiˇw/

�
D dCPn.Œv�; Œw�/;

where in the second to last equality we used that OB commutes with ei� and that OB is an isometry of CnC1
.

We say a map v W Cn ! CPn is equivariant if v.Az/ D QAv.z/ for all complex isometries A of Cn
. We now

show that this assumption implies a strong rigidity on v. Take any z 2 Cn
and write v.z/ D Œw0; w� for some

w0 2 C and w 2 Cn
. Now consider any isometry A that �xes z. By the equivariant ansatz and Az D z we have,

Œw0; Aw� D QAu.z/ D u.Az/ D u.z/ D Œw0; w�;

which implies that Aw D w, so A also �xes w. Because A is an arbitrary isometry that �xes z, we must in fact

have w D f .z/z for some f .z/ 2 C, and hence v.z/ D Œw0; f .z/z� for all z. Moreover, we have,

Œw0; f .Az/Az� D v.Az/ D QAv.z/ D Œw0; A.f .z/z/� D Œw0; f .z/Az�;

so f .Az/ D f .z/. Because this holds for all isometries A, f .z/ is in fact a radial function and hence,

v.z/ D Œw0; f .jzj/z�; (2.2.2)

for some function f W RC ! C.

We now observe that if r 2 RC then v.re1/ D Œw0; f .r/r; 0; : : : ; 0�. In other words,

v.RCe1/ � fŒw0; w1; 0; : : : ; 0� W w0; w1 2 Cg ' CP1:

The Fubini-Study metric on CPn restricts to the Fubini-Study metric on CP1, and so this CP1 is isometric to

the sphere S2. Moreover, the complex structure of CPn restricts to the standard complex structure of CP1. In

the usual embedding S2 � R3 this is given, as is well known, by Jw D u � w at the point u 2 S2 and for all

w 2 TuS2. We next parameterize this sphere and determine an equation for the function r 7! v.re1/ 2 S2.

2.2.2 � derivation of the energy

The isometric identi�cation between CP1 (with the Fubini-Study metric) and S2 � R3 (with the metric from the

standard embedding) can be made through the isometric invertible map,

S2 3 .a1; a2; a3/ 7!
1

p
2.1C a3/1=2

Œ1C a3; a1 C ia2� 2 CP1; (2.2.3)

where in this case the north pole e3 D .0; 0; 1/ is mapped to the point Œ1; 0� 2 CP1. In this identi�cation the

complex structure on CP1 is mapped to the standard complex structure on the sphere. Given an equivariant map v W
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Cn ! CPn, we wish to write it in a form so that v.re1/ 2 CP1 has the representation Œ1Ca3; a1C ia2; 0; : : : ; 0�.

In fact, we can write v in the form,

v.z/ D
1

p
2.1C u3/1=2

h
1C u3; .u1 C iu2/

z

r

i
; (2.2.4)

for u.r/ D .u1.r/; u2.r/; u3.r// satisfying jujR3 D 1. When we substitute z D re1 we recover essentially the

representation in (2.2.3), and hence u parameterises the sphere in the correct, isometric, way.

(To see that v.z/ D Œw0; f .r/z� in (2.2.2) can be written as in (2.2.4), observe that by scaling we can assume

that .w0; g.r/z/ 2 S2nC1, which means jw0j
2C jg.r/j2r2 D 1. We can also assume by scaling that w0 > 0. This

means, in fact, that w0 2 Œ0; 1�, and hence there is a unique u3.r/ 2 Œ�1; 1� such that

p
2.1C u3.r//

1=2 D w0.

We then de�ne u1 C iu2 D rg.r/
p
2.1 � u3/

1=2
, and substuting this in gives the representation above. The

condition jw0j
2 C jg.r/r j2 D 1 translates into jujR3 D 1.)

Proposition 2.2.2. The energy is given in the u coordinates by,

E.v/ D
1

2

Z
R2n
jdvj2dx D

1

2

Z
R2n

�
jur j

2
C
1

r2

�
1 � u23 C 2.2n � 2/.1 � u3/

��
dx: (2.2.5)

Proof. In order to calculate the energy density jdvj2 of v.z/ we have to �x a basis for TzCn
, which will be 2n

dimensional, and calculate �rst derivatives of v with respect to this basis. For concreteness we view v as being

valued in the sphere S2nC1,

v.z/ D
1

p
2.1C u3/1=2

�
1C u3; .u1 C iu2/

z

r

�
2 S2nC1 � CnC1; (2.2.6)

and perform the computation there. The only adjustment needed to be made is as follows. Given a pointp 2 S2nC1,

all points ei�p are mapped to the same point Œp� 2 CPn. By di�erentiating with respect to � , it is apparent that

in TpS2nC1 the tangent direction ip 2 TpS2nC1 is contracted under the identi�cation p � ei�p. Hence when

calculating derivatives at the level of S2nC1 we take usual Euclidean derivatives in CnC1
, project onto TpS2nC1,

and then factor out the real subspace spanned by ip. In fact, that the last two parts of this process amount to

taking the complex projection,

Pw D w � hw;piCnC1p; (2.2.7)

of derivative terms w. We have, of course, jPvj2 D jvj2 � jhv; pij2.

Let @=@zk and @=@zk be the usual basis for TzCn
. For any vector w0 2 Cn

de�ne @=@w0 D
Pn
mD1w

m
0 @=@zm

and @=@w0 D
Pn
mD1w

m
0 @=@zm. If fwkg

n
kD1

is an orthonormal basis of Cn
then the derivatives f@=@wk ; @=@wkg

are an orthogonal basis for the tangent space and so, by the expression for jdvj2 local in coordinates,

jdvj2 D 4

nX
kD1

ˇ̌̌̌
P
@v

@wk

ˇ̌̌̌2
C

ˇ̌̌̌
P
@v

@wk

ˇ̌̌̌2
: (2.2.8)

One veri�es the formulas at the point z 2 Cn
,

@r

@w0
D
hw0; zi

2r
I

@r

@w
D
hz; w0i

2r
I

@z

@w0
D

w0

jw0j
I

@z

@w0
D 0: (2.2.9)

We then set w1 D z=jzj and de�ne w2.z/; : : : ; wn.z/ locally so that that fwk.z/g
n
kD1

is an orthonormal basis of

Cn
for each z. In this setup, w1 is the radial direction and wk derivatives for k � 2 will be independent of radial
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terms.

Hence for k � 2 we compute and �nd,

@v

@wk
D

1
p
2.1C u3/1=2

�
0; .u1 C iu2/

wk

r

�
and

@v

@wk
D 0:

We see from (2.2.6) that @v=@wk is complex orthogonal to v and so,ˇ̌̌̌
P
@v

@wk

ˇ̌̌̌2
D

ˇ̌̌̌
@v

@wk

ˇ̌̌̌2
D

1

2.1C u3/

u21 C u
2
2

r2
D
1 � u3

2r2
;

where in the step we used u21 C u
2
2 C u

2
3 D 1.

We now di�erentiate with respect to w1 and w1. In this case the radial terms will also be di�erentiated. We

note, however, that when di�erentiating that we can ignore the scaling term 1=.
p
2.1C u3/

1=2/: when this is

di�erentiated we simply get a scalar multiple of v.z/, which disappears under the projection (2.2.7). Hence,

P
@v

@w1
D

1
p
2.1C u3/1=2

P
@

@w1

h
1C u3; .u1 C iu2/

z

r

i
D

1
p
2.1C u3/1=2

P

�
u03
1

2
; .u01 C iu

0
2/
z

2r
� .u1 C iu2/

z

2r2

�
;

and similarly,

P
@v

@w1
D

1
p
2.1C u3/1=2

P

�
u03
1

2
; .u01 C iu

0
2/
z

2r
C .u1 C iu2/

z

2r2

�
:

The di�erence in sign gives rise to the simpli�cation,ˇ̌̌̌
P
@v

@w1

ˇ̌̌̌2
C

ˇ̌̌̌
P
@v

@w1

ˇ̌̌̌2
D

1

4.1C u3/

�ˇ̌̌
P
�
u03; .u

0
1 C iu

0
2/
z

r

�ˇ̌̌2
C

ˇ̌̌
P
�
0; .u1 C iu2/

z

r2

�ˇ̌̌2�
:

Finally, a computation using the relations u21 C u
2
2 C u

2
3 D 1 and u1u

0
1 C u2u

0
2 C u3u

0
3 D 0 reveals that,ˇ̌̌

P
�
u03; .u

0
1 C iu

0
2/
z

r

�ˇ̌̌2
D

ˇ̌̌�
u03; .u

0
1 C iu

0
2/
z

r

�ˇ̌̌2
�

ˇ̌̌̌��
u03; .u

0
1 C iu

0
2/
z

r

�
;

1
p
2.1C u3/1=2

�
1C u3; .u1 C iu2/

z

r

��ˇ̌̌̌2
D jur j

2
�

1

2.1C u3/

ˇ̌
.1C u3/u

0
3 C .u1 � iu2/.u

0
1 C iu

0
2/
ˇ̌2

D jur j
2
�

1

2.1C u3/

ˇ̌
u03 C i.u1u

0
2 � u

0
1u2/

ˇ̌2
D jur j

2
�

1

2.1C u3/

�
.u03/

2
C u21.u

0
2/
2
C .u01/

2u22 � 2u1u
0
1u2u

0
2

�
D jur j

2
�

1

2.1C u3/

�
.1 � u23/jur j

2
�
D
1C u3

2
jur j

2;
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and, ˇ̌̌
P
�
0; .u1 C iu2/

z

r2

�ˇ̌̌2
D

ˇ̌̌̌
P

�
�1 � u3

r
; 0

�ˇ̌̌̌2
D

1

r2

�
.1C u3/

2
�

1

2.1C u3/
.1C u3/

4

�
D
.1C u3/.1 � u

2
3/

2r2
:

We have, then, by substituting these expressions into (2.2.8),

jduj2 D
jur j

2

2
C
1

r2

�
1 � u23
2
C 2.n � 1/.1 � u3/

�
;

and then,

E.v/ D

Z
R2n
jdvj2dx D

1

2

Z
R2n

�
jur j

2
C
1

r2

�
1 � u23 C 2.2n � 2/.1 � u3/

��
dx;

which completes the computation.

By the relations 1 � u23 D u
2
1 C u

2
2 and,

ju � e3j
2
D u21 C u

2
2 C .u3 � 1/

2
D 2.1 � u3/;

we can equivalently write the energy as in an L2 form as,

E.v/ D
1

2

Z
R2n

�
jur j

2
C
1

r2

�
u21 C u

2
2 C .2n � 2/ju � e3j

2
��
dx: (2.2.10)

With this representation we determine the following result.

Proposition 2.2.3. There holds kurk2L2 . E.u/ . kurk2L2 .

