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To come out of the Olympic Cinema and be taken aback
by how, in the time it took a dolly to travel

along its little track

to the point where two movie stars’ heads

had come together smackety-smack

and their kiss filled the whole screen,

those two great towers directly across the road

at Moy Sand and Gravel

had already washed, at least once, what had flowed
or been dredged from the Blackwater’s bed

and were washing it again, load by load,

as if washing might make it clean.

Paul Muldoon, ‘Moy Sand and Gravel’
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Introduction

This thesis is composed of two distinct works within the broad field of nonlinear Schrédinger equations. Each of
the two chapters begins with an introductory section describing the background and mathematical signficance of
the specific topic considered. This introduction knits the chapters together by providing a brief overview of the
origins of Schrodinger equations generally. The common theme in the field, and of course in partial differential
equations generally, is the influence of physical theories on the trajectory of mathematical research. Both of the
topics discussed in this thesis ultimately spring from equations first introduced by physicists to model real-world
phenomona.

THE LINEAR SCHRODINGER EQUATION

The linear Schrédinger was first introduced by Erwin Schrodinger in 1926 as a model for the behaviour of particles

at the atomic level. Neglecting effects due to special relativity, the equation for a single particle reads,

Ju —h?
ih—(x,t) = =—A+V(x,t) |u(x,t), (0.0.1)

ot 2m
where m is the mass, V(x,?) € R the potential energy, # is the reduced Plank’s constant and the space variable is
x € R?. The solution of this equation, the wave function u, is valued in the complex numbers. Within a year of
the publication of the Schrodinger equation, the wave function had been interpreted by Max Born as a generalized
probability density. Namely, for future times #, the probability of the particle being positioned in a set A C R is,

Prob(particle in A at time ¢) = / lu(x,1)dx. (0.0.2)
A

Central to this interpretation is the mathematical fact that for any solution u of (0.0.1), the total density ||u ||1242 is
conserved. Hence if the initial data satisfies ||u(t = 0) ||i2 = 1, thus defining a probability distribution on R¢ by
(0.0.2), for any future time ¢ the solution again defines a probability density by the same formula.

By normalizing the space and time variables one can assume that the constants # and m are 1. There are two
especially important cases of the equation. When V(x, ) = |x|? the equation reads,

1
iug(x, )+ EAu(x,Z) = |x2u(x,1). (0.0.3)
This is the equation for the quantum harmonic oscillator. It is an important model because an arbitrary potential

V' can be approximated by |x|? in a neighborhood of a minimum (up to translation). Moreover, the equation (0.0.3)
can be solved explicitly in terms of the Hermite functions, which form a basis of L2(R? — C). This method of
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Figure 1: Plots of f (&) (left) and Re f(x) (right) where f is a Gaussian centered at § = 5 in Fourier space and
x = 0 in physical space.

solution is discussed at length in Chapter 1.
When V(x,t) = 0, the equation becomes the free Schrédinger equation,

1
Lu,(x,t)—i-EAu(x,t) =0. (004)

This equation is the starting point for the mathematical theory of Schrédinger equations. It is the preeminent
example of a dispersive partial differential equation. By dispersive is meant that waves of different frequencies
travel at different speeds.

The dispersive character of (0.0.4) can be illustrated by examining the special collection of explicit Gaussian
solutions. We will illustrate this for d = 1, but the same argument can be performed in higher dimensions. Fix
a frequency w € R, a position a € R, a parameter € > 0 and define a function f by the following formula in
Fourier space,

- 1 — )2
76 = e (<5537 )ewiat).
The factor in front ensures that || 7 lz2 = || fllz2 = 1. Taking the Fourier transform of this Gaussian gives the

formula for f in physical space,

flx)= \/gexp (—M) exp (iw(x —a)).

This function is a wavelet localized about the frequency £ = w in Fourier space and the position x = a in physical
space. The € parameter controls the degree of concentration in Fourier space versus physical space. (By the
uncertainty principle, concentration in one comes at the expense of concentration in the other.) Plots of f and ?
in the case w = 5, a = 0 and € = 1 are given in Figure 1.

The linear Schrédinger equation can be explicitly solved when the initial data is the f. If u satisfies (0.0.4),



then the Fourier transform of the unique L? solution satisfies i i, (, £) = (1/2)£%#i(t, §). We then find that,

P g2 )2
u(g, t) =exp (—%) \/% exp (— € 26;0) ) exp (ia€),

1 (1 +i€2t)(E — w)?
Jae P (_ 262

200 o 10)2 2
u(x,t) = /Mexp(—H)exp(iw(x—a—ta)))exp(la;t).

Looking at the magnitude to ignore the phase terms, we have,

Nl = / € € p 2
|u(x, )| = ﬁexp (—2(1+—62t2)(x—a— 6()) )

There are two key observations to make.

iw?t

) exp (i(a + 10)E)) exp (T) ,

and hence,

o The Gaussian is travelling at speed w. That is, the wave is traveling at a speed given by its frequency.

This implies that if one begins the flow with a superposition of two waves centered at the same point in
physical space, but with different frequencies, they will travel at different speeds and spread apart. Namely,
they will disperse.

Note in particular that the group velocity is independent of @ and €.

e The Gaussian is spreading out as time increases, and in the limit as # — oo, u(x, t) goes to 0 pointwise. This
is really a consequence of the first observation. The Gaussian is itself the superposition of many frequencies.
The components of the solution corresponding to these frequencies are moving at different speeds, causing

the solution to spread out.

When the wave is highly concentrated in Fourier space (that is, when € is small), the wave spreads out slowly.
This is because the frequencies are concentrated in a small region in Fourier space, and the superpositioned
components of the solution are thus travelling at comparable speeds. Conversely, when € is large the
solution is the superposition of a wide set of frequencies and the pieces are traveling at quite different
speeds.

Using the fundamental solution of the free Schrédinger equation,

u(x,t) = eilx—ylz/(Zt)f(y)dy’

1
(2mit)d/? /]Rd

one can quantify the cumulative dispersive effect by the following decay inequality,

_ Il

< AT (0.0.5)

lx = u(x, )L

In particular, for L! initial data, the solution converges pointwise to 0 as 1 — oco. The L! norm appearing as
the convergence constant is consistent with the explicit Gaussian solutions we found. One easily calculates that
| fllz1 = +/2/€, so when € is small (large concentration in Fourier space) the constant factor in (0.0.5) is large,

and the decay is slower.



The decay inequality (0.0.5) can be used to prove an enormously useful family of estimates known as the

Strichartz estimates. These capture the dispersive character of the equation in a set of space-time norms. To

state these estimates, and for our discussion in the following subsections, we let e?*4u¢ denote the solution of

iu; + Au = 0 with initial data u¢. (In what follows it is easier to normalize the space variable again to remove
the 1/2 constant in front of the Laplacian, as we do from now on.)

Theorem (Strichartz estimates for the free Schrodinger equation). Fix d > 1. Call a pair of exponents (q,1)
admissible if2 < q,r <00,2/q+d/r =d/2,and (q,1,d) # (2,00, 2).

e For any admissible pair of exponents (q, r), there holds the homogeneous Strichartz estimate,

le"4uoll gy < C(d. g, )0l 2- (0.0.6)

e For any admissible pairs of exponents (q,r) and (a, b), there holds the inhomogeneous Strichartz estimate,

where a’ and b’ denote the Hoélder conjugate of a and b respectively.

t
/ e"AF(5)ds
0

=C(d.q.r.a.b)|Flla (0.0.7)
LiL, !

See [43] for a comprehensive discussion of these Strichartz estimates as well as a proof of the main cases.
We will use these estimates in Chapter 2 to prove a global critical wellposedness result for a certain nonlinear
Schrédinger equation. On the other hand, one of the consequences of our work in Chapter 1 is a proof of the
estimate (0.0.6) in the homogeneous case (d, g, r) = (1, 6, 6). Our proof moreover reveals the best constant in
this case to be C(1,6,6) = (1/12)/12,

NONLINEAR SCHRODINGER EQUATIONS

A number of nonlinear equations related to the linear Schrédinger equation appear in physical theories. The two
topics discussed in this thesis both spring from two such nonlinear equations. The first equation we discuss is the
nonlinear Schrédinger equation (NLS),

iug + Au = plul*u, (0.0.8)

where u € R. This specific NLS arises in the theory of nonlinear optics. It is a special case of the general NLS
equation,
iuy + Au = plul? tu, (0.0.9)

where £ € R and p > 1.

An enormous amount of mathematical research has been carried out on (0.0.9). In the original form of the
equation, the space variable is R?, and so the initial data is a map from R? to C. It is also possible to pose the
equation where the space variable is T¢ or another domain. The dynamics of the equation are hugely dependent
on the domain chosen. Below we show that when the domain is R?, the dispersive property of the linear equation
can be used (essentially by itself) to prove global small-data wellposedness. On the other hand, when the domain
is T¢, the linear equation exhibits dispersion but this does not translate into decay because of the geometry of the
torus, as we will see. Understanding the dynamics here is extremely difficult. The theory of continuous resonant
equations arose as a means of advancing research on NLS in this case.

First, we will show by example how the decay estimates for the linear Schrédinger equation can be used to
prove global critical wellposedness for NLS when the space domain is R¢. The theorem is for the L? critical case,



namely when the equation is invariant under the L? scaling f(x) > A%/2 f(Ax). The principal ingredient in the
proof is the decay property of the linear equation, quantified using the Strichartz estimates.

Theorem 0.0.1 (Critical L2 NLS solutions). Let p be the L? critical exponent p = 1 +4/d and let u = % 1. There
exists € > 0 such that if ||uo ”L% < € then there exists a unique global solution of NLS (0.0.9) in CYL2.

Observe that when d = 2 this theorem is precisely for the cubic NLS (0.0.8). The proof we present here
follows closely the proof given in [43].

Proof. The fixed point Duhamel representation of (0.0.9) is,
t

u(t) = Tu@)] = e"?ug — m/ e A (lu(s)|P u(s)) ds. (0.0.10)
0

In order to prove wellposedness we show that 7 is a contraction mapping in the space-time function space S°
defined by the norm,

lullso = sup  Jullgops-
(g,r) admissible

Note that CPL2 C S as (00, 2) is always an admissible exponent pair.
Let (¢, r) and (a, b) be admissible exponent pairs in the sense of the Strichartz estimates. We have, using
(0.0.10) and both Strichartz estimates (0.0.6), (0.0.7),

ITu®zgn; 5l uollgrs + 1O gy S Tollzz + BOI
Under the assumptions p = 14+4/d and (a, b) being admissible, we find that (pa’, pb’) is also admissible. Hence,
ITu®llso < lluollzz + llullGo-
It is standard that if € is sufficiently small, this inequality implies that 7 maps an € ball of S° centered at 0 to itself.

We next prove that T is a contraction on a sufficiently small ball around 0. Let v(z), u(¢) € S° and again let
(g.r) and (a, b) be admissible exponent pairs. By the inhomogeneous Strichartz estimate (0.0.7), we have,

t .
| Tv(t) — Tu(l‘)”L;IL; = H/O Pl t=9)4 [|u(S)|P—1u(S) — |v(s)|P—lv(s)] ds

LILY

S @17 () = v IP v ) | Lo
p—1 p—1
< (172 4 00720 ) =l

where we have used the pointwise estimate ||zl|1’_121 — |22|P_122| < p(|z1|77Y + |22]77Y)|z1 — z2|. Again,
(pa’, pb’) is admissible, so taking supremums we have,

-1 -1
170 = Tu@ls0 5 (lallB" +10l55") e = vl 0.
Hence by choosing the € ball sufficiently small, T is a contraction. O

The overall conclusion is that if we have decay, we can access the dynamics. Now, by comparison, consider



NLS posed for maps on the torus. The linear equation is,
iug(x,t) + Au(x,t) =0, (0.0.11)

for x € T?. By expanding the solution u(x, f) in a time-dependent Fourier series, we find that it is possible to
explicitly solve the PDE. When we do this we find that the solution u is quasi-periodic.

For concreteness, consider the case d = 1. We can identify maps from the circle T to C with periodic
functions from [0, 27r] to C. Expanding such a function u : [0, 2r] — C as a Fourier series,

u(x,t) = Z an(t)e’,

nez

and substituting into (0.0.11), we find that the coefficient functions satisfy ia},(t) — n?a,(t) = 0. Hence a, (1) =

e_inztan (0). The linear Schrédinger equation is thus explicitly solvable with solution,

u(x,t) = Zan(o)e—i;ﬂt-‘rinx' — Zan(o)ein(x—nt).

nez nez

The component of the solution corresponding to the discrete frequency r is still traveling at speed n, and
hence in this sense there is still dispersion. However the solution is periodic in time, with period 27, so there
cannot possibly be decay. Intuitively, the problem is in the geometry: waves travel apart, but because of the
structure of the torus these waves eventually meet again.