Proof. The lower bound is obvious. For the upper bound, we observe that u21 C u
2
2 � ju � e3j

2
and hence that,

E.u/ �
1

2

�
kurk

2
L2
C .2n � 1/




u � e3
r




2
L2

�
;

and the result follows from the Hardy inequality k�=rkL2 . k�rkL2 for functions � W Rd ! R3 (see Theorem

2.5.6 in the Appendix).

2.2.3 � variation of the energy, and the flow pdes

In order to �nd the PDEs corresponding to the harmonic map heat �ow, the Schrödinger maps equation, and the

GLL equation, we need to calculate the variation of the energy, given by the formula,Z
R2n
h�.u/; wiTuS2dx D �

d

d�

ˇ̌̌̌
�D0

E.uC �w/;

for all radial maps w W R2n !2 TS2 such that w.r/ 2 TuS2.
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Proposition 2.2.4. We have

�.u/ D PTuS2

�
@2u

@r2
C
2n � 1

r

@u

@r
C
2n � 2C u3

r2
e3

�
:

Proof. Using the representation (2.2.5) we �nd for w 2 TuS2,

d

d�

ˇ̌̌̌
�D0

E.uC �w/ D
1

2

Z
R2n

2hur ; wriR3 C
1

r2
Œ�2u3w3 C 2.2n � 2/.�w3//�

D �

Z
R2n

�
urr C

2n � 1

r
ur ; w

�
R3
C
1

r2
h.2n � 2C u3/e3; wiR3 dx

D �

Z
R2n

�
PTuS2

�
@2u

@r2
C
2n � 1

r

@u

@r
C
2n � 2C u3

r2
e3

�
; w

�
TuS2

dx;

and the formula follows.

In general the harmonic map heat �ow is given by ut D �.u/, the Schrödinger maps equation is given by

ut D J�.u/, where J is the complex structure on the target, and the GLL equation is given by ut D .˛CˇJ /�.u/

for ˛ � 0 and ˇ 2 R. By the previous proposition, �.u/ is determined, while as discussed above, the complex

structure in the u coordinates is precisely the usual complex structure on the sphere. We are therefore ready to

write down the �ow PDEs.

De�nition 2.2.1. The equivariant generalized Landau-Lifshitz (GLL) equation from Cn
to CPn is the Cauchy

problem for u W R2n ! S2 given by,

ut .r; t/ D .˛P C ˇu�/

�
@2u

@r2
C
2n � 1

r

@u

@r
C
2n � 2C u3

r2
e3

�
; (2.2.11)

u.r; 0/ D u0.r/; with u0.0/ D 0;

for ˛ � 0 and ˇ 2 R. The case ˛ D 1 and ˇ D 0 is the harmonic map heat �ow. The case ˛ D 0 and ˇ D 1 is the

Schrödinger maps equation.

Note by re-scaling time we can always assume that ˛2 C ˇ2 D 1, which we do from now on.

By taking the stereographic projection f .r/ D .u1 C iu2/=.1C u3/, with inverse given by,

.u1; u2; u3/ D
1

1C jf j2
.2Ref; 2 Imf; 1 � jf j2/; (2.2.12)

we can determine the stereographic representation of the problem. With this stereographic projection, the north

pole is mapped to the origin.

Proposition 2.2.5. The GLL equation is given in the stereographic coordinates by,

ft D .˛ C iˇ/

"
frr �

2f f 2r
1C jf j2

C
2n � 1

r
fr �

2n � 1

r2
f C

1

r2
2jf j2f

1C jf j2

#
: (2.2.13)

The proof involves substituting the expression for the stereographic projection (2.2.12) into the PDE (2.2.11)

and computing; we omit the computation.
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2.2.4 � classification of the harmonic maps in this context

The equivariant harmonic maps from Cn
to CPn are the time independent solutions of (2.2.11). Because the PDE

has one space dimension, the time independent problem is an ODE. In all, � is harmonic if and only if,

0 D � �

�
d2�

dr2
C
2n � 1

r

d�

dr
C
.2n � 2/C �3

r2
e3

�
; (2.2.14)

with the boundary conditions given by �.0/ D e3 and �0.0/ D v D .v1; v2; 0/ 2 Te3S
2
. Writing the harmonic

function � in the stereographic coordinates as g, the ODE is,

0 D grr �
2gg2r
1C jgj2

C
2n � 1

r2
gr �

2n � 1

r2
g C

1

r2
2jgj2g

1C jgj2
;

and the boundary conditions are g.0/ D 0 and gr .0/ D v1 C iv2. Remarkably, we can solve this ODE explicitly

with the linear function g.r/ D .v1 C iv2/r . Moreover, because it is an ODE for which we have a uniqueness

theory, g.r/ D .v1 C iv2/r is the unique solution. (See the Theorem 2.5.8 in the Appendix for a local well-

posedness theory for ODE of this type.) Using the stereographic projection we can write the harmonic map in the

sphere coordinates as,

�.r/ D
1

1C jvj2r2

�
2rv1; 2rv2; 1 � jvj

2r2
�
D

1

1C jvj2r2

�
2rv C .1 � jvj2r2/e3

�
I (2.2.15)

in fact, � is just a version of the stereographic projection itself. This is consistent with the well-known fact that

the harmonic maps in the sphere (n D 1) case are stereographic projections; what is interesting is that when n is

incremented in the ODE (2.2.14), the new terms still cancel under this expression.

Qualitatively speaking, the harmonic maps in our context are quite simple: they start, when r D 0, at the

north pole and, as r increases, move monotonically away from the north pole, converging to the south pole in

the limit r ! 1. By way of comparison, in the case of equivariant harmonic maps from the d -dimensional

ball Bd to Sd the situation is di�erent [35]. For 3 � d � 6 the harmonic maps oscillate about the south pole,

while for d � 7 the harmonic maps approach the south pole monotonically, as here. In general one �nds that the

equivariant harmonic maps usually fall into either an oscillatory regime or a monotonic regime [27].

Finally, we note that while the expressions above for the harmonic maps are independent of n, there is a

di�erence when n � 2. In the case of the sphere, n D 1, the energy of the stereographic projection is 4� . (This

may be veri�ed by substituting (2.2.15) into the energy (2.2.5) with n D 1, or by consulting [3].) However, for

n � 2 the energy is in�nite. To see this it is su�cient to observe that,

lim

r!1
�.r/ D �e3

and to use the following Lemma.

Lemma 2.2.6. Suppose that E.u/ <1 and n � 2. Then limr!1 u.r/ exists and equals e3.

Proof. For any r2 > r1 > 0 we have,

ju.r2/ � u.r1/j D

ˇ̌̌̌Z r2

r1

ur .r/dr

ˇ̌̌̌
�

�Z r2

r1

jur j
2r2n�1dr

�1=2 �Z r2

r1

1

r2n�1
dr

�1=2
� CE.u/r�nC11 ;
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which, because n � 2, shows that limr!1 u.r/ exists. This means that in the energy (2.2.10), the right most term

in the integrand,

1

r2
.2n � 2/ju.r/ � e3j

2r2n�1;

converges as r !1. For the energy to be �nite, the limit must be 0. As n � 2, this implies that limr!1 u.r/ D

e3.

Corollary 2.2.7. When n � 2, the equivariant harmonic maps from Cn to CPn all have in�nite energy.

§2.3 � SELF-SIMILAR SOLUTIONS

In this section we study self-similar solutions, which are solutions of the form u.r; t/ D  .r=
p
t / for a pro�le

 .r/ D u.r; 1/.

To determine a convenient equation for the pro�le, we take the GLL equation (2.2.11) and multiply both sides

by .˛u �CˇP /. Using the relationship,

.˛u �CˇP /.˛P C ˇu�/ D .˛2 C ˇ2/u� D u�;

(compare to .˛i C ˇ/.˛ C ˇi/ D i ) we may equivalently write the PDE as,

˛u � ut C ˇut D u �

�
@2u

@r2
C
2n � 1

r

@u

@r
C
2n � 2C u3

r2
e3

�
: (2.3.1)

We now substitute in u.r; t/ D  .r=
p
t / to determine the ODE for the pro�le.

De�nition 2.3.1. The self-similar problem for the GLL equation is given by the ODE,

�
r

2
.˛ �  r C ˇ r / D  �

�
@2 

@r2
C
2n � 1

r

@ 

@r
C
.2n � 2C  3/

r2
e3

�
; (2.3.2)

subject to the initial conditions  .0/ D 0 and  0.0/ D v D .v1; v2; 0/ 2 Te3S
2
.

In the following sequence of Lemmas we will prove Theorem 2.1.1, as stated on page 80 in the introduction.

Lemma 2.3.1. For every v D .v1; v2; 0/ 2 Te3S
2 there is a unique global solution to (2.3.2). For r > 0 this global

solution is smooth and, if v ¤ 0, satis�es  .r/ ¤ e3.

Proof. Local existence and uniqueness in a neighborhood of the singular point r D 0 follows from the Theorem

2.5.8 in the Appendix. For r > 0, the ODE (2.3.2) is smooth and local existence, uniqueness and smoothness comes

from the standard ODE theory. In order to prove global existence we establish an a priori bound on the derivative

of  .

De�ne the function A.r/ D r2j r j
2

We have,

A0.r/ D 2r j r j
2
C 2r2 rr �  r : (2.3.3)
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In order to calculate  rr � r , we take the inner product of the ODE (2.3.2) with  � r . Using the fact that if v or

w is orthogonal to u, then .u � v/ � .u � w/ D v � w, and also the relation v � .u � v/ D 0, we determine that,

�
˛r

2
j r j

2
D  rr �  r C

2n � 1

r
j r j

2
C
2n � 2C  3

r2
e3 �  r ;

and hence by solving for  rr �  r and substituting this into (2.3.3) we �nd,

A0.r/ D 2r j r j
2
�

�
2n � 1

r
C
˛r

2

�
2r2j r j

2
� .2n � 2C  3/. 3/r

D �

�
2n � 3

r
C
˛r

2

�
2A.r/ �

d

dr

�
.2n � 2/ 3 C

 23
2

�
: (2.3.4)

Integrating this equation gives,

A.r/C

Z r

0

�
2n � 3

s
C
˛s

2

�
2A.s/ds D

�
.2n � 2/.1 �  3/C

1 � . 3/
2

2

�
: (2.3.5)

To bound A.r/, we observe that the integral on the left hand side is non-negative because A.s/ � 0, and so the

left hand side is bounded below by A.r/. On the other hand, we have  3 2 Œ�1; 1� and hence the right hand

side is bounded above by 4n. This then gives A.r/ � 4n, and j r j � 2n=r . This proves global existence. (The

constants 4n and 2n are, of course, not optimal; they are displayed merely to show that the constants may be

chosen independently of  .)