In all, the kind of global Strichartz estimates that were central in the proof above cannot hold. Continuous
resonant equations were introduced in [19] as a way of studying the dynamics of NLS on the torus. The central
idea is to approximate the NLS in a certain time and size regime by a different PDE, the continuous resonant
equation, for which we can say more about the dynamics. These dynamics are then projected back to NLS through
a rigorous approximation theorem. Chapter 1 of this thesis continues this research direction by studying two
continuous resonant type equations set on R.

SCHRODINGER MAPS EQUATIONS

The Landau-Lipshitz-Gilbert equation (LLG) is another nonlinear Schrédinger equation that appears in physics. It

arises in the physical theory of ferromagnetism. In its simplest form it reads,
u(x,t) xus(x,t) = Au(x,t) + |[Vu(x, 1)|?u(x, 1), (0.0.12)

where the function  is a map from R? to R? and x is the cross product of vectors in R>. The solution is actually
valued in the sphere S?> C R3: given initial data 1y : RY — R? satisfying |uo(x)| = 1 pointwise, one can show
for smooth solutions that |u(x, ¢)| = 1 for all x and ¢. The equation is thus an equation for maps valued in the
sphere.

It is not immediately obvious that (0.0.12) is a Schrédinger equation at all. To see that it is, we make three
observations. First, as an equation involving derivatives of a function valued on S?, the equation should be
understood as an equality involving elements of 7,,S?. Recall that the tangent space 7,,S? is explicitly given by,

T,S? = {v e R? | (v, u)g3 = 0}.

Second, for v € T;,S? we calculate that u x (u x v) = —v. This means that the operator Jv = u x v satisfies



J? = —I and thus behaves similarly to scalar multiplication by i (specifically the property i? = —1). J is called
a complex structure for this reason. Finally, because u, € T,,S2, we have (u,uy) = 0 and hence,

0= d_(uaux) = |ux|2 + (U, Uxx).
X

This gives that the projection of 1, onto the tangent space is given by,
P(uxx) = vxx — (Uxx, U) = Uxx + |ux|2u-

The equation (0.0.12) thus directly generalizes the linear Schrédinger equation to maps valued on the sphere:
multiplication by i is replaced by multiplication by the complex structure J, and the Laplacian Au is replaced by
the spherical Laplacian Au + |Vu|?u.

The LLG equation motivates the notion of Schrodinger maps, which is the topic discussed in Chapter 2.
Schrédinger maps generalize the usual linear Schrédinger equation (0.0.11) and the LLG equation (0.0.12) to
arbitrary maps u : M — N where M is a Riemannian manifold and N is a complex manifold. The Schrodinger
maps equation reads, Ju; = Apr— yu, where J is the complex structure on N and Aps—, y is the Laplace-Beltrami
operator for maps from M to N.

Research on Schrédinger maps has largely focused on the special case (0.0.12), both because of its physical
relevance and its mathematical accessibility. Chapter 2 of this thesis is motivated by the desire to study global
features of Schrédinger maps when the complex dimension of N is greater than 1. By studying the special case
when N is complex projective space, and making an equivariant ansatz, we are able to determine a mathematically

accessible equation describing the dynamics and access some of the higher dimensional theory.



Chapter 1

Continuous Resonant Equations

§1.1 - INTRODUCTION

In recent years resonant systems have emerged as extremely useful tools for studying nonlinear Schrodinger
equations (NLS). Resonant equations have been used to construct solutions of the cubic NLS on T? that exhibit
large growth of Sobolev norms [15]. They have appeared as modified scattering limits for a number of equations,
including the cubic NLS on R x T¢ [31], the cubic NLS on R¢ with 2 < d < 5 and harmonic trapping in all
but one direction [32], and a coupled cubic NLS system on R x T [45]. The continuous resonant equation (CR)
was originally shown to approximate the dynamics of small solutions of the two-dimensional cubic NLS on a
large torus Tf over long times scales (longer than L2 /€2, where € is the size of the initial data) [19]. Recent work
has extended this by showing that a whole family of CR equations approximate the dynamics of NLS on T f for
arbitrary dimension and arbitrary analytic nonlinearity [12]. The original two-dimensional cubic CR equation is
the same resonant system that appears in the modified scattering limit in [32] for d = 3; it has also been shown
to be a small data approximation for the cubic NLS with harmonic trapping set on R? [25].

One of the principal reasons that resonant systems are useful is that they generally exhibit a large amount
of structure. They are often Hamiltonian and usually possess many symmetries, a good wellposedness theory,
and an infinite number of orthogonal, explicit solutions. Extensive work has been done on studying such purely
dynamical properties of the CR equations: starting in the paper that introduced the original two-dimensional
cubic equation [19], in subsequent works again on this cubic case [24, 25], and a more recent paper on the general
case [11]. This research fits into a larger program of studying the dynamics of nonlocal Hamiltonian PDEs; we
mention, for example, work on the Szegd equation [22] and the lowest Landau level equation [21].

The two-dimensional cubic CR equation has, in particular, been found to have many remarkable dynamical
properties. The PDE is symmetric under many non-trivial actions such as the Fourier transform and the linear
flow of the Schrodinger equation (with or without harmonic trapping); it is Hamiltonian, and through these
symmetries admits a number of conserved quantities. The equation is globally wellposed in L? and all higher
Sobolev spaces. It has many explicit stationary wave solutions, including all of the Hermite functions and the
function 1/|x|. All stationary waves that are in L? are automatically analytic and exponentially decaying in
physical space and Fourier space.

The work of the present chapter was initiated by the question of whether these striking properties also hold for
the only other continuous resonant equation that scales like L?: the one-dimensional quintic continuous resonant



equation. Our investigation subsequently broadened to include another one-dimensional resonant equation that
is somewhat more physically relevent, and turns out to be the modified scattering limit in [32] for d = 2. Our
overall finding is that these Hamiltonian systems do display much of the remarkable dynamical structure of the
two-dimensional cubic CR. In fact, we are able to show that both systems belong to a large class of Hamiltonian
systems on the phase space L?(R — C), and that each system is this class bears many of the features of L2
critical CR: they have a strong symmetry structure, global wellposedness in L2 and other Sobolev spaces, , and
many explicit stationary wave solutions in the form of the Hermite functions. Typical members of the class lack
much of the structure of both cubic two-dimensional and quintic one-dimensional CR - for example, it is not the
case that all L2 stationary waves are analytic - but our findings do suggest that a number of the properties of the

L? critical CR equations are generic.

1.1.1- PRESENTATION OF THE EQUATIONS

The two systems we study in this chapter are resonant systems corresponding to the nonlinear Schrédinger
equation with harmonic trapping,

iy — Au+ x*u =iu, + Hu = |u|2ku, (1.1.1)

where the spatial variable is x € R and k = 1, 2 is an integer, so that the nonlinearity is analytic. The cubic k = 1
equation is physically relevant: in this case, (1.1.1) is the Gross—Pitaevskii equation and is a model in the physical
theory of Bose-Einstein condensates [29].

Let us first see how the resonant equations arise. Looking at the profile v(t) = e **Hu(t) (where e/'H is the
propagator of the linear equation iu; + Hu = 0), we find it satisfies,

iv, = e—th (|€”HU|2k€”HU) .

Expressing v(¢) in the basis of eigenfunctions of the operator H (namely the Hermite functions), the equation on
v can be written as,

k
=y ezmnw{l‘[((nnmv(z))(nnk+1+mv<r>))nm,v(t)}, (1.1.2)
m=1

RYseiog42€L7T

where IT,v is the projection onto the eigenspace of H corresponding to eigenvalue 2n + 1. The phase L in (1.1.2)
isgivenby L =ny + ...+ ng41 — (Mg42 + - .. + Nok+2). The resonant terms in the sum in (1.1.2) are the terms
that are not oscillating in time; that is, those satisfying L = 0. The resonant system corresponding to (1.1.2) is

obtained by considering only the resonant terms; namely,

k
w)= Y My, []‘[ ((Hn,nw(t))(H,,k+l+mw(t))) an+1v(t):| : (1.1.3)

nl,...,n2k+2€Z+ m=1

L=0

We will show in Section 1.2 that this resonant PDE may be written more compactly in terms of a certain time
average of the nonlinearity,

2 /4 ) ) )
iw(t) = ;/ p e isH <|e”Hw(t)|2ke”Hw(t)) ds. (1.1.4)



From this expression we are able to infer that the resonant system is, up to a rescaling of time, the Hamiltonian
flow on the phase space L2(R — C) corresponding to the Hamiltonian,

/4 )
P [ /R @ £) (o) PR+ 2dxds. (1.15)

T J—n/4

The overall resonant program is to gain information on the dynamics of solutions to (1.1.1) by studying
the associated resonant system (1.1.4). This program has two, distinct components. The first is to establish
approximation results that rigorously demonstrate that solutions of the resonant system well approximate
solutions of the full system in certain function spaces and over certain timescales. The second component of the
program is to understand the dynamics of the resonant equation itself. One then projects these dynamics back to
the original equation through the approximation results.

We start the chater by proving an approximation result that is valid for all positive integers k. We then analyze
the resonant system (1.1.4) in depth for the cubic case, when k = 1, and the quintic case, when k = 2. These two

cases are particularly significant for separate reasons.

e The cubic case k = 1 is physically relevant, as previously mentioned. In addition, the resonant equation

here is exactly the resonant equation obtained in [32] as the modified scattering limit of the NLS equation,
. 2., 2
iUy —Uxx —Uyy + |¥]7u = |ul7u, (1.1.6)

where the space variable is (x,y) € R2. Precisely, consider small initial data u¢(x, y). Suppose that
u(x, y,t) solves (1.1.6) with initial data (x, y) — ug(x, y). For each fixed x, let w(x, y, t) be the solution
of the resonant equation (1.1.3) with initial data y + ug(x, y). Then,

[ 2
lim ”u X, y,1) — et =0y Iyl

w(x, y,21n(t)) HHN(R2) =0,
where H" is the usual Sobolev space. (This holds for any N > 8 so long as the initial data is sufficiently
small.)

e In the quintic case, k = 2, we will prove that the resonant system (1.1.4) is precisely the one-dimensional
quintic continuous resonant equation. It is the only CR equation, other than the original two-dimensional
cubic CR equation, that scales like L2. One of the central motivations of this work is to understand the
dynamics of the CR system in this important special case.

1.1.2- OBTAINED RESULTS
1.1.2.1- An approximation theorem

We begin, in Section 1.2, by proving the following theorem, which shows that solutions of the resonant equation
(1.1.4) well-approximate solutions of the full equation (1.1.1) on a long time scale. This theorem is essentially a
lower dimensional version of Theorem 3.1 in [25], and our proof that proof closely.

Theorem (Theorem 1.2.3, page 20). Define the space J¢* by the norm || f || jes = | H*/? f || .2; this is equivalent to the
norm |[{x)* flz2+11{€)° f |l 2. Fixs > 1/2 and initial dataug € JH°. Letu be a solution of the nonlinear Schrédinger

equation with harmonic trapping (1.1.1) and w a solution of the resonant equation (1.1.4), both corresponding to the

10



initial data ug. Suppose that the bounds | u(t)|| ges, |w(t)| gs < € hold for allt € [0, T]. Then forallt € [0, T],
lu(t) — ™ w(t)]|ses < (z(zk + etk e2k+1) exp ((Zk n 1)z62k) .
In particular ift < €72 then |lu(t) — e w(t)| ses < €21,
1.1.2.2- Representation formulas for the Hamiltonians
Following the approximation result, we focus on studying the resonant system (1.1.4) in the cases k = 2 and

k = 1. Right away we note that the Hamiltonians (1.1.5) for these systems arise from multilinear functionals, in

the following way. In the quintic case (k = 2, so that the nonlinearity in (1.1.4) is order 5) the Hamiltonian is,

2 . 2 /4 .
Ho(1) = 21 flfgq = - [ [ ot (117)

which arises from the multilinear functional,

/4 ) ) )
ol fi. fo. fo. fu fo. fo) = = /_ . /R @ 1) 1) £ @ )@ f) (@ feydxdi, (118)

through He(f) = E¢(f, f. f, /. [, f)- The cubic Hamiltonian, corresponding to k = 1, is,

2 itH 4 2 /4 itH 4
o) = 21 flt = = [ [l peoptaxa (119
T LiLx T J—n/4JR
which is associated to the multilinear functional,
2 /4 ) ) i i
E4(f1. 2, f3. fa) = ;/ / /(e”Hfl)(e”Hfz)(e”Hf3)(e”Hf4)dxdt, (1.1.10)
—x/4 JR

through #4(f) = &4(f, f. f, f). The fact that the Hamiltonians can be expressed in terms of multilinear
functionals is a nontrivial structural property that guides much of the analysis. The symmetries of the Hamiltonian,
its wellposedness theory and the existence of certain stationary wave solutions can all be determined from studying
the associated multilinear functional (see Theorems 1.3.8 and 1.3.10 for examples of this in practice). We will

prove that Hamilton’s equations corresponding to #s and 4 are given by,
iuy = Jo(u,u,u,u,u) and iu, = T3(u,u,u),
respectively, where the multilinear operators 7 and 74 are defined implicitly by the formulas,

(T6(f15 f25 f35 Jas [5), &) 2 = 6&6( f1, f2, f3, fa, [5.8):

and,

(Ta(f1, f2, 13), &) 12 = 4€4(f1, f2, f3, 8)-

Hamilton’s equations are precisely the resonant equations (1.1.4) in the cases k =2 and k = 1.
In the study of resonant equations, it has turned out to be fundamental to determine alternative representations

for the Hamiltonian J¢, the associated multilinear functional & and associated multilinear operator 7. These

11



alternative representations often reveal structure that is concealed by specific representations such as (1.1.7) and
(1.1.9). In Sections 1.4 and 1.5 we derive numerous representations for ¢ and &4 respectively. First, for &g, we
find the two formulas,

Eol i fo. foo fu fs. fo) =~ A fR (@3 ) ) (e f2) (@ f) (@2 fo) (@A foydxdi  (1111)
= %/ J1(31) f2(02) f3(33) fa(ya) f5(¥s) fe(Ve)
RO

SM +y2+y3=y4+y5+y68y12+y%+y?2,=y‘%+y§+ygdyv

where, in the first equation, e’*4 denotes the propagator of the linear Schrédinger equation. These representations
both show that the quintic Hamiltonian system is the one-dimensional quintic continuous resonant equation [12].

To describe our next representations, we require some notation. For an isometry A : R> — R3, let E4 be the
multilinear functional,

Es(f1. f2. f3. fa. f5. f6) = /R3 J1((Ax)1) [2((Ax)2) f3((Ax)3) fa(x1) f5(x2) fe(x3)dx1dx2dx3,  (1.1.12)

where (Ax)r = (Ax, ex). The functional E4 is a special case of the type of functional that appears in Brascamp-
Lieb inequalities [10]. We then have the following representations: for the quintic equation, we prove that,

1
2372

where R(6) is the rotation of R by # radians about the axis (1, 1, 1); while for the cubic equation, we prove that,

2
E6(f1, f2, f3, fa. [5, f6) = /0 Er@y(f1. f2, f3, fa. [5, f6)dO, (1.1.13)

1
2272

where G(x) = e=**/2 and S () is the rotation of R3 by 6 radians about the axis (0, 1, 1);
The two representations (1.1.13) and (1.1.14) are extremely beneficial for studying #¢ and H#4. They also place

27
Ea i, fou for fo) = [0 Es@)(G. fu. fo. G, fo. f2)d6, (1.1.14)

the two Hamiltonians in a larger class of Hamiltonians that, we will find, share much of the same structure. This
is not obvious: a priori we might expect the Hamiltonians #s and #4 to be quite unalike. The differences in
(1.1.13) and (1.1.14) are also of note. The presence of the Gaussians G in (1.1.14) ultimately causes the symmetry
group of the cubic equation to be smaller than that of the quintic equation; it is also prevents the cubic equation
from having a scaling law, which has consequences for the possible stationary waves we can construct.

1.1.2.3- Properties of a class of multilinear functionals

Formulas (1.1.13) and (1.1.14) suggest that one can learn much about the dynamics of the Hamiltonian systems #s
and H#4 by studying the class of functionals E4. This is precisely what we do in Section 1.3. Our overall finding is
that many of the remarkable properties of the two-dimensional cubic CR equation may be found at the level of
the functionals E4. By (1.1.13) and (1.1.14), these properties are inherited directly by &g and &4. We will show
that the functionals E4 have a large group of symmetries, that the associated PDE problem is locally wellposed
in every Sobolev space and globally wellposed in L2, and that all of the Hermite functions are stationary wave
solutions of the associated PDE problem. We emphasize that A is always assumed to be an isometry of R3, as it is
in (1.1.13) and (1.1.14).

12



Theorem (Theorems 1.3.2 and 1.3.3, page 25). The functional E4 is invariant under the following actions (for any

A):
(i) Fourier Transform: fi + f. (iv) Quadratic modulation: fi > "< f.
(ii) Modulation: fi + '* fi. (v) Schrédinger group: fi — ¢'*2 f.
(iii) L* scaling: fic(x) = A" fi (Ax). (vi) Schriédinger with harmonic trapping: fi — ¢* fi..

If, in addition, A satisfies A(1,1,1) = (1,1, 1) (as is the case for R(0) in (1.1.13)), then E4 is invariant under the
following actions (for any A ):

(vii) Linear modulation: f +— eAx Jr- (viii) Translation: fi — fr(-+ 7).

All of these actions give symmetries for #g, by (1.1.13). For #4, the symmetries are not inherited automatically

because of the Gaussian terms in (1.1.14), however we find that five of the eight symmetries do hold.

Corollary (Theorem 1.4.8, page 42, and Theorem 1.5.5, page 61). The functional ¢ is invariant under all the
actions (i) through (viii). The functional &4 is invariant under the actions (i), (ii), (vi), (vii) and (viii).

These symmetries, seen purely at the level of E4, are used to generate conserved quantities for the resonant
equations, using Noether’s Theorem.

Corollary (Table 1.4.2, page 43, and Table 1.5.2, page 62). The following are conserved quantities of the resonant
equation (1.1.4) in the casesk =2 andk = 1,

/ (0P, f x| f(0)2dx, / i ()T (), / P+ | () dx.
R R R R

In the quintic case k = 2, we have the additional conserved quantities,
[ lixre + @) T, [ e [ 17 wpax

We next examine the L2 boundedness of E4.

Theorem (Theorem 1.3.6, page 29). There holds the bound,

6
\Ea(f1. for oo far S50 SO < T I fiell2-
k=1

In particular, | Ha(f)| := |Ea(f, . f. o f, ) < ||f||22 If A is not a signed permutation, there is equality in the
Hamiltonian bound if and only if f is a Gaussian.

This bound is actually an example of a geometric Brasscamp-Lieb inequality, and the classification of the
maximizers is already known [2]. We prove the inequality and classify the maximizers in our case in a way that
appears to be new.

The L? bound on E4 directly gives L? bounds for #g and #4; indeed,

1
24/372

27
Js(f)] < /0 \Exey(f. f. £ fo S A < —— 1 F15.

= 7n
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and similarly, |#4(f)| < (1/3270)| f ||12. There is equality in these only if f is a Gaussian. We find that for F
any Gaussian gives equality, whereas for #4 not every Gaussian does, essentially because of the lack of a scaling
law; see Proposition 1.5.7.

Using the representation He(f) = (2/7) ||eitAf||L?L§’ from (1.1.11), the L? bound on K reads,

; 1
itA 6 6
1€ £ epg < 52 IS I

7

which is the homogeneous Strichartz inequality in dimension one. Our work shows that the constant here is the
best possible, and that there is equality if and only if f is a Gaussian. These facts were previously determined in
[20].

We then turn to the PDE problem associated to E4. Given E4, a multilinear operator T4 is defined implicitly
by,

(Ta(f1,--.. f5),8) = 2E4(f1. f2, [3. & fa. f5) + 2E4(f1, f2. /3. fa. 8. f5)
+2E4(f1, f2, f3: fa. 15, 8).

From the representations (1.1.13) and (1.1.14), we find representations for the resonant equations,

iuy = Je(u,u,u,u,u) =

1 27

N / Treoy(u,u,u,u,u)do, (1.1.15)
0

and,

1 2w
iuy = Ta(u,u,u) = W/ Ts@e)(G,u,u,G,u)do, (1.1.16)
72 Jo

where R(0) and S(6) are the same matrices as in (1.1.13) and (1.1.14).

Theorem (Theorem 1.3.7, page 30). The mutilinear operator Ty is bounded from X° to X for (i) X = L2, (ii)
X = L*° foranyo > 0, and (iii)) X = H? for anyo > 0.

This theorem automatically implies analogous bounds for 75 and 74, and this leads directly to local wellposed-
ness for the resonant equations in all the spaces in the theorem. By pairing this local wellposedness result with
the conservation of the L2 norm, we get global wellposedness in L2.

Corollary (Theorems 1.4.12, page 45, and 1.5.9, page 64). Hamilton’s equations corresponding to He and H4 are
locally wellposed in X for (i) X = L?, (ii) X = L*° foranyo > 0, and (iii) X = H° for any o > 0. They are
globally wellposed in L?.

Finally, we find that the functional E4 interacts well with the Hermite functions.
Theorem (Theorem 1.3.9, page 33). Let {¢,}52, be the Hermite functions. If ny + ny + n3 # n4 + ns + ne, then
Ea(Pn, Onss by Ongs Ons, Pne) = 0. It follows that,
TA(¢n1 k) ¢n25 ¢n31 ¢n41 ¢n5) - C¢n67

for some C andne = n1 +ny +nz —ng —ns.

By using the representations of 7 and 7 in (1.1.15) and (1.1.16), and the fact that G = C¢g, we immediately
discover that,

T6(bn, s On, n.n) = Cupn and  Ta(dn, Pn, Pn) = Duthn,
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for some constants C,, and D,,. This immediately implies that e 7?¢? ¢, (x) and e 7*P7! ¢, (x) are explicit solutions
of the resonant equations (1.1.15) and (1.1.16) respectively. We recall that a solution of the form ¢'®*v/(x) is a
stationary wave solution.

Corollary. Foreveryn > 0, ¢, (x) is a stationary wave of the Hamiltonian systems #¢ and Hy.

By letting the symmetries of each of the equations act on ¢, we can construct more stationary waves; see
(1.4.37) and (1.5.24).

1.1.2.4- The quintic Hamiltonian, #¢

The previous subsection outlined results on the quintic Hamiltonian #g that all arise from the representation
(1.1.7) along with relevant properties of the functional E4. Such results also apply to any composite Hamiltonian
of the form,

H(f) = /Q $(@) Eaay(f. .. f)do. (1.1.17)

where A(w) is always an isometry and ¢ is integrable. One of the aspirations of the present work is that other
Hamiltonian systems may be cast into the framework of (1.1.17), and that our results on the functional £4 may
be applied therein.

The Hamiltonian s, however, has more structure than a generic Hamiltonian of type (1.1.17). In Section 1.4
we present a number of results that are based on this additional structure and that do not follow simply from
analogous properties of E4. We first prove that if a stationary wave is in L2, then it is automatically analytic and
exponentially decaying in physical space and Fourier space.

Theorem (Corollary 1.4.16, page 50). Suppose that ¢ € L? is a stationary wave solution of the quintic resonant
equation (1.1.3). Then there is o, § > O such that d)e‘)"‘2 € L* and qgeﬂxz € L. In particular, ¢ can be extended

to an analytic function on the complex plane.

We then investigate further boundedness properties of &g, which lead directly to local wellposedness of
Hamilton’s equation in the relevant spaces. Our first result is that g is smoothing: it maps Sobolev data to a

higher Sobolev space. The second result concerns boundedness in weighted L spaces.

Theorem. (i) (Theorem 1.4.17, page 50) For any o > 0, there is a § > 0 and a constant C such that,

5
1T6(fr, for S50 fas Sl p2o+s < C [ ] I /ellp2e

k=1

and,

5
1T6(f1. fo f3 fas f)lgo+s < C [ ] I fillao

k=1

(ii) (Theorem 1.4.18, page 53) For any s > 1/2 there is a constant C such that,

5
1T6(f1, for f3r fas f)lLoos < C [T I fillzoss.

k=1
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It is expected that item (i) here can be sharpened to show that 7g is bounded from (L°'/2)5 to 1.°°:1/2 (note
these are homogeneous weighted L°° spaces). As discussed after the proof of Theorem 1.4.18, this is equivalent to

1/4/|x| being a stationary wave of the quintic Hamiltonian system, which we conjecture.
1.1.2.5- The cubic Hamiltonian, J4

As in the quintic case, we present a number of results on the cubic resonant equation that rely on further structure
of #4 beyond that given by the representation (1.1.16). Again, we prove that stationary waves are analytic and
exponentially decaying in physical space and Fourier space once they are in 1.2, and we examine boundedness in
weighted L spaces. Our stationary waves theorem, and the broad plan of the proof, are the same as those of the
quintic equation, but the technical details are quite different.