To prove that  .r/ ¤ e3 for r > 0 we observe that the integral on the left hand side in (2.3.5) is increasing in

r . In the non-trivial case v ¤ 0, it is strictly increasing a neighborhood of r D 0 because A0.r/ D r2j r j
2 � �r2

in a neighborhood of r D 0. Hence in this case the integral is strictly positive for r > 0. Because A.r/ � 0 we see

that the left hand side of (2.3.5) is strictly positive and so,�
.2n � 2/.1 �  3/C

1 � . 3/
2

2

�
> 0;

for r > 0. This gives  3.r/ ¤ 1, which means  .r/ ¤ e3.

Lemma 2.3.2. If ˛ > 0 we have j r j . 1=r3.

Proof. Recall the bound A.r/ � 4n. Using equation (2.3.4) we have,

A0.r/ � �
˛r

2
A.r/ � .2n � 2C  3/. 3/r

� �
˛r

2
A.r/C

ˇ̌̌̌
ˇ2n � 2C  3r3=2

p
˛=2

ˇ̌̌̌
ˇ � ˇ̌̌r3=2p˛=2. 3/r ˇ̌̌

� �
˛r

2
A.r/C

1

2

�
8n3

r3˛
C
r3˛

2
j r j

2

�
D �

˛r

4
A.r/C

4n3

r3˛
:

Integrating this equation then gives A.r/ . A.1/e�˛r
2=8 C 1=r4 . 1=r4 and j r j . 1=r3. (The details of how

this integration may be performed are given in Proposition 2.5.9 in the appendix.)
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Lemma 2.3.3. There exists a point  1 2 S2,  1 ¤ e3, such that limr!1  .r/ D  1. We have the convergence
rate inequality j 1 �  .r/j � 40n2=r2. The pro�le  has in�nite energy.

Proof. For ˛ > 0, the bound j r j . 1=r3 implies convergence of  in the limit r ! 1. In the case ˛ D 0,

when there is no heat �ow contribution, the decay on the derivative is less strong, and so a di�erent argument is

needed. However in the proof we consider the general case as it is useful to know that the constant in the rate of

convergence equation may be chosen independently of  .

We �rst multiply the ODE (2.3.1) by .�˛ �CˇP /. We have the relations .�˛ �CˇP /.˛ �CˇP / D

.˛2 C ˇ2/P D P and . �/. �/ D �P (compare to .�˛i C ˇ/.˛i C ˇ/ D 1 and .i/.i/ D �1). We can thus

write the equation as,

�
r

2
 r D .˛P C ˇ �/

�
 rr C

2n � 1

r
 r C

2n � 2C  3

r2
e3

�
;

D .˛ C ˇ �/

�
1

r2n�1
@

@r
.r2n�1 r /C j r j

2 C
2n � 2C  3

r2
Pe3

�
;

where in the second equality we have moved the projection P inside and expanded P rr D  rr C j r j
2 . We

divide through by r and integrate over Œr1; r2� to determine that,

�
1

2
. .r2/ �  .r1// D

Z r2

r1

.˛ C ˇ �/

�
1

r2n
@

@r
.r2n�1 r /C

j r j
2 

r
C
2n � 2C  3

r3
Pe3

�
dr:

Now integrating by parts in the �rst term yields,

�
1

2
. .r2/ �  .r1// D

Œ˛ C ˇ .r2/�� r .r2/

r2
�
Œ˛ C ˇ .r1/�� r .r1/

r1

�

Z r2

r1

.˛ C ˇ �/

�
�2n

r2nC1
r2n�1 r

�
dr

C

Z r2

r1

�
˛
j r j

2 

r
C
2n � 2C u3

r3
.˛P C ˇ �/e3

�
dr:

Now using the bounds j .r/j D 1 and j r .r/j � 2n=r yields,

1

2
j .r2/ �  .r1/j �

2n

r22
C
2n

r21
C

Z r2

r1

4n2

r3
dr C

Z r2

r1

�
˛
4n2

r3
C
2n

r3

�
dr �

20n2

r21
;

which implies the solution converges with the rate given in the statement of the Lemma.

To see that the limit  1 cannot be e3 we consider equation (2.3.5) again. As discussed previously, the integral

in (2.3.5) is strictly positive and non-increasing for r > 0. If ı denotes the value of the integral at r D 1 we then

have, for all r > 1,

ı �

Z r

0

�
2n � 3

s
C
˛s

2

�
2A.s/ds �

�
.2n � 2/.1 �  3.r//C

1 � . 3.r//
2

2

�
:

We therefore have

ı �

�
.2n � 2/.1 �  3.1//C

1 � . 3.1//
2

2

�
;

which gives  1 ¤ e3.
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Because the limit is not e3, the pro�le has in�nite energy by Lemma 2.2.6.

Lemma 2.3.4. When ˛ D 0 we have limr!1 r j r j D 0.

Proof. It is su�cient to show that limr!1A.r/ D 0. In the ˛ D 0 case equation (2.3.5) reads.

A.r/C

Z r

0

�
2n � 3

s

�
2A.s/ds D

�
.2n � 2/.1 �  3/C

1 � . 3/
2

2

�
:

We know from the previous lemma that  3 converges as r !1. The integral also converges simply because it

is non-decreasing; moreover, because it is bounded above (by 4n) it converges to a real number. We then have

that A.r/ converges as r !1. By examining the integral, which is �nite in the limit, we see that we must have

limr!1A.r/ D 0.

Lemma 2.3.5. The limit  1 is a continuous function of the initial data v. In particular, as v ! 0 we have  1 ! 0.

Proof. For convenience we will denote the self-similar pro�le corresponding to initial data v by  v.r/, and we

will let  v.1/ denote its limit as r !1.

The ODE local existence results give that for any r0 > 0 the map v 7!  v.r0/ is continuous.

We have previously established the bound, for r1 < r2,

j v.r2/ �  v.r1/j �
60n2

r21
;

This shows that the map v 7!  v.r/ converges to the map v 7!  v.1/ uniformly, and hence that the map

v 7!  v.1/ is continuous.

Finally, we note that  0.r/ � 0,  0.1/ D 0, and so limv!0  v.1/ D 0, by continuity.

With this Lemma, the proof of Theorem 2.1.1 is complete.

§2.4 � GLOBAL CRITICAL WELLPOSEDNESS IN DIMENSION TWO

In this section we prove a global critical small data wellposedness theorem for the Schrödinger maps equation for

equivariant maps from Cn
to CPn when n D 2. The equation may be written in the sphere coordinates as,

ut .r; t/ D u �

�
@2u

@r2
C
2n � 1

r

@u

@r
C
2n � 2C u3

r2
e3

�
; (2.4.1)

or equivalently as,

�u � ut .r; t/ D
@2u

@r2
C jur j

2uC
2n � 1

r

@u

@r
C
2n � 2C u3

r2
Pue3; (2.4.2)

where Pue3 is the projection of the vector e3 D .0; 0; 1/ onto the tangent space at u.

Our proof relies on techniques that have been developed for the Schrödinger maps equation for the sphere.

Because of the structural similarity between that equation and (2.4.2), such techniques can be adapted here. We

�rst use a form of the Hasimoto transform to determine an equation on a derivative term of u that has a simpler
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nonlinearity. We then formulate the �xed point argument, and determine necessary estimates on the nonlinearity

for the �xed point argument to be carried through. We conclude by proving these estimates in the case n D 2,

thereby establishing Theorem 2.

2.4.1 � derivation of the pde through the hasimoto transform

The Hasimoto transform is an extensively used tool for proving wellposedness of Schrödinger maps equations

when the target is the sphere or a general complex surface. In geometric terms, it arises as follows. For �xed t , a

smooth solution of (2.4.1) will satisfy u.0; t/ D e3. The function r 7! u.r; t/ thus de�nes a curve in S2 starting at

e3 at r D 0. If one �xes a unit tangent vector e.0/ 2 Te3S
2
, one can consider the parallel transport e.r/ of this

vector along the curve r 7! u.r; t/; the function e.r/ satis�es Dre.r/ D rur e.r/ D 0. Now because the tangent

space at any point is two dimensional, the vectors e.r/ and Je.r/ give a basis for the tangent space Tu.r/S
2
. Any

derivative of u, or other element of the tangent space, can be expressed in terms of this basis. In our case, we

de�ne a complex valued function q by the formula,

qe D .Re q C Im q J /e D ur : (2.4.3)

We then determine an equation on q. The right hand side is chosen so that q will satisfy a Schrödinger equation

with a non-linearity that is easier to handle than that of (2.4.2).

Lemma 2.4.1. The function q satis�es the PDE,

iqt D qrr C
2n � 1

r
qr �

2n � 1

r2
q CN.q/; (2.4.4)

where the nonlinear term N.q/ is given by,

N.q/ D
d

dr

�
�
2n � 2C u3

r2

Z r

0

u3.s/q.s/ds

�
C ˛q; (2.4.5)

for a real-valued function ˛ satisfying,

˛r D Re
�
qqr C

jqj2

r
� q

2n � 2C u3

r2

Z r

0

u3.s/q.s/ds

�
: (2.4.6)

Proof. First, we recall that in the embedding S2 � R3 the covariant derivative of a vector �eld v.r/ 2 Tu.r/S
2

is

given by Drv D vr C hur ; viu, where the inner product here is the usual inner product on R3.

Now let p and q satisfy pe D ut and qe D ur . We will determine three equations relating p, q and u.

1. Because e satis�es Dre D 0 we have,

qre D Dr .qe/ D Dr .ur / D urr C jur j
2u; (2.4.7)

which is the �rst two terms two term in the right hand side of (2.4.2). The next term in (2.4.2) is ..2n�1/=r/qe.
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For the projection term we calculate, using Dre D 0,

d

dr
hPue3; ei D

d

dr
he3 � hu; e3iu; ei D hDr .e3 � hu; e3iu/; ei

D

�
d

dr
.e3 � hu; e3iu/C hur ; e3 � hu; e3iuiu; e

�
D h�hur ; e3iu � hu; e3iur C hur ; e3iu; ei D �u3hur ; ei D �u3.r/Rep.r/:

Using the fact that u.0; t/ D e3, so that Pue3 D 0 at r D 0, we have,

hPue3; ei D �

Z r

0

u3.s/Re q.s/ds: (2.4.8)

An identical calculation for hPue3; Jei gives, in total,

Pue3 D �

�Z r

0

u3.s/q.s/ds

�
e.r/:

Plugging (2.4.7) and (2.4.8) into (2.4.2) then gives,

ip D qr C
2n � 1

r
q �

2n � 2C u3

r2

Z r

0

u3.s/q.s/ds: (2.4.9)

2. From the identity Drut D Dtur we �nd,

pre D Dr .pe/ D Drut D Dtur D Dt .qe/ D qte C qDte: (2.4.10)

Because e is a parallel transport vector �eld, jej2 D 1 and so 0 D .d=dt/jej2 D hDte; ei. The vector Dte

is thus orthogonal to e. Because the tangent space is spanned by e and Je, we must have Dte D ˛Je for

some real-valued function ˛. Substituting this into (2.4.10), we get pre D qte C q˛Je, or,

pr D qt C i˛q: (2.4.11)

3. To determine an equation on ˛ we use the curvature relation DtDre D DrDte CR.ut ; ut /e where R is

the Riemann curvature tensor. On the sphere R.v;w/z D hJv;wiJ z. Therefore, using also Dre D 0, we

�nd,

0 D Dr .˛Je/C hJut ; uriJe D ˛rJe C hpJe; qeiJe;

which gives ˛r D �Im .pq/. Substituting the formula for p in (2.4.9) gives equation (2.4.6).