Theorem (Theorem 1.5.13, page 68). Suppose that ¢ € L? is a stationary wave solution of the cubic resonant
equation (1.1.3). Then there isa, § > 0 such that qbe‘”z € L% and qASeﬂxz € L*°. In particular, ¢ can be extended
to an analytic function on the complex plane.

Theorem. Foranys > 1/2 there is a constant C such that, |T4( f1, f2, f3)||Loos < C I—[I3c=1 | ficllLoo.s.
1.1.3- PLAN OF THE CHAPTER

In Section 1.2 we prove the main approximation result. Section 1.3 is devoted to studying the functionals E4
defined in (1.1.12). We study the functionals in somewhat more generality than indicated above: we assume the
matrix A is an isometry from R” to R” and, then, that E4 takes 2n inputs. In Section 1.4 we present results
concerning the quintic Hamiltonian system defined by #, including the representation formulas and the details
of how our findings on E4 translate to &¢. The cubic Hamiltonian system is treated in a similar fashion in Section

1.5. There is one appendix that deals with the technical classification of the maximizers of the L2 bound on Ey.

1.1.4- NOTATIONS AND CONVENTIONS

e For x € R, the Japanese bracket is (x) = /1 + x2.

o« (£ = fo FXER)x.

e The Sobolev space H? is defined by the norm || f||go = || (X)U?HLZ

e The weighted space L2 is defined by the norm || f'|| 2.0 = [[{(x)? f | 2.

e H = —A + x? is the operator corresponding to the quantum harmonic oscillator.

e The Fourier transform of f is % (f)(§) = f(§) = (2m)"V/ [ e f(x)dx. With this convention, the
map f +> f is an isometry of L?(R), and the identity ¥ (¥ (f))(x) = f(—x) holds. We will frequently

use the Fourier inversion formula,

1
@m)"

/I;n /Rn eia(w,x)qb(w)dwdx = —(2]_[1)”/2 - q;(aw)dw - L(f)(O) (1.1.18)

la|

axZ 2
o Weset G(x) = e=**/2. Foralla > 0, ¥ (e_T) (€) = a~V/2e 5 and [p e dx = /7.

e A < B means there is an absolute constant C such that A < CB. A ~ Bmeans A < Band B < A.

16



§1.2- AN APPROXIMATION THEOREM

We begin the chapter by treating more precisely the derivation of the resonant equation (1.1.4) and then proving
the approximation theorem described in the introduction.

Before studying the nonlinear problem, we recall some basic properties of the linear problem corresponding to
(1.1.1). These facts will be used extensively throughout the chapter. The linear equation corresponding to (1.1.1)
is simply the equation for the quantum harmonic oscillator,

iuy + Hu = iu; — Au + x%u = 0, (1.2.1)
where H = —A + x2. For any initial data ug € L? there is a unique solution to (1.2.1), which we denote e!* 1.
An explicit representation of this solution is given by the Mehler formula,

eitHuo(x) — —i[(x2/2+y2/2) cos(2t)—xy]/sin(2l)u0(y)dy. (1.2.2)

1
[
V27| sin(2t)| JrR
(This and other properties of the linear flow may be found in [13].) From this expression we see that the solution
is time-periodic with period 7.

An alternative representation of the solution of (1.2.1) may be found by examining the Hermite functions
{#n}5 - The Hermite functions are eigenfunctions of H - they satisfy H¢, = (2n + 1)¢, — and they form an
orthonormal basis of L2. Each of these functions is a polynomial multiplied by the Gaussian e™*/2; for example,

do(x) = coe ™12, $1(x) = crxe ™2, $2(x) = ca(1 = 26%)e P2,
where the constants ¢, are normalizing constants that ensure ||@, |2 = 1. Using the eigenfunction property
one finds that e”H¢n = ei’(2"+1)¢n. Let IT,uo = (4o, $n)Pn be the orthogonal projection onto the eigenspace
spanned by ¢,. Given any ug € L? we may expand uo(x) = Y no o (ITyt0)(x), and then find,

o0
eug(x) = Y " C" D (ITyu0) (),

n=0

so the flow has a simple description in the Hermite function coordinates. We finally note that the Hermite
functions satisfy ¢, (—x) = (—1)"¢,(x), as may be infered from the formula ¢, (x) = cnexz/z(af”/d)c”)e,’_x2
from [13].

We now turn to the nonlinear problem (1.1.1). The linear part of the equation may be absorbed into the
—itH

nonlinearity by changing variables to the profile v(x,?) = e u(x,t). The function v satisfies the equation,

iv, = e ' <|e”Hv|2ke”Hv) = N¢(v,...,v), (1.2.3)

where N; is the (2k + 1) multilinear functional,

k
Ne(fis-oos fakr) = e |:<1_[ (eitHfm)(é’”kaJer)) (é’itka+1)i| . (1.2.4)
m=1
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We expand each of the functions f;, in the basis of Hermite functions,

o0 oo
ethfm _ eth Z Hnmfm _ Z ezt(znm+1)nnmfm,

nm=0 n;m=0

and then substitute into (1.2.4). This yields,

k
Ne(f1s -5 Jokr1) = Z BZiLtank_,_z |:(1_[ T, fn) Ty gy 4o fk+1+m)) Iy, fk+1:| ,  (1.2.5)
m=1

n1s5esn2f 4220

k+1
where L = ZmJ;l N — Ngtmt1-
In (1.2.5), when L # 0 the associated term in the sum is oscillating, while when L = 0 the associated term is
not. The resonant equation arises simply from neglecting the oscillatory terms. Define the multilinear functional
T by

k
T(flv"-7f2k+l) = Z Hn2k+2 |:<l_[(Hnmfm)(nnk+1+mfk+l+m)) an+1fk+1:| . (126>
m=1

The resonant PDE is then given by,
iw, =T (w,...,w). (1.2.7)

Lemma 1.2.1. The resonant functional T is the time average of the functionals N, over the interval [—m /4, w/4];

that is,
/4

T(f1s-oos fak+1) = %/ 4Nr(f1,--.,f2k+1)dr. (1.2.8)

—x/

Proof. We integrate the sum in (1.2.5) over [—7/4, w /4] term by term. If L = 0 nothing changes and we get the
associated term in (1.2.6). If L is even then f_nf/“l e?'L7dr = 0, and the term in (1.2.5) is 0. Finally if L is odd,
then either 1,545 is even and L — nyg45 is odd, or npx 42 is odd and L — nyg 45 is even. In the first case we have,

using the Hermite function property (11, f)(—x) = (=1)" ({1, f)(x), that,

k
( 1_[ ((Hnm fm)(_x))((nnk+1+m fk+1+m)(_x))) (an+l fk+1)(_x)
m=1

k
= (-DErare (]_[ (T Jr) O 4y 4y fk+1+m)(X))) (T S+ (),

m=1

and hence the function here is odd. Projecting onto the eigenspace spanned by the even function ¢, , , gives the
0 vector. The associated term in the sum (1.2.5) is thus 0. In the case when nx 45 is even and L — npk 45 is odd a
similar analysis shows that the term in the sum is again 0. In conclusion, all of terms corresponding to L # 0

vanish, while those corresponding to L = 0 are unchanged. O
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By virtue of the lemma the resonant equation can be written as,

2 /4
iw, =T (w,...,w) = — Ny (w(t),...,w(t))dr
T J-n/4
2 /4 . . )
- = emirH (|e”Hw(t)|2ke”Hw(t)) dr, (1.2.9)
T J-n/4

which is precisely (1.1.4). One can show that the resonant equation is, up to a rescaling of time, the flow
corresponding the Hamiltonian,

/4 )
Hok+2(f) = %/ /Rle”Hf(x)IZk“dxdr.

T J-n/4

The details of this Hamiltonian correspondence are presented in Theorem 1.4.1 below.
We now prove the approximation theorem. The theorem is essentially a lower dimensional analog of Theorem
3.1 in [25], and our proof follows theirs closely. The function space in our theorem is,

HS={uel?®: H/*ue L?},
with the norm ||u||ses = || H*/?u||;2. From [46], we have the norm equivalence,
lullges ~ 1) 2ull2 + 1(6)* %l 2.

This space H* is useful for two reasons: first, if s > 1/2, then the space is an algebra (as a direct consequence

of the norm equivalence); and, second, the space interacts well with the linear propagator e!*#, as seen in the

following Lemma.
Lemma 1.2.2. Fixs > 0. Forallu € 5 andt € R we have |[e!"™u| g5 < ||lu| gs.
A general L? version of this lemma appears in [8]; for L2, there is the following shorter proof.

Proof. First let s be an even non-negative integer. Write u € L? in the basis of Hermite functions as u =
Zf:o an¢n. Becuase s is a non-negative even integer, for every n we have HS/2¢,1 = (2n+ 1)S/2¢n. This then

gives,
||€itHM||§€,y — “HS/Z Zaneit(2n+l)¢n — Zaneit(2n+l)(2n + 1)S/2¢n
n=0 L2 n=0 L2
o0
=Y lane" @20 + 1)1 ¢n]7, (by orthogonality)
n=0
oo
=3 lan(@n + 122 lgnlZs = ules.
n=0
The result for general s follows from interpolation. O

Theorem 1.2.3. Fixs > 1/2 and initial data uy € #*. Let u be a solution of the nonlinear Schrédinger equation
with harmonic trapping (1.1.1) and w a solution of the resonant equation (1.2.7), both corresponding to the initial
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data ug. Suppose that the bounds | u(t) || ges, |w(t)| gs < € hold for allt € [0, T]. Then forallt € [0, T],
() — ™ w(t)]|ses < (z(zk + etk e2k+1) exp ((Zk n 1)z62k) .

In particular ift < €72 then ||u(t) — e "M w(t)|| gos < €2 t1,

Proof. Let v(x,t) = e "*Huy(x,t), so that v satisfies the PDE (1.2.3). We note that v(x,0) = u(x,0) = ug(x).
Using the lemma, we find that,

lu() — e Hw(@)l|ges = lle"™v(t) — T w(@) ]| ses < [lv(1) = w(@) | ges- (1.2.10)

To prove the theorem it therefore suffices to show that v and w are close in #°.

Therefore let v and w be solutions of the equations (1.2.3) and (1.2.7) respectively with the same initial data

Uo,

ive(t) = N (v(1), ..., v(t)) = e HH (|e”Hv(z)|2ke”Hv(z)) . (1.2.11)

/4
() = T (), ... wt)) = 3[ emirH (|e”Hw(z)|2ke”Hw(z)) dr, (1.2.12)

T J-n/4
up(x) = v(x,0) = u(x,0). (1.2.13)

Set,

Di(f1s--+s farw1) = Ne(f1s ooy farr) = T (f1so ooy fort1) (1.2.14)

k
= Z e2ithn2k+2 |:(l_[ (Hnm fm)(nnk+1+m fk+1+m)) an-H fk+1i| . (1~2‘15)

n1,...,n2k+220 m=1
L#0

From the expressions of the multilinear operators Ny and 7 in (1.2.11) and (1.2.12) (or their multilinear versions
(1.2.4) and (1.2.8)), from Lemma 1.2.2, and from the fact that #* is an algebra, it follows that N; and T are
uniformly bounded from (#°)2k*1 to #3. The same holds for D; from (1.2.14).

Set () = v(t) — w(t). Because ¢(0) = 0, the Duhamel form of the equation on ¢ is,

ip(t) = /0 [T(r),...,v@F) =T (w(r),...,wr)) + Dy(v(F),...,v(r))]dr. (1.2.16)

We will determine a priori bounds on ¢. For the first term in the integrand here, we can expand by multilinearity
to find,

1T ), ....,v(r) =T (w),...,w(r))| ges

2k
< Z T (),....,v0F),vr) —wr),w),...,w) ||es
0 ~————— ~—_———

m times 2k—m times

2k
< Y @ Ges o) = wE) [Lges w56

m=0

< 2k + DeX*|v(r) — w(r)| s. (1.2.17)
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For the second term in the integrand in (1.2.16) we need to look more closely at the operator D;. We first

observe the identity,
. d [T .
eerL — €21€Ld9,
dr |z |2 ]
2L

where | x| is the smallest integer less that x. (Recall from the proof of the first lemma that only even values of L

contribute to the sum in (1.2.15).) The interval of integration here has length less than 1. We can then handle the
second term in (1.2.16) as follows,

/(;[Dr(v(r),...,v(r))]ds

-y / ™ My {(H(Hnmvv))(mﬂ nmv(r)}

NNk 4+2=0 m=1
L#0

k —_—
- Z / dr ([ |2 210Ld9) nog 42 |:(H(Hnmv)(17nk+l+mv)) an+lv:| dr.

Nlseeny nok+4+2>0 m=1
L#0

Using integration by parts, we have,

(left hand side)

t r ; d k -

n1sesn2k 4220 0 2
L#0

+ Z (/:LZJ 219Ld9) nok+42 |:<l_[ (nnm U)(an+l+m U)) Py vj|

ni,...,n2k42>0 2 m=1
L#0
—/ / Dg(v(r),...,v(r),v.(r),v(r),...,v(r))do0dr
L2r »—,_/ —/_/

m times 2k—m times

+ (Lm Do(v(2).. ..,u(z))de) :

2

Because the interval of integration [% L%J ,t] has length less than 1, we get,

H/O [Dr(v(r),...,v(r))]ds

<1@k+1) sup (03 e () lles ) + @13
s ref0,] (1.2.18)

< t(2k 4 1)e*kt1 4 2k+1

where in the last line we have used ||v | gs < ||v ||2k+1 < €%+1 coming from (1.2.3).
Combining the estimates (1.2.17) and (1.2.18) we get

() lges < (2k + 1)e* (/Ot ||¢(s)||,,€sds) + 1 (2k 4 1)e*htl 4 2k+1
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Gronwell’s inequality then implies that,
lo@) = w©)les = Ne@llaes = (1 + D+t 4 ) exp 2k + 1ret)

which, with (1.2.10), gives the Theorem. O

§1.3- ANALYSIS OF A CLASS OF MULTILINEAR FUNCTIONALS

In the introduction we presented two formulas (1.1.7) and (1.1.9) that represent the Hamiltonians #¢ and 4 in
terms of simpler functionals of the form Ejg4,

1 2w

He(f) = 2J§n2/() Erey(f. f. 1. 1. 1. f)dO, (1.3.1)
1 2w

Ha(f) = W/o Eswo (G, [, .G, f. [)do. (1.3.2)

Here, for an isometry A4 : R” — R”, the 2n multilinear functional E4 is defined by,

Eahioeer fon) = [ T]ACADD T (o), (133)
k=1

where x € R”, xx = (x,er) and (Ax)r = (Ax, er). (In the introduction, and in formulas (1.3.2), n is set to 3, but
the work in this section is for arbitrary n.) As stated in the introduction, it turns out that one can gain significant
insight into the dynamics of the systems associated to the Hamiltonians # and #4 by understanding properties
of the functionals E4. This section, therefore, is a general study of this family of functionals. We will examine the
symmetries of E4, its boundedness in L2 and higher Sobolev spaces, and its relationship to the Hermite functions.
Our motivation throughout is to relate these findings back to the dynamics of the Hamiltonian systems defined by
He and Hy4. For this reason we will also present a number of results that relate properties of a generic multilinear
functional &( f1, ..., fan), to the flow induced by the Hamiltonian #(f) = &(f,..., f) associated to it.

Our approach here is abstract, but we consider the abstraction justified for three reasons. First, it is efficient.
Once we have proved, for example, L2 local wellposedness for the partial differential equation induced by (1.3.3),
it will immediately imply L2 local wellposedness for the two distinct systems defined by (1.3.2). Second, our
approach clarifies which structure in the Hamiltonians (1.3.2) is responsible for certain dynamics. As a byproduct,
it suggests that many of the remarkable properties of these Hamiltonian systems (large number of symmetries,
wellposedness in many spaces, Hermite functions as stationary waves) are generic. Third, one might expect that
there are other Hamiltonian systems of mathematical or physical interest that can be cast into the framework
suggested by the representations in (1.3.2). Our results here would immediately give significant insight into the
dynamics of such systems.

1.3.1- THE MULTILINEAR FUNCTIONAL FRAMEWORK

In what follows, plain Latin letters such as E4, T4 and H4 will denote the specific multilinear functional defined
by (1.3.3) and objects associated to it. Curly letters &, 7, and # will denote a generic multilinear functional,
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multilinear operator and Hamiltonian respectively. All multilinear functionals take 2n arguments, are linear in
the first n arguments and conjugate linear in the last n arguments, as in (1.3.3).

The functional properties of E4 depend strongly on the matrix properties of A. In the representations in
(1.3.2), the matrices involved are all isometries, and we will find that this structural property plays a key role in
the analysis. We will therefore assume throughout that the matrix A4 is an isometry.

Definition 1.3.1. (i) To each matrix A we associate a multilinear operator T4 defined implicitly by the formula,
n
(TA(flv RN f2n—1)’ g>L2 =2 Z EA(flv e fn+k—1’g’ fn+k’ D) f2n—1)~ (1~3'4)
k=1
(ii) To each matrix A we associate a function Hy defined by Hq(f) = Ez(f, ..., f).

These definitions are motivated by the following theorem.

Theorem 1.3.1. Suppose that a multilinear functional & (f1, ..., fan) has the permutation symmetry,
E(fro-os fus Suvrs-oos fon) = E(fuvrsoo fon J1oooo S). (1.3.5)
Then H(f) = &(f...., f) is a real valued function and hence a Hamiltonian on the phase space L>(R — C).
Hamilton’s equation of motion is given by iu,(t) = T (u(t), ..., u(t)) where the multilinear operator T is defined
implicitely by
n
(T(froee fon1)- 82 =2 Y E(fieee fatk1: 8 futhr -+ fan1)- (1.3.6)
k=1

Proof. First, if (1.3.5) is satisfied, then H(f) = &(f...., f) = &(f, ..., f) = H(f), and therefore H (f) € R.

In order to find Hamilton’s equation of motion corresponding to J, we first recall the Hamiltonian phase space
structure of L2(R — C). A symplectic form on L? is given by w(f, g) = —Im (£, g), 2. Given a Hamiltonian
J : L? — R, the symplectic gradient V,,# is defined as the unique solution of the equation

d
o(VoH(f).8) = —=|  H(f +eg). (1.3.7)

€=0

Hamilton’s equation is then u; = V4 (u).
In the case when H(f) = &(f,..., f), we have, by multilinearity,

LN g +eg) =

d
=] &
del._, 7c (f +eg..... [ +eg)

€=0

—Zeu f.8 [ )—2Re28(f gl S, (1.3.8)

k=1

k 1 times 2n— k times n+k 1 times 2n—k times

where in the last step we used the permutation symmetry (1.3.5). On the other hand, setting,

N H(f)=T(foo. [,

we find,
(Vo H(f).8) = —Im T (fi.... f).8) =Re(T(f..... [),g) (1.3.9)
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By the definition of the symplectic gradient in (1.3.7), the right hand sides of (1.3.8) and (1.3.9) must match for all
f and g. By replacing g by i g and using conjugate linearity, we see that this equality condition holding for all g
actually implies that,

(T )8 =2 &L [ o8 foonns f),
N——— N———

k=1 n+k—1 times 2n—k times

which, in polarized from, is precisely (1.3.6).
Finally, Hamilton’s equation is iu; = iVy,y H(u) = 7 (u, ..., u). O

For a generic isometry A, the functional E4 does not satisfy the permutation symmetry condition (1.3.5).

However, if we define, for example,

Eafio o fon) = 5 [EaCfre oo o) + EaClaen - Fon T ).

then E 4 does satisfy (1.3.5), and all the properties of E4 we prove below carry over to E 4. We will not be
concerned with this point, because while the functionals E4 do not have the permutation symmetry (1.3.5), the
functionals &g and &4 defined in (1.1.8) and (1.1.10) do.

Before presenting general results on E4, we give two concrete examples. These two examples illustrate how

different isometries A can give rise to very different partial differential equations iu, = Ta(u, ..., u).

Example 1. Taken =2 andlet 4 : R2 — RZ? be the identity matrix. Then,

Ea(f1, f2, f3, fa) = /Rz J1(x1) f2(x2) f3(x1) fa(x2)dx = (f1, f3)12(f2, fa) L2,

and hence Hq(f) = ||f||;:2 We calculate,

TA(fl,fz,fn(y):z[ [ i) [ o) |8y + [ [ iG] fz(xz)5y=x2dx]
R R
=2/ fa Sa)iz + 20 fabie.

Hamilton’s equation is then iu;, = T4 (u,u,u) = 4ulju ”1242’ which has a unique solution for initial data ug € L?

. 2
given by u(x,1) = ¢* ”uOHthuo(x).

I -1

— ; — 1
Example 2. Take n = 2 again, and let A = 7 <1 {

) be the rotation of R2 by /4 radians. Then,

Eathiofo oot = [ A (M52) A (P52 Al At

and,

T4(f1, f2. 5)()
_ y—s Y5\ s—y S+ y\ o
‘Zmﬁ( NG )f( NG )fS(”d”A;fl( NG )f( N )f“s)ds] (1:3.10)

In this case it is not clear that the general solution of the equation iu; = T4(u, u,u) can be written explicitly.

However it is still possible to determine many properties of the flow. For example, one may verify by substitution
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that, for any « > 0, the functions u(x,t) = eivBr/at p—ax? 4pq u(x,t) = xe“"xz, are explicit solutions of
iu; = Tq(u,u,u) (the second solution does not depend on time). These solutions were both produced using
Corollary 1.3.10 below.

1.3.2: SYMMETRIES OF THE FUNCTIONAL AND ASSOCIATED CONSERVATION LAWS

In this subsection we uncover some of the rich symmetry structure of the functional E4. We recall that A4 is
assumed to be an isometry throughout.

Theorem 1.3.2. The functional E4 is invariant under the Fourier transform, that is,

Es(f1reo f2n) = Ea(fis-- ., fon): (1.3.11)
It follows that Ta(f 1. .., fan-1))(E) = Ta(fi. ..., fan1)(E).

Proof. Because A4 is an isometry, we have (£, Ax) = (A7£, x) for all £, x € R". Now calculating,

EaFree Tan) = [ T] P00 Fnsatirds
k=1

1 - . i .
= ) /l;n 1_[ (/R etk (AX)k fk(‘i‘_k)dgk) (/l; €tkakfn+k(Vk)de) dx

k=1

1 (A E—vox) " —
Q)" An /Rzn ¢ kl:[l Jie 1) f nrx(Wi)dEdvdx,

where in the last line we have used (£, Ax) + (v, x) = (471& — v, x). We first change variables y(§) = A~ —v,
or £(y) = Ay + Av. The determinant of this change of variables is 1 because A is an isometry. Performing the
change of variables then gives the required identity,

~ ~ 1 i) T —
EaFrvee Ton) = e [ [ €0 T feCve + A0 T aG)dydud
k=1

= fRn /Rznkl_lzlfk((AV)k)7n+k(Vk)dV = Eq(f1..... fan).

where in the second equality we used the Fourier inversion identity (1.1.18) witha = 1.
For the operator statement, let g be an arbitrary element of 2. Using the definition of Ty4 in (1.3.4) we have,

(Talfis- s on1):8) = (Ta(fi o, fon1):8) =2 Ea(fiseo s futk—1: & Fatko - fon—1)

k=1
n —~ —~ —~ o~
=2 Ea(f1.-o s fotk1:& Futko o f2n1)
k=1
=(Ta(f1,--, f2n-1),8)- (1.3.12)
The operator identity follows. O

Theorem 1.3.3. The functional E4 is invariant under the following actions (for any ):

25



(i) Modulation: fi > e'* fy.

(ii) L? scaling: fi(x) — A2 fr (Ax).
(iii) Quadratic modulation: fi — ei)‘lxlsz.

(iv) Schriodinger group: fi — e'*4 fi.

(v) Schrédinger with harmonic trapping group: fi — ¢'*H f where H = —A + |x/|2.

If, in addition, A satisfies Ae = e, wheree = (1,...,1) € R", then E4 is invariant under the following actions (for
any A):

(vi) Linear modulation: fi > ¢** fy.
(vii) Translation: fi — fi(-+ A).