To determine an equation only on q we di�erentiate (2.4.9) with respect to r , to �nd,

ipr D qrr C
2n � 1

r
qr �

2n � 1

r2
q C

d

dr

�
�
2n � 2C u3

r2

Z r

0

u3.s/q.s/ds;

�
:

Substituting the expression for pr in (2.4.11) gives equations (2.4.4) and (2.4.5).
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2.4.2 � formulating the fixed point argument

We recall the Theorem from the introduction.

Theorem. Fix p 2 Œ1; 2� and de�ne,
1

r
D
1

2
�
1

6p
;

and the spaces X and X0 given by the norms

kqkX D krqkL3pt L
r
x

and kqkX0 D ke
it�.aq/kX ;

where a.x/ D x1=r . There exists � > 0 such that if kq0kX0 � � there is unique global solution of (2.4.4) for n D 2
in the space X .

We begin by determining a convenient Duhamel representation for the problem. Our Duhamel representation

will be valid for all n, though we carry out the wellposedness argument for n D 2 only. In the following we will

rely heavily on the Hardy inequalities given in Theorems 2.5.6 and 2.5.15 in the appendix.

First, we absorb the linear term�.2n�1/q=r2 into the Laplacian. To do this, we �x a function a W S2n�1 ! C

that satis�es �S2n�1a D �.2n � 1/a. We may concretely choose a.x/ D x1. To see this, extend a to a function

on all of R2n by a.x=jxj/. On the one hand, we have,

�R2n .ra.x=jxj// D �R2n .x1/ D 0:

Then, using the polar representation, �R2n D @rr C ..2n � 1/=r/@r C .1=r
2/�S2n�1 , we see that,

0 D

�
@rr C

2n � 1

r
@r C

1

r2
�S2n�1

�
.ra.x=jxj// D

�
0C

2n � 1

r

�
a.x=jxj/C

r

r2
�S2n�1a.x=jxj/;

and so,

�S2n�1a.x=jxj/ D �.2n � 1/a.x=jxj/:

Now de�ning w.x; t/ D q.r; t/a.x=jxj/, we see that,

�R2nw D
@2q

@r2
aC

2n � 1

r

@q

@r
a �

2n � 1

r2
qa: (2.4.12)

This is exactly the Laplacian term in the PDE (2.4.4) multiplied by a.

In terms of estimates, we have the pointwise estimate jraj � 1=r , which is determined from a calculation.

For Lebesgue estimates we have,

kwk
p
Lp D kqak

p
Lp D

Z 1
0

�
jq.r/jp

Z
rS2n�1

ja.x=jxj/jpdx

�
dr

D

Z 1
0

�
jq.r/jpr2n�1

Z
S2n�1

ja.x=jxj/jpdx

�
dr

D Ckqk
p
Lp ;

where C D kakLp.S2n�1/=jS
2n�1j <1. We also have,

krqkLp � krrqkLp � krr .aq/kLp . krr .aq/kLp C kr� .aq/kLp � krwkLp ;
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while,

krwkLp � kr.a/qkLp C karrqkLp . k
1

r
qkLp C krrqkLp . krqkLp ;

so in conclusion krqkLp � krwkLp .

In the next Lemma we rather carefully verify that we can recover solutions to the PDE for q from solutions to

the PDE for w.

Lemma 2.4.2. The PDE on w is given by,

wt D �w CN.q/a; (2.4.13)

or in Duhamel form by,

w.x; t/ D eit�w.x; 0/C i

Z r

0

ei.t�s/�N.q.r; s//a.x=jxj; s/ds: (2.4.14)

If the solution w.x; t/ corresponding to initial data of the form w.x; 0/ D q.r/a.x=jxj/ is unique, then the
solution is of the form w.x; t/ D q.r; t/a.x=jxj/, where q satis�es (2.4.4).

Proof. To determine the equation (2.4.13) for w we simply multiply the PDE for q (2.4.4) by a, and use the

expression (2.4.12) for �w. The Duhamel representation is standard.

We now show how solutions of (2.4.4) may be recovered from solutions of the equation for w. Let w be a

solution of (2.4.14) and de�ne Qw D �.1=.2n � 1//�S2n�1w. Assuming uniqueness we will show that Qw D w.

We take the spherical Laplacian �.1=.2n � 1//�S2n�1 of (2.4.13), noting that it commutes both with � D �R2n

and N.q/, as N.q/ is radial. We then �nd that Qw satis�es the same PDE (2.4.13) as w. Moreover, we have,

Qw.x; 0/ D �
1

2n � 1
�S2n�1w.x; 0/ D �

1

2n � 1
�S2n�1 Œq.r/a.x=jxj/� D w.x; 0/;

and so by uniqueness, Qw.x; t/ D �.1=.2n � 1//�S2n�1w.x; t/ D w.x; t/. This means that w is a radial function

times an eigenfunction of the Laplacian of the sphere of S2n�1 with eigenvalue �.2n � 1/.

Let Tk W R
2n ! R2n be the linear map that multiplies the kth component of x 2 R2n by �1 and leaves the

other components �xed. From the representation of a we see that for k D 1 we have w0.Tkx/ D �w0.x/ while

for k � 2 we have w0.Tkx/ D w0.x/. By uniqueness, x 7! w.x; t/ inherits these properities also. But now the

only eigenfunction of the Laplacian on the sphere with eigenvalue �.2n � 1/ with these symmetries is precisely

a. Therefore w.x; t/ D q.r; t/a.x=jxj/. Substituting this expression into the PDE (2.4.13) for w yields the PDE

(2.4.4) for q.

By virtue of this Lemma, we can perform the �xed point argument on w. The next Lemma describes su�cient

estimates for this �xed point argument to hold, and in the proof the �xed point argument is described.

2.4.3 � wellposedness when n D 2

For the reminder of this section we �x n D 2.

Before stating the lemma we �x some index notation. In the course of the proof we will need to handle

Lebesgue space norms of quantities like q, qr , q
2
, qqr , etc., and other quantities which scale like these. We are led

to de�ne the index,

1

s.i; j /
D
i C j

4
�

i

6p
: (2.4.15)
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We will put items that scale like the product of i copies of q with a total of j derivatives in the space L
s.i;j /
x .

For example, we will put q in L
s.1;0/
x , we will put q2 in L

s.2;0/
x and qqr in L

s.2;1/
x . In this way, critical scaling is

maintained throughout as, for example, kqqrkLs.2;1/x
is invariant under scaling.

The Strichartz inequality we will use is,



Z t

0

ei.t�s/�Gds






L
3p
t L

r
x

. kGk
L
p
t L

s.3;1/
x
I

this is classical: see, for example, [43]. The Hölder inequality is,

kfgk
L
s.iCk;jCm/
x

� kf k
L
s.i;j /
x
� kgk

L
s.k;m/
x

I

and the Sobolev is, for k < l ,

kr
kf k

L
s.i;j /
x

. krlf k
L
s.i;jCl�k/
x

:

One veri�es that these inequalities hold by checking the relevant exponent conditions.

Finally, note that s.1; 1/ D r .

Lemma 2.4.3. For Theorem 2 to be true, it is su�cient that the following bounds hold:

krN.q/k
L
s.3;1/
x

. krqk3
L
s.1;1/
x

; (2.4.16)

kr.N.q1/ �N.q2//kLs.3;1/x
. kr.q1 � q2/kLs.1;1/x

�
krq1k

2

L
s.1;1/
x

C krq2k
2

L
s.1;1/
x

�
: (2.4.17)

Proof. Well-posedness follows by a �xed point argument for the operator

Tw D eit�w.x; 0/C i

Z t

0

ei.t�s/�N.q.r; s//a.x; s/ds:

We will show that T is a contraction mapping on a small ball around 0.

We �rst show that T maps a ball to itself. We have the bound,

kTwkX � kw0kX0 C





Z t

0

ei.t�s/�r.N.q/a/ds






L
3p
t L

r
x

. kw0kX0 C kr.N.q/a/kLpt Ls.3;1/x
:

Considering the space norm of the integral, we have, by Hölder and Sobolev, and then conditions (2.4.16),

kr.N.q/a/k
L
s.3;1/
x

. kr.N /ak
L
s.3;1/
x

C kNrak
L
s.3;1/
x

� kr.N /k
L
s.3;1/
x

C





1r N





L
s.3;1/
x

� kr.N /k
L
s.3;1/
x

. krqk2
L
s.1;1/
x

. krwk3
L
s.1;1/
x

;

and hence, as r D s.1; 1/,

kTwkX � kw0kX0 C Ckwk
3
X :

Now choose �0 so that C�20 � 1=2, and let � � �0. Then, if kw0kX0 � �=2 and kwkX � � we have,

kTwkX �
�

2
C C�3 �

�

2
C .C�20/� � �;

and so T maps every � ball into itself, for � su�ciently small, assuming the initial data satis�es the bound
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kw0kX0 � �=2.

We next show that T is a contraction in a su�ciently small ball around 0. Let w1 and w2 be two solutions,

with radial parts q1 and q2 respectively. We have,

Tw1 � Tw2 D

Z t

0

ei.t�s/�.r.N.q1/a/ � r.N.q2/a//ds;

which gives, using (2.4.17),

kr.N.q1/a/ � r.N.q2/a/kLs.3;1/x

. kr.N.q1/ �N.q2//akLs.3;1/x
C k.N.q1/ �N.q2//rakLs.3;1/x

. kr.N.q1/ �N.q2//akLs.3;1/x
C





1r .N.q1/ �N.q2//





L
s.3;1/
x

. .krq1k
2

L
s.1;1/
x

C krq2k
2

L
s.1;1/
x

/kr.q1 � q2/kLs.1;1/x
;

. .krw1k
2

L
s.1;1/
x

C krw2k
2

L
s.1;1/
x

/kr.w1 � w2/kLs.1;1/x
;

and so

kTw1 � Tw2kX . .kw1k
2
X C kw2k

2
X /kw1 � w2kX ;

and hence by choosing the ball small enough, T is a contraction.

Lemma 2.4.4. When n D 2 the bounds (2.4.16) and (2.4.17) hold.

Proof. Write,

N D
d

dr

�
�
2n � 2C u3

r2

Z r

0

u3.s/q.s/ds

�
C ˛q DW N1 CN2;

and recall,

˛r D Re

�
qrq C

jqj2

r
� q

2n � 2C u3

r2

Z r

0

u3.s/q.s/ds

�
: (2.4.18)

We will prove the bounds for N1 �rst.