Proof. (i) We have,

Eq(e? fi.....e" fan) = /R T e* A0 Fop(aiddx = Ealfi.-... fon).
k=1

(ii) Let fk)k (x) = A2 fi (Ax). We write out E4 and perform the change of variables y = Ax (with dy = A"dx)
to find,

EaCfoee £ =30 [ ] AeGADT i Ghrid
R k=1

= [ T An0T e = EaCfic... fon
k=1

(iii) Because A is an isometry, |Ax|? = |x|? for all x € R”. Using this, we have,

n
EA(ei/llfol, o »eiMxprn) _ /];{ 1_[ eiM(AX)klzfk((AX)k)e_iMXk|27n+k(xk)dx
k=1

_ / AP T T (4000 T i (e
k=1
= EA(fL e on)'

(iv) Using the previous part and the invariance of the Hamiltonian under the Fourier transform, we find,

Ea(€? fi,....e* fo,) = Eq(e M F o7 M)

= Es(f1-os fan) = Ea(fr- s fan).

(v) In this part we use ¢ instead of A, and show invariance of the functional under ¢?*#

First, we note that if z is an integer then e’ [24nm)H £ ? (from, for instance, the Mehler formula (1.2.2)).
The t = 7/2 + nn case thus follows from Theorem 1.3.2.
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Ift # 7/2+nm then we may represent ¢!’ f using the lens transform [44]. This transform relates solutions
of the free linear Schrédinger to the linear Schrodinger equation with harmonic trapping. Precisely, there
holds,

(eitka)(x) — (ei(tan(Zt)/Z)Afk) (L) eixztan(Zt)/Z. (1.3.13)

cos(2t)

1
v/ cos(2t)

We substitute this expression into the functional. Using in turn the symmetries (iii) (with A = tan(2z)/2),
(ii) (with A = 1/ cos(2t)), and (iv) (with A = tan(2¢)/2), we determine that,

Eq(e™™ f1,... " )
— £, <;(ei(tan(2z)/zm fl)( x )

Vcos(21) cos(21)

1 i(tan(2¢)/2) A ( X )
" /cos(21) (e fon) cos(2t)
= E (€ COPA f) (x), . (£ @CODA L) (1)) = Ea(fis- . fan):

(vi) In these last two parts we assume that, in addition to being an isometry, the matrix A also satisfies Ae = e
fore = (1,...,1) € R". We then have,

Eq(@™ fi,....e"™ fo,) = /R [T ™ (A ™ £y (i) dx
k=1

- / eiHan o=l TT £ (Ax)) k(i)

k=1

= Eq(f1,..., fan)-

where in the last step we used (4x,e) = (x, A7 le) = (x,e).

(vii) This follows immediately from the previous part and the invariance of the functional under the Fourier
transform, as in item (iv), noting that the Fourier transform takes x > e** f(x) to £ — f (£ + A).

O
The symmetries of the functional £4 lead directly to commutator identities for the operator Ty.
Corollary 1.3.4. We have the following commuter identities,
e CTA(fi. ... fanm1) = Ta(e™@ fi.....e"*C fr_1) (1.3.14)
n
OTa(fis s fon-1) = Y Ta(frs s fim1s Qfics St fan—1)
= 2n—1
= Y Talfie-- fie1. Qficr fewts--- fana). (1.3.15)
k=n+1

where Q is any of the following operators.

1. For a generic isometry A, Q = 1,0 =x%, Q0 = Aand Q = H.
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2. Ifin addition Ae = e, wheree = (1,...,1),0 = x, Q =id/dx.

Proof. For each of the operators Q, the flow map ¢?*€ is an isometry of L? for all A, and,

Ea(e? fi,....e"*2 fr,) = E4(f1,.... fon),

from Theorem 1.3.3. For each g € L2, we thus have,

€*CTu(f1,.. .. fan-1), €)12
= (TA(f17 ) f2n—l), e_iAQg>L2

n
= ZZ Ey4 (f1,~~-»fn+k—1,€_MQg, Stk - --’f2n—1»)
k=1

n
=2 Z Ey4 (eiAth i 1.8.6C fukn eiAQon—1,>
k=1
= (Ta(e™ f1.....¢"2 frn_1).8) 2.

which gives (1.3.14). To get (1.3.15), differentiate (1.3.14) with respect to A and set A = 0. O

In Hamiltonian mechanics, the primary purpose of finding symmetries is to determine conservation laws.
These two concepts are linked through Noether’s theorem. We have seen, in Theorem 1.3.1, that in the present
context if a functional & satisfies the permutation symmetry (1.3.5), then the functional gives rise to a Hamiltonian
H# and Hamilton’s equation of motion is iu; = T (u,...,u). With this Hamiltonian structure, a version of
Noether’s Theorem applies.

Theorem 1.3.5 (Noether’s Theorem). Let & be a multilinear functional that satisfies the permutation symmetry
(1.3.5). Suppose that Q is a self-adjoint operator on L? such that

E@™ Sy ey = E€(fir . fan). (1.3.16)
Then the quantity (Q f, f )2 is conserved by the Hamiltonian flow of #(f) = &(f,.... f).

Proof. We first show that (T7(f...., f), Of) € R. Differentiating equation (1.3.16) with respect to A and setting
A = 0 gives,

n n
YN E(for S Of S )= 8L fLOf S ) (1.3.17)
=1 %,_/ ‘/_4 =1 ‘/_4 H,_/

k—1 times 2n—k times n+k—1 times n—k times

the sign being determined by the linearity or conjugate linearity of each component. Now using the permutation
symmetry (1.3.5) followed by (1.3.17) gives,

(T 0 =2 &(f . f.Of f . ))=2> &(fiee . f.Of firiii f)
N, e’ N, e’ N, e’ N e’

k=1 k=1

n+k—1 times n—k times k—1 times 2n—k times

=2 (Lo [ OF S ) =T (s ), QF),
k=1 N—— N———

n+k—1 times n—k times
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Symmetry e*Q of § Operator Q commuting with 7 Conserved quantity (Q f, f)
ferf 1 Jr 1f()?dx
S/ Jrlixf'(x) + f(0)] f (x)dx
[ etE f x? Jr 1xf () [2dx
fe*af A Jr 1f/(0)Pdx
fety H Jr IXfQ)? + | f/(x)[>dx
f> e f X Jr x| f(x)|>dx
= f(+2) id/dx Jrif'(x) f(x)dx

Table 1.1: Relationship between the symmetries of & and the conserved quantites of the Hamiltonian flow, as
given by Noether’s Theorem.

which shows that (T(f,..., ), Qf) isreal. Then,ifif; = T(f,..., f), we have,

d
L) =i UQT (Lo ). ) = (LT ([ )]
=i[{(T(rr i .0) = (QLT(foro s N =2ilm(T(f..... /). Qf) =0,
so (Qf, f) is constant. O

Table 1.1 summarizes the relationships between the symmetries of E4 described in Theorem 1.3.3, the
associated commuting operators in Corrolary 1.3.4, and the conserved quantities given by Noether’s Theorem.
As discussed previously, the functional E4 does not automatically satisfy the permutation symmetry (1.3.5) so
Noether’s Theorem does not apply directly; however, the Hamiltonian systems defined by #¢ and #4 do satisfy
(1.3.5) and so will have a number of these conserved quantities as a consequence of symmetries induced by
Theorem 1.3.3.

1.3.3- BOUNDEDNESS AND WELLPOSEDNESS

In this subsection we establish an L2 bound on E4, and bounds of the form,

ITa(f1s .o fan-Dllx = Cllf1llx - f2n-1llx. (13.18)

for X = L2, X = L?>° and X = H°. We will then show how these bounds imply local existence of solutions to
Hamilton’s equation iu; = T4(u, ..., u) in the space X. By employing some of the conservation laws derived in
the last section, it is possible to establish global existence in L2 and other spaces for certain functionals.

Theorem 1.3.6. There holds the bound,

2n
\Ea(f1.-- o)) < [T I ficlee- (1.3.19)
k=1

In particular we have Ha(f) < ||.f ||i’§ Both of these bounds are sharp.
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Proof. The proof involves one use of the Cauchy-Schwarz inequality. We have,

Ea(fi.--o fon)| = | /R T (A0 F i (i)
k=1

n 1/2 n
= |fk((Ax)k)|2dx) ( | fn k(xk)|2dx)
(L1 Jo 15

In the first integral we perform the change of variables y = Ax. Because A is an isometry, the determinant of

1/2

this change of variables is 1, and so by Fubini’s Theorem,

1/2

n 1/2 n 2n
|EA(fis-- s fan)l < ( / I1 |fk(yk)|2dy) ( / I1 |fn+k<xk)|2dx) =TT Ifellz2-
R =1 R k=1 k=1
which is the bound for Ey4. Setting f = f for all k gives the bound Hy(f) < ||f||]2d2
From the Cauchy-Schwarz inequality, we have the equality condition,
n n
[T fe(Ax)) = [T fosr i (1.3.20)
k=1 k=1

By assumption, 4 is an isometry, so that > 7 _, [(Ax)x|* = |Ax|*> = |x|*> = Y_f_; |xk|*. This immediately gives
that the Gaussian G(x) = e~ satisfies the equality condition (1.3.20), and hence that H(G) = ||G|| i’; The
inequality (1.3.19) is thus sharp. O

In a later subsection we discuss the classification of all functions { f }i”z , that saturate the multilinear
functional inequality (1.3.19). The two examples on page 24 show that, in general, such a classification will depend
on the matrix properties of A. In Example 1, H4(f) = | f ||22, and so the bound Hq(f) < ||.f ||;:2 in Theorem
1.3.6 is always equality. This is not the case in Example 2. In Theorem 1.3.11, we will find that if A is not a signed
permutation matrix — namely that there is at least one basis element e such that Aey is a linear sum of at least
two other e; basis elements - then the equality H4(f) = || f ||i]§ holds only if f is a Gaussian.

In the meantime, we use the inequality (1.3.19) to establish bounds for the multilinear operator Ty4.

Corollary 1.3.7. There holds the bound,

2n—1
ITa(f1- s fan-0llx < Co [T IAIZ
k=1

for the following spaces.
(i) X = L? withC, = 2n;
(ii) X = LZ’U,for anyo > 0 with C, = 2n2to,
(iii) X = H?, foranyo > 0 with C, = 2n2to,

It is important that the boundedness constant Cj, is independent of A. This implies that if we have a composite
Hamiltonian of the form,

/ﬂ () Hagy(f)d.
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then the associated operator will be bounded once ¢ is integrable. This is precisely how Corollary 1.3.7 will be

applied to the Hamiltonian systems # and Hs.

Proof. (i) We argue by duality using the implicit representation (1.3.4). By the bound on E,4 from Theorem 1.3.6

we have,

2n
UTa(frs oo fonm1) @2l <20 ) 1Ea(fiseeos ftmets & fatms - oo fanm1)

k=n+1
2n  2n-—1 2n—1
<2 3" T Isleelglee = (2n I1 ||fk||Lz> lgll.>.
k=n+1 k=1 k=1

This gives the result for X = L2.

(ii) Fix x € R". Because 4 is an isometry we have, for every m, |xp|*> < |x|*> = |Ax|*> = Y p_; [(Ax)k|?.
Therefore, for fixed m, there is an integer / such that |x,,|> < n|(Ax);|>. With () denoting the Japanese bracket,
we then have (x,,) < n{(Ax);) and so,

n

m) <n | TT (A0 () | ((Ax)m),

k=1,k#m

because in all cases (t) > 1. In terms of the functional E4, this gives,

Ea(Lfrls o 1 it Sl | fre=als - [ fanD)

(1.3.21)
=n?Eq(()°1fils o O it b 1 Sl ) o=l oo ()] f2n ).
Now applying this to T4, we have,
(TA(fls ceey f2n—l)s g)L2~0
= (Ta(f1.- .. fan-1). (1)°78) 12
2n
=2n Y Ea(fir s fie1s (078 fio s fonm1)
k=n+1
2n
<20 3" Ea((0)°1 il (0 [ fimal (011 @ Uil (67 ] fanma])
k=n+1
2n—1
=< (2'12” I1 ”fk”Llff) lgllz2o
k=1
which gives the result for X = L%,
(iii) This follows from (ii) using the invariance of the operator 74 under the Fourier transform. O

The next proposition shows that, in general, bounds of the form determined in the previous proposition imply

local wellposedness.

Proposition 1.3.8. Suppose that T : X™ — X is a multilinear operator that is bounded on a Banach space X ; that
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is,

1T Cfro f)llx < Cr [T I llx

k=1
forsome Cq. Set T(f) =T (f,..., f). Forevery fo € X thereisaT > 0 and unique local solution to the Cauchy
problem for Hamiltonian’s equation,

ife =T (/)

(1.3.22)
ft=0) = fo,
in the space L*°([0, T'], X). The time of existence T depends only on || fo|x.

Proof. The Duhamel formulation of the Cauchy problem (1.3.22) is

£(0) = RUF(1) = fo+ /0 T(F(s))ds.

To prove local existence we will show that there isa T = T'(|| fo|lx) such that the operator R is a contraction on
Yr = L°°([0, T], X). The proposition then follows from Banach’s Fixed Point Theorem.
We first have the bound,

t t
IRGO)x < Il follx + [0 ITF)lixds < [l follx + Cr /0 L OIEds < [ follx +1CrIfI. (13.29)

Next we have |R(f1(t)) — R(f2(¢))|x < fot 1T (f1(s)) — T (f2(5))||lxds. To evaluate the right hand side, we

use multilinearity to write,

THE) =T L)) =Tfroe o O =T (foren )= Y T(froee 1o 1= fo foroo o).
—————— ~—————

k—1 times m—k times

This equality gives,

m—1
1T (/1) = T (a)lx < Cr Y IAIK 1A = Llxl LI

k=1
< |fi = folx(m = DCr [ AIE + | L1271,

and then,
IR(f1(1)) = R(f2(tDlly, < Ifv = Fally, (¢n = DC [ A7 + 11 £217.2]) - (1.3.24)
From (1.3.23) and (1.3.24) it follows that for any M > || fo|lx we may choose T such that R : By, (0, M) —
By, (0, M) and R a contraction on this space. O

It is key in the proposition that the local time of existence depends only on || fo||x. This enables one to pair
the local wellposedness result with a conservation law in the previous subsection to get global wellposedness. We
will do precisely this to prove global wellposedness in L? of solutions to the Hamiltonian systems # and #4.
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1.3.4- THE FUNCTIONAL IN THE BASIS OF HERMITE FUNCTIONS

The symmetry of the functional under the action e/’ implies interesting explicit relationships between E4, T4

and the Hermite functions {¢, }52 .

Theorem 1.3.9. If> ;_, my — Zi’;n—i-l mg # 0, then Eq(¢m,, . ... Pm,,) = 0. This implies that,

Ta(Pmys-- - map_y) = Cr, (1.3.25)

for some constant C where | = ZZ=1 my — Zii 1+1 my. (We understand that if | < O then ¢; := 0.)

n

H

Proof. By the symmetry under the action e/’ | we have,

EA(¢m1 LR v(bmz,,) = EA(eitH¢m1 PR veithbmz,,)

— EA(éit(2m1+l)¢ml,...,eit(2m2"+l)¢m2 )

= "L Eg(Pmys - oy )

where L = ZZ=1 my — Zi":n_,_l my. If L # 0, as in the statement of the theorem, then necessarily the E4 term
here is 0.

Next, let my, ..., ma,—1 be given, and fix p # ZZ:I my — Zi":nl_i_l my. We have,

(TA(¢m1 s ’¢m2n_1)»¢P)L2 =2 Z EA(¢m1 s ’¢mn+k—l ’¢P’¢mn+k’ cee 7¢m2n) =0,

k=1

by the previous part and because p # > j_, mg — Z,ZC';_,,IH mg. The function T4 (dm,. ..., Pm,,_,) is thus
orthogonal to ¢, for all such p. Because the Hermite functions are an orthonormal basis of L2, we must have
(1.3.25). O

Corollary 1.3.10. Set w, = 2nHu(¢,). Then u(t,x) = e''®¢,(x) is a stationary wave solution of iu, =
Ta(u,...,u).

Proof. From the previous proposition, we know that,

Ta(@n, ... ¢n) = Onn, (1.3.26)

for some wy,. It it follows that e 7/ ¢, (x) is a solution of iu; = Ty(u, ..., u).
Taking the inner product of both sides of (1.3.26) with ¢, and using (1.3.4), we find that w, = 2nHy(¢,). O

By applying the symmetries of E4 given in Theorem 1.3.3 to ¢,, one can obtain other stationary wave solutions.
In fact, with this procedure one finds that all functions of the form, ae’ bx2¢n (cx) are stationary waves, where
a € C and b, ¢ € R. If in addition the matrix A4 satisfies A(1,...,1) = (1,..., 1), then all functions of the form,
aeibx2+idx¢n(cx + e) are stationary waves, wherea € C and b,¢,d, e € R.

We note that in higher dimensions, as in the work of [25], the dynamics of the eigenvectors of H under the
continuous resonant equation are more interesting because the eigenspaces of H are multidimensional. This
allows for more complicated dynamics than simply stationary waves. In dimension one, each eigenspace of H is
one dimensional (being spanned by ¢, alone) and it necessarily follows that any eigenvector of H corresponds

simply to a stationary wave solution.
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1.3.5- CLASSIFICATION OF THE MAXIMIZERS OF THE 12 BOUND

We have previously established the inequality |Ha(f)| < || f| i’; and showed that it is sharp. In this section we
discuss the classification those functions that saturate the inequality. While classifying the cases of equality in an
inequality is often illuminating, in the theory of Hamiltonians on the phase space L? it is especially relevant. In
all the Hamiltonian systems discussed in this chapter, the L? norm of f is conserved by the Hamiltonian flow,
and the Hamiltonian J itself is always conserved. Therefore, if one takes as initial data to the flow a function that
saturates the inequality #(f) < | f ||i’§ for all fixed future times ¢ the solution x — f(x,¢) will still saturate
the inequality. The set of all saturating functions is thus closed under the flow. Identifying the set of saturating
functions can then lead to interesting explicit solutions. For the Hamiltonians in this chapter, however, we will
find that the saturating functions all correspond simply to stationary wave solutions.

The two examples on page 24 show that the set of saturating functions for the inequality |H4(f)| < || f || .2
will depend on the matrix properties of A. Example 1 shows that if 4 is the identity, or more generally a
permutation, then the inequality is always equality. If A is a signed permutation, for example the negative of the
identity, then there is equality if and only if f is even, as we will see. However if A is not a signed permutation,

as in Example 2, then the set of saturating functions is much smaller.

Theorem 1.3.11. Suppose that A is an isometry which is not a signed permutation — that is, there is some i such
that Ae; is the linear sum of at least two basis elementse;. Lete = (1,...,1) denote the vector in R" with all its
entries 1.

(i) If Ae = e, then we have the equality Hq(f) = ||f||i’§ ifand only if f(x) = ce_“x2+‘3xforsomec,a,,3 eC
with Rea > 0.

(ii) If Ae # e, then we have the equality Hy(f) = ||f||i’§ if and only if f(x) = ce—ox? for some c, o € C with
Rea > 0.

Proof of the ‘if” statements. To check the equality case for Gaussians f(x) = cemox Hhx

, we substitute f into
both sides of (1.3.20), which was the equality condition in our use of the Cauchy-Schwarz inequality. The left

hand side is,

1_[ f((Ax)g) =" 1_[ exp (—a(Ax, ex)* + Blx,er)) = " exp <—a X:(Ax,ek)2 + ,B(Ax,ek)) (1.3.27)
k=1

k=1 k=1
= " exp (—a|Ax|* + B(Ax,e)) = " exp (—a|Ax|> + B{x, A7 'e)). (1.3.28)

where in the last line we have used (Ax, e) = (x, A™'e) coming from A being an isometry.
An identical computation shows that the right hand side of (1.3.20) is,

[] /) = " exp (—alx[* + B(x,v)).
k=1

If Ae = e, so that e = A~ e, then both sides are equal for all ¢, « and 8, which proves the ‘if” part of item (i). On
the other hand, if Ae # e then there is an x € R” such that (x, A~!e) # (x, e). Hence for equality to hold we
necessarily have § = 0. However with § = 0 both sides are equal, and so the ‘if” part of item (ii) is proved. [J

The ‘only if” part of the theorem follows from a more general result that classifies those functions that saturate
the multilinear functional inequality |E4(f1,-..., f2n)| < |l fillz2 - | f2nllz2- Our classification result, given
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in Theorem 1.3.12 below, is not new. The multilinear functional inequality (1.3.19) is a specific example of a
geometric Brasscamp-Lieb inequality. The Brasscamp-Lieb inequalities originated in [10] as generalizations of
the Holder inequality. The special class of geometric Brasscamp—-Lieb inequalities was introduced in [1], and it
was subsequently shown, in [2], that they are maximized only for Gaussians. Theorem 1.3.12 is a special case of
this broad result. Our proof of this special case is, it seems, new, and we think worthy of presentation; however,

because the result is not new and not essential to other parts of this chapter, the proof is presented in Appendix A.

Theorem 1.3.12. Let A be an isometry. Denotefk(x) = fx(—x). There exists integersm andl, with0 <m <[ <n,
and two permutations o1 and 0y of the integers {1, ... ,n} such that

Eq(f1..... fan) =

I

m
[[fo10 furori) [] (fort0r- fator@))EBfors1)- - - - for)s atorGa)s - - Fator(m)-
k=1

k=m+1

where the matrix B : R"~' — R"! has no permutation part; that is, for allk and j, Bey # *e;.
We then have |E4(f1,..., fan)| = || fillz2 -+ | fan|l L2 if and only if the following three conditions hold.

1 Fork =1,....m, fo,)(xX) = Ck futo,k)(x), for some C € R.
2. Fork =m+1,....1, f5,0)(x) = Ck futo,k)(—X), for some Cy € R.
3. Fork =1+1,....n, f5,0)(x) and fuio,@k)(x) are Gaussians.

Proof of the ‘only if” statements in Theorem 1.3.11, assuming Theorem 1.3.12. Because A is not a signed permuta-

tion, we must have / < n in the notation of Theorem 1.3.12. Then in, Theorem 1.3.12, condition 3 applies. Hence

to have the equality Hq(f) = E4(f,..., f) = ||f||i’§ Jf must necessarily be a Gaussian. O
1.3.6- REGULARITY OF STATIONARY WAVES: A LEMMA

In this final part of our general study of the functional E4, we prove a weight transfer lemma that is similar to
formula (1.3.21). This lemma will be crucial later to proving that stationary waves of the Hamiltonian systems
(1.1.7) and (1.1.9) equation are analytic and exponentially decaying once they are in L2

For fixed u, € > 0, define,
2

ux
Guie(¥) = exp (H—x) :

Lemma 1.3.13. If{ fi}3" | are positive functions, then,

EA(fl» ey f2n—1, f2nGu,e) = EA(flGM,Ea ceey f2n—1G,u,67 f2n)

Proof. Define F, « = p|x|/(1 + €|x|). We clearly have G, ¢ (x) = exp(F, ¢(x?)).
We record two properties of F, . First, for x > 0, F, ¢ is increasing. This may be seen from,

d X 10 +ex)—x(e) 1 >0
dx M1+ex N (1 + ex)? _M(l+ex)2
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Next, we have Fj, ¢(x1 + x2) < Fye(x1) + Fye(x2). This may be seen from,

lx1] + |x2]
F X1+ x =F X1+ x < F, X1| + |x - U
l“/,e( 1 2) IJ/,G(| 1 2|)— M,e(| 1| | 2|) I’L1+E|xl|+€|x2|
|x1] |x2]

1+ €|xq] 1 +e€|xa]

,u,,e(xl) + F/L,G(XZ)'

Now because 4 is an isometry we have, for all x € R", x2 = Y 7 _, (Ax)i - ZZ;II (xx)? and hence by the
sublinearity property of F, ,

n n—1 n n—1
Fue(xp) = Fue (Z(Ax)i +> —(xk)Z) <Y Fue((A0D) + D Fuelxp),
k=1 k=1 k=1

k=1

Then, because x > e* is increasing,

n n—1
Gue(Xn) = exp(Fue(x7)) < [ | Gpue((AX)0) [ | Gpuea)-
k=1 k=1

Applying this to E4, we have,

n—1

Es(fr,..., fan—1. onGu,e) = /]1; (1_[ fk((Ax)k)7n+k(xk)) Jn ((Ax)n)72n (xn)G,u,é(xn)dx
k=1

n

n—1
< /Rn (H fk((AX)k)G/L,E((Ax)k)7n+k(xk)GM,s(xk))
k=1

fn((Ax)n)Gu,e((Ax)n)TZn(xn)dx
= EA(flGM,ev cees f2n—lGu,5s f2n),

which is what we wanted to prove. O

§1.4 - THE QUINTIC RESONANT EQUATION

We now turn to the first resonant Hamiltonian,

2 . 2 (/4 .
He(f) = =™ fllere = = e f(x)|°dxd. (1.4.1)
T e T J-n/4JR

which has a corresponding multilinear functional,

/4 ) ) )
E6(f1. 25 f30 Jau [5. fo) = %/_ /4/R(e”Hfl)(e”Hfz)(e’tHfs)(ei’Hf4)(€i’Hfs)(éi’Hfs)dxdl- (1.4.2)