We have,

krN1ks.3;1/ .




r2 ��2n � 2C u3r2

Z r

0

u3.s/q.s/ds

�




L
s.3;1/
x

.




.r2u3/ 1r2

Z r

0

u3.s/q.s/ds






L
s.3;1/
x

C





�2n � 2C u3r2
1

r2

Z r

0

u3.s/q.s/ds






L
s.3;1/
x

C





�2n � 2C u3r2
r.u3.r/q.r//ds






L
s.3;1/
x

DW AC B C C
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From the equation urr C jur j
2u D qre, we have jurr j � jqj

2 C jqj pointwise. Therefore, for A,

A �





.jqj2 C jqr j/ 1r2
Z r

0

u3.s/q.s/ds






L
s.3;1/
x

D kqk
L
s.1;0/
x




q
r





L
s.1;1/
x





1r
Z r

0

u3.s/q.s/ds






L
s.1;0/
x

C kqrkLs.1;1/x





 1r2
Z r

0

u3.s/q.s/ds






L
s.2;0/
x

D kqk
L
s.1;0/
x
kq=rk

L
s.1;1/
x
ku3.s/q.s/kLs.1;0/x

C kqrkLs.1;1/x





1r u3.s/q.s/ds





L
s.2;0/
x

. kqk2
L
s.1;0/
x

kqrkLs.1;1/x
C kqrks.1;1/





1r u3.r/q.r/





L
s.2;0/
x

. kqk2
L
s.1;0/
x

kqrkLs.1;1/x
C kqrks.1;1/




u3
r





L
s.1;0/
x

kq.r/k
L
s.1;0/
x

. kqrk3
L
s.1;1/
x

: (2.4.19)

For B , we have,

B .




2n � 2C u3r






L
s.1;0/
x





 1r3
Z r

0

u3.s/q.s/ds






L
s.2;1/
x

. kurkLs.1;0/x





 1r2u3.r/q.r/





L
s.2;1/
x

. kurkLs.1;0/x





u3.r/r





s.1;0/





q.r/r





L
s.1;1/
x

. kurk2
L
s.1;0/
x

kqrkLs.1;1/x
. kqrk3

L
s.1;1/
x

: (2.4.20)

For C , we have,

C .




2n � 2C u3r2

r.u3.r/q.r//ds






L
s.3;1/
x

.




2n � 2C u3r






L
s.1;0/
x

 



1r r.u3/q





L
s.2;1/
x

C





1r .u3/rq





L
s.2;1/
x

!
. kqk

L
s.1;0/
x

�
kru3kLs.1;0/x




q
r





L
s.1;1/
x

C




u3
r





L
s.1;0/
x

krqk
L
s.1;1/
x

�
. kqrk3

L
s.1;1/
x

: (2.4.21)

The three estimates (2.4.19), (2.4.20) and (2.4.21) together give the estimate krN1kLs.3;1/x
. kqrk3

L
.1;1/
x

.

As for N2, we have,

kr.˛q/k
L
s.3;1/
x

. k˛rqkLs.3;1/x
C k˛qrkLs.3;1/x

. k˛rkLs.2;1/x
kqk

L
s.1;0/
x

C k˛k
L
s.2;0/
x
kqrkLs.1;1/x

. k˛rkLs.2;1/x
kqrkLs.1;1/x

: (2.4.22)
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Then, using the expression for ˛r in (2.4.18) and the fact that u3 2 L
1

,

k˛rks.2;1/ . kqqrkLs.2;1/x
C





q2r





L
s.2;1/
x

C





2n � 2C u3r2
q

Z r

0

u3.s/q.s/ds






s.2;1/

. kqk
L
s.1;0/
x

�
kqrkLs.1;1/x

C




q
r





L
s.1;1/
x

�
C




q
r





L
s.1;1/
x





1r
Z r

0

u3.s/q.s/ds






L
s.1;0/
x

. kqrk3
L
s.1;1/
x

C




q
r





L
s.1;1/
x

kqk
L
s.1;0/
x

. kqrk3
L
s.1;1/
x

: (2.4.23)

The estimates (2.4.22) and (2.4.23) give krN2kLs.3;1/x
. kqrk3

L
.1;1/
x

. and hence (2.4.16). The estimate (2.4.17)

follows from an identical argument.

Theorem 2.1.2 is thus established.

§2.5 � THE ‘REAL’ HEAT FLOW CASE

In this section we will discuss what might be termed the ‘real’ equivariant heat �ow from Cn
to CPn. In the case

when ˛ D 1 and ˇ D 0, that is, for the harmonic map heat �ow, it is possible to make an ansatz which further

reduces the problem. In terms of the spherical coordinates,

ut D urr C ujur j
2
C
2n � 1

r
ur C

2n � 2C u3

r2
.e3 � uhu; e3i/; (2.5.1)

u.r; 0/ D v.r/ D .v1.r/; v2.r/; 0/ 2 Te3S
2;

this ansatz involves assuming that the initial data is valued in one great circle passing through the north pole;

that is, the initial data is of of the form c.r/e3 C d.r/v0. (See Figure 2.1.) In this case for t > 0 the solution will

continue to be valued in the same great circle. To see this, let w D v � e3 and let a.r; t/ D u.r; t/ � w. By taking

the inner product of equation (2.5.1) with aw we have,

aat D aarr � a
2
jur j

2
C
2n � 1

r
aar C

2n � 2C u3

r2
.�a2u3/

� aarr C
2n � 1

r
aar C

2n � 3

r2
a2:

By integrating this equation and using the Hardy inequality with best constant 4=d2 D 4=.2n�2/2 we determine

that,

d

dt

1

2

Z
Cn
.a/2dx � �2n�1

Z 1
0

a
@

@r
.r2n�1ar /dr C .2n � 3/




a
r




2
L2

D ��2n�1

Z 1
0

.ar /
2r2n�1dr C .2n � 3/

4

.2n � 2/2
kark

2
L2
� 0;

and hence a.r; t/ D 0 for all time. The solution is therefore a linear combination of v0 and e3.
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e3
v0

w D v0 � e3

Figure 2.1: In the case of the harmonic map heat �ow, if the initial data takes values in one great circle (here the

great circle spanned by v0 and e3), then the solution will be valued in the same great circle for future times. Both

the harmonic maps and the self-similar solutions constructed in section 2 are of this type.

In terms of the stereographic representation of the problem,

ft D frr �
2f f 2r
1C jf j2

C
2n � 1

r
fr .r/C

2n � 1

r2
f .r/C

2jf j2f

1C jf .r/j2

f .r; 0/ D f0.r/

the ansatz is that the initial data is of the form f .r; 0/ D b.r/ei� , for some real valued function b.r/ and a constant

� . The solution will then be of the form f .r; t/ D b.r; t/ei� , for the same constant � and for some real valued

function b.r; t/. This motivates the terminology ‘real heat �ow’.

It is not surprising that this problem is simpler to analyze, and in fact with this assumption we are able to say

more about the dynamics of the problem. On the other hand, this problem is still interesting because both the

harmonic maps and the self-similar solutions constructed in section 2 �t into this context. In fact, the harmonic

maps are given in the stereograpic coordinates by f .r; t/ D ˛r D j˛jrei� . The initial data for a self-similar

solution is just a point, so the initial data is valued in the great circle passing through that point and the north

pole.

We will now describe how, based on the ansatz just described, a simpler PDE on the solution may be determined.

As the solution is valued on a great circle we can perform a change of variables,

u.r; t/ D cos.g/e3 C sin.g/v0;

for an unknown real-valued g. Geometrically, g is the spherical distance between u.r; t/ and e3. We calculate,

ur D gr .� sin.g/e3 C cos.g/v0/;

and,

urr D grr .� sin.g/e3 C cos.g/v0/C g
2
r .� sin.g/e3 � cos.g/v0/

D grr .� sin.g/e3 C cos.g/v0/ � ujur j
2:
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Substituting these into (2.5.1) gives,

gt .� sin.g/e3 C cos.g/v0/ D

�
grr C

2n � 1

r
gr

�
.� sin.g/e3 C cos.g/v0/

C
2n � 2C cos.g/

r2
.e3 � cos.g/.cos.g/e3 C sin.g/v0//:

Taking the inner product of this equation with � sin.g/e3 C cos.g/v0 then yields the equation on g.

De�nition 2.5.1. The real heat �ow problem is the Cauchy problem,

gt D grr C
2n � 1

r
gr �

1

r2

�
.2n � 2/ sin.g/C

1

2
sin.2g/

�
(2.5.2)

subject to the initial condition g.r; 0/ D g0.r/.

For convenience we let �.x/ D .2n � 2/ sin.x/C sin.2x/=2.

De�nition 2.5.2. The stationary real heat �ow problem is the ODE,

0 D  00˛ .r/C
2n � 1

r
 0˛.r/ �

1

r2
�. ˛/; (2.5.3)

subject the initial conditions  ˛.0/ D 0 and  0˛.0/ D ˛ > 0.

In the spherical coordinates the stationary solutions – that is, the harmonic maps – are given explicitly

in (2.2.15). By transforming these solutions into the coordinates g, one �nds that the unique solutions to the

stationary real heat �ow problem are,

 ˛.r/ D 2 arctan.˛r/;

which may be veri�ed by substitution into (2.5.3). In light of later results, what will be most notable about the

explicit solution is that it is independent of n.

2.5.1 � uniqeness of solutions to the pde problem in the n � 3 case

PDEs of the type,

ut D urr C
d � 1

r
ur �

�.u/

r2
; (2.5.4)

with,

�.0/ D �.�/ D �.2�/; �.x/ > 0 for x 2 .0; �/; �.x/ < 0 for x 2 .�; 2�/;

arise naturally in the study of the equivariant harmonic map heat �ow from Rd to spherically symmetric manifolds.

There is a general theorem classifying when there is uniqueness of solutions and when there is not uniqueness

[23]. It states that if,

�0.�/ < �
.d � 2/2

4
; (2.5.5)

then there is non-uniqueness – that is, two distinct solutions with the same initial data – while if,

�0.x/ � �
.d � 2/2

4
; (2.5.6)
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for all x then for every initial data there is at most one solution in L1t L
1
x . We o�er the following new proof of

the latter case.

Proposition 2.5.1. Suppose that �0.x/ � �.d � 2/2=4 for all x. There there is at most one solution to (2.5.4) in
L1t L

1
x .

Proof. First we observe that the condition (2.5.6) implies the one-sided Lipshitz inequality,

�.u/ � �.v/

u � v
� min

x2Œ0;2��
�0.x/ � �

.d � 2/2

4
:

Now consider two solutions u and v of (2.5.4) with the same initial data u0 and set � D u�v. We will initially

assume that u0 2 L
2 \ L1, and remove the L2 condition later. Under this assumption we calculate,

1

2

d

dt
k�k2

L2
D
1

2

d

dt
�d�1

Z 1
0

j�.r; t/j2rd�1dr

D �d�1

Z 1
0

�

�
�rr C

2n � 1

r
�r �

�.u/ � �.v/

r2

�
r2n�1dr

D �k�rk
2
L2
� �d�1

Z 1
0

�2

r2

�
�.u/ � �.v/

u � v

�
r2n�1dr

� �k�rk
2
L2
C
.d � 2/2

4





�r




2
L2

� �k�rk
2
L2
C
.d � 2/2

4

4

.d � 2/2
k�rk

2
L2 � 0; (2.5.7)

where in the last line we have used Hardy’s inequality with the best constant 4=.d � 2/2. This implies that � � 0,

and hence that u D v.

We now show how the condition u0 2 L
2

may be removed so that uniqueness holds for all data u0 simply

in L1. The following is, up to a permutation of notation, an argument of [23]. We repeat it here merely for

completeness and in no way to claim it as our own.

Fix � > 0 and de�ne,

 �.t; x/ D �.t; x/ � �hxi;

where hxi D
p
1C jxj2 and � D u � v is as before. The function  � satis�es the equation,

 �t �� 
�
D �t ��� C ��hxi

D
1

r2
.��.u/C �.v//C ��hxi

�
1

r2
.d � 2/2

4
ju � vj C �

C

r

�
1

r2
.d � 2/2

4
j �j C �

C

r
: (2.5.8)

De�ne  �C D max. �; 0/. From the de�nition of  � we see that supp z�C � B.0;R=�/, where R D 2k �kL1 .
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We now calculate using the inequality (2.5.8),

1

2

d

dt
k �Ck

2
L2
D

Z
Rd
 �C. 

�
C/tdx

�

Z
Rd
 �C.� 

�
C/dx C

.d � 2/2

4

Z
Rd

. �C/
2

r2
dx C C�

Z
Rd

 �C

r
dx

� �kr �Ck
2
L2
C kr �Ck

2
L2
C C�

Z
Rd

 �C

r
dx;

where in the last step we used Hardy’s inequality with optimal constant. The �rst two terms on the right hand

side cancel. For the last term we have, by the support property of  �C and the Cauchy-Schwarz inequality,

1

2

d

dt
k �Ck

2
L2
� C�

Z
Rd

 �C

r
dx D C�

Z
B.0;R=�/

 �C

r
dx

� C�k �CkL2

�Z
B.0;R=�/

1

r2
dx

�1=2
� C
p
� C C

p
�k �Ck

2
L2
:

This di�erential inequality implies that,

k �Ck
2
L2
� eC

p
�t
� 1;

which gives, as � ! 0, that max.�; 0/ D 0. A similar argument shows that min.�; 0/ D 0 and hence that

� D u � v D 0.

In this context of the real equivariant heat �ow from Cn
to CPn, this implies the following result (given as

Theorem 5 (i) in the introduction).

Proposition 2.5.2. Let n � 3. For a given initial data there is at most one solution to (2.5.2) in L1t L
1
x .

Proof. Here d D 2n and �.x/ D .2n � 2/ sin.x/C sin.2x/=2. We calculate,

�0.x/ D .2n � 2/ cos.x/C 2 cos
2.x/ � 1

D .2n � 6/ cos.x/C 2.cos.x/C 1/2 � 3

� .2n � 6/.�1/C 0 � 3 D �.2n � 3/;

where the last inequality holds because n � 3 and so .2n�6/ � 0. Now using the inequality�.2n�3/ � �.n�1/2

(which is equivalent to 3 � �.nC 1/2) gives condition (2.5.6) and hence the result.

2.5.2 � the CP 2
case: breakdown of uniqeness

The n D 2 case is the most interesting. From the expression,

�0.x/ D 2 cos.x/C cos.2x/;

we see that �0.�/ D �1, which is precisely the threshold �.d � 2/2=4 D �1 in the conditions (2.5.5) and (2.5.6).

The condition that would imply non-uniqueness, (2.5.5), does not hold. However we �nd that,

�00.�/ D �2 sin.�/ � 4 sin.2�/ D 0;
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�1

�0 2�

�2

1

2

3

�.n� 1/2 threshold �4

�2

2

4

6

0 � 2�

�.n� 1/2 threshold

Figure 2.2: Plots of the function �0.x/ in the case of the real equivariant heat �ow from Cn
to CPn in the cases

n D 2 (left) and n D 3 (right). For the n D 3 case, we easily see that � satis�es the condition (2.5.6) with d D 2n,

and hence that uniqueness in L1t L
1
x holds. For the n D 2 case, we see that both (2.5.5) and (2.5.6) do not hold,

so the case does not �t into the general classi�cation theory.

and,

�000.�/ D �2 cos.�/ � 8 cos.2�/ D �2.�1/ � 8.C1/ D �6 < 0;

so in fact, by the second derivative test, � is a local maximum of �0.x/. This means that the condition that would

imply uniqueness, (2.5.6), does hold either. Hence the case of the real equivariant heat �ow from C2
to CP2 is a

borderline case not covered by the classi�cation theorem of [26]. (Plots of � in the n D 2 and n D 3 cases are

given in Figure 2.2, which make the di�erence clear.)

The question is then: does uniqueness hold or not? First, we see that the proof of uniqueness presented in the

last section clearly breaks down: because the derivative goes below the threshold value �.d � 2/2=4, a Lipshitz

inequality of the form �.u/ � �.v/=.u � v/ � �.d � 2/2=4 cannot hold.

On the other hand, inspecting the proof in [26] of non-uniqueness in the case (2.5.5) we see that it relies

critically on the following fact: if condition (2.5.5) holds, then the stationary solutions (that is, the harmonic maps)

of the PDE problem oscillate around the �xed point � as they converge to it. In our case, the harmonic maps

are given explicitly by  ˛.r/ D 2 arctan.˛r/ and are clearly not oscillatory, and so that proof of non-uniqueness

will not hold. In fact, what is interesting is that the harmonic maps being monotonic is ordinarily a sign that

there is uniqueness (if the uniqueness condition (2.5.6) holds, then the harmonic maps are necessarily monotonic.)

However, by using an alternative method in [26] we are able to show that uniqueness for the problem from C2

to CP2 does not hold. The original theorem requires some background to state, so we state a special version

adapted to our setting.

Theorem ([26], Theorem 2.2). Suppose that the ‘equator map’ u.r; t/ � � (which is a time independent solution of
the PDE) does not minimize the energy,

E.f / D

Z 1

0

�
jf 0j2 C


.f /

r2

�
rd�1dr;

where 
 0.x/ D �.x/. Then there exists a self-similar weak solution of the initial value problem (2.5.4) that is not
constant in time and that has the same initial data as the equator map, u0.r/ � � .
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Using this, we prove part (ii) of Theorem 5 in the introduction.

Proposition 2.5.3. For the case n D 2 there is non-uniqueness of the problem (2.5.2): there are two distinct solutions
with initial data u0.r/ � � .

Proof. The key aspect of the proof is capturing the fact that in the n D 2 case, the condition �0.x/ � �.d�2/2=4 D

�1 in (2.5.6) is violated. If the non-uniqueness condition �0.�/ < �1 in (2.5.5) held, this would be easy. However

because �0.�/ D �1, we need to do a higher order expansion of �0.x/ around � to show this. Once we establish

that condition �0.x/ � �1 is violated, we follow [41] and construct h based on a function which almost saturates

that Hardy inequality.

Let u D � denote the equator map and h be any function. We have,

E.h/ �E.u/ D

Z 1

0

�
jh0j2 C


.h/ � 
.�/

r2

�
rd�1dr; (2.5.9)

where 
 0.x/ D �.x/. One calculates,


 0.�/ D �.�/ D 0I


 00.�/ D �0.�/ D �1I


 000.�/ D �00.�/ D 0I


 0000.�/ D �000.�/ D �6:

Therefore by a Taylor expansion, if we choose ı small then there exists a constant C > 0 such that,


.x/ � 
.�/ � �.x � �/2 � C.x � �/4; (2.5.10)

for all x 2 Œ� � ı; � C ı�. The constant C is positive because 
 .4/.�/ < 0.

To use the inequality (2.5.10) in the energy expression (2.5.9), we need to choose h valued in Œ� � ı; � C ı�.

Following [41], we de�ne, for any � > 0, the function f� W Œ0; 1�! R by,

f�.r/ D

8̂̂<̂
:̂
��1 for 0 � r � �;

r�1 for � � r � 1=2;

4.1 � r/ for 1=2 � r � 1:

: (2.5.11)

One veri�es that f .r/ satis�es,Z 1

0

ˇ̌̌̌
f

r

ˇ̌̌̌2
r3dr �

Z 1

0

ˇ̌
f 0
ˇ̌2
r3dr �

�
1C

B

j log.�/j

�Z 1

0

ˇ̌̌̌
f

r

ˇ̌̌̌2
r3dr; (2.5.12)

for some B > 0 independent of �. That is, f is close to saturating the Hardy inequality, which in this case has

best constant 4=.d � 2/2 D 1. Then set,

h.r/ D � � ı
f�.r/

kf kL1
D � � ı

f�.r/

2
:

We observe that h.r/ 2 Œ� � ı; � C ı� for all r .
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We then have,

E.h/ �E.u/ D

Z 1

0

�
jh0j2 C


.h/ � 
.�/

r2

�
rd�1dr

�

Z 1

0

�
jh0j2 C

�.h � �/2 � C.h � �/4

r2

�
rd�1dr

D

Z 1

0

"
ı2

4
jf 0� j

2
�
ı2

4

ˇ̌̌̌
f�

r

ˇ̌̌̌2
� C

ı4

16

ˇ̌̌̌
f�

r

ˇ̌̌̌2
jf�j

2

#
rd�1dr:

Now using bound (2.5.12) we determine that,

E.h/ �E.u/ �
ı2

4

Z 1

0

ˇ̌̌̌
f�

r

ˇ̌̌̌2 �
B

j log �j
� C

ı2

4
jf�j

2

�
r3dr;

and by choosing � su�ciently small we may make the right hand side negative.

We thus determine that E.h/ < E.u/, and hence there are two solutions.

2.5.3 � the n � 3 case: precise dynamics of the self similar solutions

We �nally present some results on the dynamics of the self-similar solutions in the real heat �ow case when n � 3.

The methods of analysis here are not original, and our results are based on analogous results elsewhere. Our

motivation in presenting them here to show how in this special case, one can determine precise dynamics of the

self-similar solutions; it would be very satisfactory to extend these results to the general case of the GLL equation.

We �rst recall the self-similar problem.

De�nition 2.5.3. The self-similar real heat �ow problem is the ODE,

0 D �00ˇ .r/C

�
2n � 1

r
C
r

2

�
�0ˇ .r/ �

1

r2
�.�ˇ /;

subject the initial conditions �ˇ .0/ D 0 and �0
ˇ
.0/ D ˇ > 0.

From section 2.3 we know that for every ˇ > 0 there is a unique global solution to this problem and that there

exists �ˇ .1/ 2 R such that limr!1 �ˇ .r/ D �ˇ .1/.

Proposition 2.5.4. Let �ˇ be the solution of the self-similar problem and  ˇ the solution of the stationary problem.

(i) We have the bound �ˇ .r/ �  ˇ .r/.

(ii) The function �ˇ is monotonically increasing and �ˇ .r/ < � .

(iii) For �xed r > 0, the function ˇ 7! �ˇ .r/ is strictly increasing, �0.r/ D 0, and lim

ˇ!1
�ˇ .r/ D � .

(iv) The function ˇ 7! �ˇ .1/ is strictly increasing, �0.1/ D 0, and lim

ˇ!1
�ˇ .1/ D � .

The content of this Proposition may be seen at a glance in Figure 2.3. Note that in light of the non-uniqueness

theorem for n D 2, we don’t expect the same dynamics in the n D 2 case: in fact we expect a self-similar pro�le

whose asymptotic limit is � .

Lemma 2.5.5. Suppose that for all r 2 Œ0; R�, we have �ˇ .r/ < � . Then �ˇ is increasing on Œ0; R�.
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�

2:5

1=4

1=2

1

2

Figure 2.3: Plots of �ˇ .r/ for r 2 Œ0; 2:5� and ˇ D 0:25, 0:5, 1, 2, 4:5, 10, 30 and 100.

Proof of lemma. Becase ˇ > 0, the solution is initially increasing. For a contradiction, let r0 be the �rst critical

point in Œ0; R�. Because �ˇ is initially increasing, r0 must be a local maximum. However from the ODE we have,

�00ˇ .r0/ D �

�
2n � 1

r
C
r

2

�
�0ˇ .r0/C �.�ˇ .r0// D �.�ˇ .r0// > 0;

where �.�ˇ .r0// > 0 because �ˇ .r0/ 2 .0; �/. The condition �00
ˇ
.r0/ > 0 contradicts r0 being a maximum. Hence

�ˇ is increasing on Œ0; R�.

Proof of Proposition 2.5.4, (i). Let � > 0 and consider the functions �ˇ and  ˇC�.r/. De�ne,

f .r/ D r2. ˇC�.r/ � �ˇ .r//:

We will show that f .r/ � 0 for all r . Letting � ! 0 will then give the result.

By continuity of derivatives given by the well-posedness theory, there is an initial interval Œ0; ı/ on which

 ˇC�.r/ � �ˇ .r/ is increasing, and hence, as r2 is also increasing, the function f is increasing on this interval.

Now suppose that f has a critical point. Let r0 be the �rst critical point. Because f is initially increasing, this

critical point must be a local maximum. Because f is increaing on .0; r0/, we have f .r0/ > 0.

We then calculate,

f 00.r/ D r2. 00ˇC�.r/ � �
00
ˇ .r//C 4r. 

0
ˇC�.r/ � �

0
ˇ .r//C 2. ˇC�.r/ � �ˇ .r//

D
4 � .2n � 1/

r
f 0 C

2.2n � 1/ � 6

r2
f C

r3

2
�0ˇ C �. ˇC�/ � �.�ˇ /: (2.5.13)

Firstly, we have the Lipshitz bound,

�. ˇC�.r0// � �.�ˇ .r0// � �.2n � 3/. ˇC�.r0/ � �ˇ .r0//;

where we have used the fact that f .r0/ D  ˇC�.r0/ � �ˇ .r0/ > 0 to multiply across by  ˇC�.r0/ � �ˇ .r0/.

Secondly, because f .r0/ > 0, �ˇ .r0/ <  ˇC�.r0/ < � , and hence by the Lemma �ˇ is increasing on Œ0; r0�.

Therefore �0
ˇ
.r0/ � 0.
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Using both of these inequalities, and as well as f 0.r0/ D 0, in (2.5.13) yields,

f 00.r0/ � C
2.2n � 1/ � 6

r20
f .r0/C 0 �

2n � 3

r20
f .r0/

D
2n � 5

r20
f .r0/ > 0;

which contradicts r0 being a local maximum. Hence f has no critical points; it is increasing for all r . In particular,

it is always positive, so �ˇ .r/ <  ˇC�.r/ for all r . Taking the limit � ! 0 then gives �ˇ .r/ �  ˇ .r/.

Proof of Proposition 2.5.4, (ii). The previous bound gives �ˇ .r/ �  ˇ .r/ < � for all r . Hence by the Lemma,

�ˇ .r/ is always increasing.

Proof of Proposition 2.5.4, (iii). Set ˛ < ˇ. We wish to show that �˛.r/ < �ˇ .r/, which follows from a maximum

principle analysis of g.r/ D r2.�ˇ .r/ � �˛.r/. The analysis is similar to the proof of item 2. The function g is is

initially increasing. If r0 denotes the �rst critical point, which must be a maximum, one calculates,

g00.r0/ D

�
4n � 8

r2
C 1

�
g.r0/C

�ˇ .r0/ � �˛.r0/

r2

�

�
4n � 8

r2
C 1

�
g.r0/ �

2n � 3

r2
g.r0/ D

�
2n � 5

r2
C 1

�
g.r0/ � 0;

a contradiction. Therefore g is increasing for all r , and in particular is positive, and hence  ˇ .r/ >  ˛.r/.

Proof of Proposition 2.5.4, (iv). The proof follows from a similar maximum principle argument as in the previous

proof to show that the function,

h.r/ D

�
r

2C r

�2
. ˇ .r/ �  ˛.r//;

is increasing. One then has, for r > 1,�
r

2C r

�2
. ˇ .r/ �  ˛.r// �

1

9
. ˇ .1/ �  ˛.1// > 0;

and hence on taking limits,

. ˇ .1/ �  ˛.1// �
1

9
. ˇ .1/ �  ˛.1// > 0;

which is what we wanted to prove.
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APPENDIX: SOME STANDARD RESULTS

2.5.4 � hardy ineqalities

Theorem 2.5.6 (Generalized radial Hardy inequality). Suppose that f W Rd ! R is radial. Then for all p � 1 and
k � 0 such that p < d=.k C 1/ there holds,



 f

rkC1






Lp
�

p

d � p.k C 1/





frrk





Lp
: (2.5.14)

Proof. We suppose that f is smooth and compactly supported. The result for arbitrary f then follows from a

standard density argument.

We have,

d

dr

�
f

rk

�
D �k

f

rkC1
C
fr

rk
:

Multiplying this equation by .f =rkC1/p�1rd�1 and integrating over Œ0;1 yields,Z 1
0

d

dr

�
f .r/

rk

��
f

rkC1

�p�1
rd�1 D �

k

s.d/





 f

rkC1





p
Lp
C

Z 1
0

fr

rk

�
f

rkC1

�p�1
rd�1;

where s.d/ is the measure of the unit sphere in Rd . Now performing integration by parts on the term on the left

we �nd, Z 1
0

d

dr

�
f

rk

��
f

rkC1

�p�1
rd�1

D �

Z 1
0

�
f

rk

�
d

dr

"�
f

rkC1

�p�1
rd�1

#
dr C

��
f

rkC1

�p
rd
�ˇ̌̌̌rD1
rD0

:

The boundary term corresponding to r D1 is 0 because f is compactly supported. For the r D 0 term we �nd,

lim

r!0

�
f

rkC1

�p
rd D lim

r!0
f .r/prd�p.kC1/ D 0;
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if d � p.k C 1/ > 0. We therefore have,Z 1
0

d

dr

�
f

rk

��
f

rkC1

�p�1
rd�1

D �

Z 1
0

�
f

rk

�
d

dr

h
f .r/p�1rd�1�.p�1/.kC1/

i
dr

D �

Z 1
0

�
f

rk

�h
.d � 1 � .p � 1/.k C 1//f .r/p�1rd�2�.p�1/.kC1/C

C.p � 1/f .r/p�2fr .r/r
d�1�.p�1/.kC1/

i
dr

D �
.d � p.k C 1/C k/

s.d/





 f

rkC1





p
Lp
� .p � 1/

Z 1
0

fr

rk

�
f

rkC1

�p�1
rd�1:

Substituting this into the equation above and combining terms we get,

.d � p.k C 1//





 f

rkC1





p
Lp
D �s.d/p

Z
Rd

fr

rk

�
f

rkC1

�p�1
dx � p





 fr

rkC1






Lp





 f

rkC1





p�1
Lp

;

which upon dividing through by the norm of f=rkC1 gives the result.

Corollary 2.5.7. Suppose that f W Rd ! X is radial with X D C or X D Rm. Then for all p � 1 and k � 0 such
that p < d=.k C 1/ there is a constant C.d; p;X/ such that,



 f

rkC1






Lp
� C.d; p;X/





frrk





Lp
: (2.5.15)

Proof. Take X D C and write f as f .r/ D a.r/C ib.r/ for real valued functions a and b. Using that kukLp �

kReukLp C kImukLp , we have,



 f

rkC1






Lp

.



 a

rkC1





Lp
C





 b

rkC1






Lp

.



ar
rk





Lp
C





brrk





Lp

.




frrk






Lp
:

A similar argument holds X D Rm writing f in terms of its real-valued coordinate functions.

2.5.5 � local wellposedness for a class of singular ode

Theorem 2.5.8. Consider the Cauchy problem,

f 00.r/ D A
�
f 0.r/; f .r/; r

�
� k

�
f 0.r/

r
�
f .r/

r2

�
C
1

r2
B.f .r//; (2.5.16)

f .0/ D 0;

f 0.0/ D ˛ 2 C;

where,

� k > 0,

� A.z1; z2; r/ is a smooth function with A.˛; 0; 0/ D 0,
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� B.z/ is a smooth function such jB.z/j � C jzj3 in a neighbourhood of 0, and .@B=@z/.0/ D .@B=@z/.0/ D 0.

There exists r0 > 0 such that there is a unique solution among all functions f W Œ0; r0�! C satisfying,

jf .r/jL1.Œ0;r0�/ C

ˇ̌̌̌
f 0.r/ � f 0.0/

r

ˇ̌̌̌
L1.Œ0;r0�/

<1: (2.5.17)

The unique solution in this space is second di�erentiable at r D 0 and satis�es f 00.0/ D 0.

Let us make two remarks on the conditions in the theorem.

� The condition (2.5.17) on f is equivalent to both f and f 0 belonging to L1 and f 0 satisfying a Liphitz

condition at r D 0.

� The assumptions on B ensure that its behaviour as r ! 0 is non-singular; indeed, one readily veri�es

that, for smooth f , B.f .r//=r2 ! 0 as r ! 0. With this formulation of the Cauchy problem the singular

behavior occurs only in the term �.f 0.r/=r � f .r/=r2/.

Proof. Step one: setting up the �xed point formulation. For any r > 0, de�ne �r by,

�r .f / D kf .r/kL1.Œ0;r�/ C





f 0.r/ � f 0.0/r






L1.Œ0;r�/

;

and let Xr;M denote all functions f such that �r .f / �M . On the space Xr;M we de�ne a distance function for

f; g 2 Xr;M by,

dr .f; g/ D kf � gkL1.Œ0;r�/ C





f 0 � g0r






L1.Œ0;r�/

:

We will perform the �xed point argument in the complete metric space .Xr;M ; dr /.

We now express the Cauchy problem as a �xed point problem for an operator de�ned on Xr;M . Multiply

equation (2.5.16) by rk and integrate from 0 to r . Using integration by parts, the left hand side is,Z r

0

f 00.s/skds D f 0.r/rk � k

Z r

0

f 0.s/sk�1ds;

while the right hand side is,Z r

0

�
A.f 0.s/; f .s/; s/C

B.f .s//

s2
� k

f 0.s/

s
C k

f .s/

s2

�
skds:

We see that the integral terms involving kf 0.s/ cancel, giving,

f 0.r/ D
1

rk

Z r

0

�
A.f 0.s/; f .s/; s/sk C B.f .s//sk�2 C k

f .s/

s
sk�1

�
ds:

Using the fact that
1

rk

R r
0
ksk�1ds D 1, we can write this as,

f 0.r/ D
1

rk

Z r

0

h
A.f 0.s/; f .s/; s/sk C B.f .s//sk�2

Ck

�
f .s/

s
� f 0.0/

�
sk�1

�
ds C f 0.0/
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To �nd an equation for f .r/ we simply integrate this equation from 0 to r .

We therefore de�ne T by,

.Tf /.r/ D

Z r

0

�
1

tk

Z t

0

h
A.f 0.s/; f .s/; s/sk C B.f .s//sk�2

Ck

�
f .s/

s
� f 0.0/

�
sk�1

�
ds

�
dt C rf 0.0/:

By the preceding computations, constructing solutions of the Cauchy problem (2.5.16) is equivalent to �nding a

�xed point of T .

Step two: T maps a space into itself. We will show that for any M , there exists r0 such that T maps Xr;M into

Xr;M for all r � r0.

Fix M > 0. We will assume throughout that r � r0 � 1, as we are only interested in the local theory about

r D 0. Thus if �r0.f / �M we have for all r � r0,

jf .r/j � �r .f / �M and jf 0.r/j � jf 0.0/j C r�r .f / � jf
0.0/j CM I (2.5.18)

that is to say, if �r .f / � �r0.f / � M then f .r/ and f 0.r/ are valued in a bounded set in the complex plane

for all r � r0. By the smoothness conditions on A and B we therefore have that that there exists a constant CM

depending only on M such that for every f 2 Xr;M ,

jA.f 0.r/; f .r/; r/j � CM
�
jf 0.r/ � f 0.0/j C jf .r/j C r

�
(2.5.19)

jB.f .r//j � CM jf .r/j
3: (2.5.20)

In what follows the constant CM may change from line-to-line, but in all cases indicates a constant that only

depends on M and ˛ D f 0.0/.

We �rst examine .Tf /0.r/. It is clear from the de�nition of T that if f 2 Xr;M then .Tf /0.0/ D f 0.0/. We

therefore have, ˇ̌̌̌
.Tf /0.r/ � .Tf /0.0/

r

ˇ̌̌̌
�

1

rkC1

Z r

0

h
jA.f 0.s/; f .s/; s/jsk

CjB.f .s//jsk�2 C k

ˇ̌̌̌
f .s/

s
� f 0.0/

ˇ̌̌̌
sk�1

�
ds

We deal with each of the three terms on the right hand side in turn.

Using (2.5.19), the �rst term is,

1

rkC1

Z r

0

jA.f 0.s/; f .s/; s/jskds � CM
1

rkC1

Z r

0

�
jf 0.s/ � f 0.0/j C jf .s/j C s

�
skds

D CM
1

rkC1

Z r

0

�
jf 0.s/ � f 0.0/j

s
s C jf .s/j C s

�
skds

� CM
1

rkC1

Z r

0

�
�r .f /s C sjf

0.0/j C
s2

2
�r .f /C s

�
skds;

where in the last step we have used (2.5.18). On evaluating the integrals, and using r � 1, we �nd,

1

rkC1

Z r

0

jA.f 0.s/; f .s/; s/jskds � CM�r .f /r C jf
0.0/jr C r:
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Now for the second term. Using (2.5.20) we have,

1

rkC1

Z r

0

jB.f .s//jsk�2ds � CM
1

rkC1

Z r

0

jf .s/j3sk�2ds

� CM
1

rkC1

Z r

0

�
s3jf 0.0/j C s6�r0.f /

�
sk�2ds

� CM�r .f /r C jf
0.0/jr:

For the last term, we �rst look at,ˇ̌̌̌
f .s/

s
� f 0.0/

ˇ̌̌̌
�
1

s

Z s

0

jf 0.t/ � f 0.0/jdt D
1

s

Z s

0

jf 0.t/ � f 0.0/j

t
tdt �

s

2
�r .f /:

This gives,

1

rkC1

Z r

0

k

ˇ̌̌̌
f .s/

s
� f 0.0/

ˇ̌̌̌
sk�1ds �

k

2rkC1

Z r

0

�r .f /s
kds

D
k

2.k C 1/
�r .f / �

1

2
�r .f /:

With these three estimates we have established that,ˇ̌̌̌
.Tf /0.r/ � .Tf /0.0/

r

ˇ̌̌̌
� CM r.�r .f /C jf

0.0/j C 1/C
1

2
�r .f / � CM r C

M

2
: (2.5.21)

The L1 estimate on Tf follows immediately from this,

j.Tf /.r/j �

Z r

0

j.Tf /0.s/ � .Tf /0.0/j

s
sds C rf 0.0/ � CM r: (2.5.22)

With the two estimates (2.5.21) and (2.5.22) we thus have,

�r .Tf / � CM r C
M

2
;

for all r � r0. By choosing r0 su�ciently small (namely r0 � M=2CM ), we have that for all r � r0 that

�r0.Tf / �M , and hence that T W Xr;M ! Xr;M .

Step three: T is a contraction mapping. We will show that for su�ciently small r0, T is a contraction mapping

in Xr0;M .

As before, �x M . For su�ciently small r0, T maps Xr;M into itself for every r � r0. Take f; g 2 Xr;M . By

the smoothness assumptions there is a constant CM such that

jA.f 0.r/; f .r/; r/ � A.g0.r/; .r/; r/j � CM
�
jf .r/ � g.r/j C jf 0.r/ � g0.r/j

�
(2.5.23)

jB.f .r// � B.g.r//j � CM jf .r/ � g.r/j .jf .r/j C jg.r/j/ ; (2.5.24)

for all r � r0.
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Again we look at the derivative term �rst. We have,ˇ̌̌̌
.Tf /0.r/ � .Tg/0.r/

r

ˇ̌̌̌
�

1

rkC1

Z r

0

h
jA.f 0.s/; f .s/; s/ � A.g0.s/; g.s/; s/jsk

C jB.f .s// � B.g.s//jsk�2

C k

ˇ̌̌̌
f .s/ � g.s/

s

ˇ̌̌̌
sk�1

�
ds:

By similar arguments to before, and using conditions (2.5.23) and (2.5.24), we determine that,ˇ̌̌̌
.Tf /2.r/ � .Tg/2.r/

r

ˇ̌̌̌
� CM rdr .f; g/C

1

2
dr .f; g/:

Again the L1 estimate is a direct consequence of this,

j.Tf /.r/ � .Tg/.r/j D

ˇ̌̌̌Z r

0

.Tf /0.s/ � .Tg/0.s/

s
sds

ˇ̌̌̌
� CM rdr .f; g/:

The previous two equations imply that,

dr .Tf; Tg/ � CM rdr .f; g/C
1

2
dr .f; g/:

Hence choosing r0 su�ciently small, T is a contraction on Xr0;M . It follows from Banach’s �xed point theorem

there exists is a unique solution of the Cauchy problem (2.5.16) in Xr0;M .

Note that the constant M in the proof was arbitrary. Setting M D 1, say, gives us one solution f of the

Cauchy problem that is unique in the set Xr0;1 for r0 su�ciently small. Now suppose
Qf is another solution of

the Cauchy problem satisfying (2.5.17). This means f 2 Xr 0
0
;M for some r 00 and some M . We may assume that

M > 1, that r 00 � r0, and that r 00 is such that the existence and uniqueness argument above applies. We then have

Xr 0
0
;1 � Xr 0

0
;M , and so f and

Qf are both in the space Xr 0
0
;M . Because the solution in this space is unique, f D Qf .

Step four: the second derivative at r D 0 is 0.
The previous steps gives that for M D 1=n there exists rn such that the unique solution f of the Cauchy

problem (2.5.16) is in Xrn;1=n. We may assume that rn � 1=n. In an equation, this says,

jf .r/jL1.Œ0;rn�/ C

ˇ̌̌̌
f 0.r/ � f 0.0/

r

ˇ̌̌̌
L1.Œ0;rn�/

<
1

n
;

for some rn � 1=n. Taking the limit as n! 0 we see that f 00.0/ must exist and equal 0.

2.5.6 � an integration ineqality

Proposition 2.5.9. Suppose thatA0.r/Cc1rA.r/ � c2r�k for c1 > 0. Then for any r0 > 0,A.r/ � C.c1; r0/.A.r0/e�c1r
2=4C

c2r
�kC1/.

Proof. We may write the equation as,

d

dr

�
ec1r

2=2A.r/
�
�
c2

rk
ec1r

2=2;
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which on integration gives,

A.r/ � ec1.r
2
0
�r2/=2A.1/C c2e

�c1r
2=2

Z r

r0

1

sk
ec1s

2=2ds

D ec1.r
2
0
�r2/=2A.1/C c2

1

rk�1

�
1

r�kC1ec1r
2=2

Z r

r0

1

sk
ec1s

2=2ds

�
:

To prove the result we show that the term in the brackets is bounded independently of r . This term is clearly a

continuous function of r . Moreover, we have from the condition c1 > 0,

lim

r!1
r�kC1ec1r

2=2
D1 and lim

r!1

Z r

r0

1

sk
ec1s

2=2;

which means, by L’Hopital’s rule, that,

lim

r!1

�
1

r�kC1ec1r
2=2

Z r

r0

1

sk
ec1s

2=2ds

�
D lim

r!1

�
1

.�k C 1/r�kec1r
2=2 C c1r�kC2ec1r

2=2
�
1

rk
ec1r

2=2

�
D lim

r!1

1

�k C 1C c1r2
D 0:

We thus have for all r 2 Œr0;1/,�
1

r�kC1ec1r
2=2

Z r

r0

1

sk
ec1s

2=2ds

�
� C.r0; c1/;

which completes the proof.
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