We point out right away that, in contrast to the multilinear functionals E4 studied in the previous section, the
functional &g has a large number of permutation symmetries. For any two permutations of three elements
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0,0’ € S3, we have,

86(f17 f27 f3s f4’ f57 f6) = 86(f0‘(1)9 f0'(2)7 fo‘(?:)v fo/(4)’ fa’(S)’ f(T/(6))’ (143>

as well as the standard symmetry,

E6(f1. f2. f3. fa. [5. f6) = E6(f4., [5. f6. f1. [2. [3)- (1.4.4)

These symmetries simplify the formulas for Hamilton’s equation. In fact, by Theorem 1.3.1, #¢ defines a

Hamiltonian flow on the phase space L? with Hamilton’s equation given by

¢ = Te(u,u,u,u,u), (1.4.5)
where T is defined by the simple relation,
(T (f1, f25 [35 fas [5), &) 12 = 6&6(f1, fa, [3: fa. f5, 8). (1.4.6)

Theorem 1.4.1. There holds the representation,

/4

Tolfi fa fofon f00) = 22 [ T [l i) o) @ )@ @ f) | (e (1)

—/4

Proof. Using (1.4.6) we have,

(Te(f1, 12, f3, fa, [5), &) 12 = 68 (f1, f2, f3, fa, [5,8)
/2 ) ' . .
2 i <(8”Hf1)(e”Hfz)(e”Hf3)(€”Hf4)(€itHf5),eltHg))

T L2(R)

12 (™2
7 Jo

<e_”H [(e”Hfl)(e”Hfz)(e”Hf3)(e”Hf4)(€”Hfs)] ,g)> dt,

L2(R)

where we have used the fact that e is an isometry of L? with inverse e 7**#. Upon commuting the space and

time integrations, we get (1.4.7). O

This Theorem shows that the Hamiltonian flow corresponding to # is precisely the resonant equation 1.2.9
in the quintic case k = 2, up to a rescaling of time. By the approximation result, Theorem 1.2.3, solutions of
(1.4.5) with initial data of size € are close to solutions of i1, — Au + |x|?> = |u|*u in the space #* for s > 1/2

and times ¢ < €72

1.4.1- REPRESENTATIONS OF THE HAMILTONIAN AND THE FLOW OPERATOR

We discussed in the introduction that a useful approach to the study of Hamiltonians such as # is to determine
alternative representation formulas for J, &6, and Js. Functionals such as &¢ can have a large amount of
structure that is concealed by a specific representations such as (1.4.2). This is will be illustrated clearly below.
First, we show that &¢ is invariant under the Fourier transform. In fact, this invariance will be a simple
consequence of Theorem 1.3.2 (which showed Fourier transform invariance for E4) once we have established a
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specific representation of &g in Theorem 1.4.7 below. However we wish to employ Fourier transform invariance
before establishing that representation.

Lemma 1.4.2. The functional &¢ and operator Tg are invariant under the Fourier transform,

E6(f1. for f3: far f5: fo) = €6(f 1, f2r [ 3 far 50 f ), (1.4.8)
Ts(f1, fos fos far f5) = Ts(F 1, fos f3. fas ['5). (1.4.9)

Proof. Firstlet fx = ¢n, be Hermite functions. Then g?)n « = ()" ¢y, , and so,

86((){,\)}11 ’ ‘Z’nz ’ <Z)I’l3 ’ ‘Z’n4 ’ (l;ns ’ dA’n(,) = (i)nl +n2+n3_n4_n5_n686(¢n1 ’ ¢n2 ’ ¢n3 ’ ¢n4 ’ ¢n5 ’ d’n(,) (141())

On the other hand,

2 /4
86(¢n1 yeees ¢n6) = - f eZi(n1+n2+n3—n4—n5—n6)d[
/4 (1.4.11)

X /R Py (X)Pny (X)Pny (X)Pn3 (X) Py (X)Pns (X) g (X)dx

If ny + na + n3 — ng — ns — ng is a nonzero even integer, then the time integral in (1.4.11) is 0. If n; + ny +
n3 — n4 — ns — N is an odd integer, then by the Hermite function property ¢,, (—x) = (=1)"*¢,(x), the
integrand in the space integral in (1.4.11) is odd and hence the integral is 0. Therefore, using also (1.4.10), if
ny + np + n3 —ng —ns —ng # 0, both 8((13,,1 e ,qASn(,) and &(Pn, ..., ¢ns) are 0 and in particular equal.
Moreover, if ny 4+ np + n3 —n4 —ns —ne = 0, then by (1.4.10) 8((]3,,1 e ,qS,,G) =8(¢ny,-- - Png)-

Because the Hermite functions are a basis of L2, the formula (1.4.8) holds for all functions fj. The operator
statement then follows from the same computation (1.3.12) as in the proof of Theorem 1.3.2. O

Theorem 1.4.3. There holds the representations,

Elhi. fo. foo fo fso fo) =~ fR [R (€3 ) (@D 1)@ 1) (@7 f) (@72 f5) (@ feydxdr,  (14.12)

m/4 . . . S
ol i fo fofon S0 = 2 [ B[ )@ " @A AR | (e (119

—m/4

Proof. Recall that the lens transform (1.3.13) takes solutions u of the linear Schrodinger equation into solutions
v of the linear Schrédinger equation with harmonic trapping. If we let uy (x, 1) = (' f)(x) and vi (x,t) =
(€2 f)(x), the lens transform reads,

1 X tan(21)\ ;.2
Ur(x,r) = v , el tan(2t)/2-
k(1) cos(2t)1/2 k (cos(2t) 2 )

We substitute these expressions into (1.4.2) and perform two changes of variable. In the time variable, we perform
s = % tan(2¢). This change of variables bijectively maps (—7/4, 7r/4) to (—00, 00) and has determinant cos(2¢) 2.
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In the space variable we perform y = x/ cos(t); this has determinant | cos(2¢)|™!. Then,
/4
[ [ (u1uusugusue)(x, t)dxdt
R

—m/4
/2 1 X tan(2t)
= _ , ,dxdt
/0 | cos(21)|3 /R(vlvszwsvé) (cos(2t) 2 )(x )dx

:/ /(UIUZU3U4U5U6) (v, s) (x,1)dyds,
—oc0 JR

which gives (1.4.12). The expression for 7 follows from the same argument as in the proof of Theorem 1.4.1. [

Theorem 1.4.4. Let 21(x) = y1 + y2 + y3 — ya — y5 — x and $2,(x) = y? + y3 + y? — y? — y? — x%. Then
there holds the representations,

1

E6(f1, f2, f3, fa. [5, f6) = = /Rs J10) 2(02) f3(¥3) fa(¥4) f5(35) f6(6)82, (v6) 022 v) 4y, (1.4.14)
6 -

T6(f1. f2, f3. fa, [5)(x) = ) /RS S101) f2(02) [3(33) fa(¥4) f5(5)82, (x) 02, (x) Y- (1.4.15)

Proof. We evaluate (1.4.12) using the fundamental solution formula for the linear Schrédinger equation, (e/'4 f;)(x) =
(Arit)=V2 [o el =ykP/4t £ (3, )dyr. We have,

Ee(f1, f2. f3. fa, [5. fo) (1.4.16)

= %/ / (€itAf1)(€itAf2)(eitAfg)(eitAf4)(eitAf5)(eitAfG)dXdl
R JR
1
3274

1 . . — — —
/R = /R A (e EROARHBOO £, (y1) f2(32) f3(73) F4(a) F5(v5) T ()
dydxdt

1 . . — — —
=1 /R /R [R e FRROOARDRO6) £, (31) f(92) £3(93) F4(v4) [ 5 (95) 6 (v6)dydixds

1 ) _ _ _
=55 | L 00 100 02 A0 T 00T 509 Toradday o dyd (1417)

= 25 [, AGDAOD AT 00T 509 T o082, 00 022000

which is (1.4.14). Equation (1.4.15) follows immediately from definition (1.4.6) with the L? inner product integration
in ye. O

Theorem 1.4.5. There holds the representations,

ol fofoufon fo 1) = 55 [ B+ B+ 1) iy +6 =20

ToOB + 6758 + Ay + &~ A0 o(n)dpdndsdy.  (1418)
Tl fic fo fofou SO0 = 75 [ fiB+8LOB+0) fi0x +§-28)

SaAB+ 8 fs(B+Ax +§—A§)dBdndé. (1.4.19)

39



Proof. We start with formula (1.4.17). Introduce new variables &, 8, ¥, n,§ by yi =B+ &y =n+y, yv3 =«a,
y4 =1+ &and y5s = o + f. We calculate y¢ = y; + y2 + y3 — y4 — y5 = ¥ and

2(y6) = yi +¥3 + ¥3 — yi — y3 — yé = 2BE + 2yn— 20§ — 20,

which gives the formula,

E6(f1, f2, 3, fas f. fo) = 271% Réez”[ﬁf*y"—"é—“ﬂ]fl(ﬁ +E L0+ ) fr)

Fa@+8) fs(@+B)fe(y)dadpdydndidt

Now change variables from 7 to A through n = AB. This gives dn = |8|d A and therefore,

E(f1, for f3 Jar 5. fo) = # [R [BIP PRI [ (B4 86) (A +7) f3(@)
f4OB +6)f s+ B) [ o(y)dadBdydndéd.
Next we use the Fourier inversion formula [p [g €'“*¢(x)dxdt = 27|a|"'¢(0), witha = 28 and x(a) =
£ 4+ yA — EA — a. This gives,
EAU for foo fu fo 1o = 55 /1; HB+ELOB+ 1) f5(E+Ay =28
FaOB +E)F5(B+&+ Ay —A6) o(y)dpdndidy.

which is (1.4.18). The representation (1.4.19) follows from the definition of T¢ in (1.4.6) with the L? inner product
integration in y. O

Theorem 1.4.6. There holds the representations,

Eolfi fo oo fon fo 1) = 55 [ gy Eaw e fo o fofou fldh (1420
1 1
Talfio o fo for SO0 = 55 [ 5y Taw (e fo o fon fYN (1421)

where, for all A, A(A) is an isometry and A(A)(1,1,1) = (1,1, 1). (The matrix A(A) is given explicitly in (1.4.22).)

Proof. In formula (1.4.18), let y1, y2, y3 be the arguments of fi, f2, f3 respectively, and let x1, X3, x3 be the

arguments of f 4, fs, f¢ respectively. We have,

1 B+E L o 1 p B
y=1»n|=]| AB+vy =4 1 0 y|=8M)1|7r]|.
V3 Ay +§— A 0 A 1-1)\¢ 3
and,
X1 AB + & A0 1 B B
x=|x|=|B+Ay+E-AE]l=]1 A 1=-A]ly|l=C)|y
X3 Y 01 0 £ §

In equation (1.4.18), perform the linear change of variables x = C(1)(B, 7. &). We find that det C(A) = A2—A+1 =
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A - %)2 + % > 0; in particular C(1)~! is defined for all A. Let A(A) = B(1)C(A)~!. Changing variables then
establishes (1.4.20). The expression for 7 follows using the definition of T4 in Definition 1.3.1.

A calculation reveals that,

A(L) = BLO)C)!

| A 1—4 A2-2
— | A2 A 1-A (1.4.22)
Z—A+1
Tilioa 2o
1 (1 0 0 010 0 0 1
S} 1-2A AL —1 1.4.23
R 01 ol+a=n]o o0 1|l+rx=Df1 0 0 (1.4.23)
L \o o1 1 0 0 01 0

It remains to verify the two properties of A(A). These can, of course, be determined from the formula (1.4.22);

however it is more insightful to see how they arise naturally from the combinatorical structure of the arguments
to the functions in (1.4.18).
(i) By inspecting (1.4.18), we find that the squares of the arguments in f1, f3, f3 sum to the squares of the
arguments in fa, f5, f6,

B+E+AB+1)>+ Ay +6-1>=AB)> + (B+ Ay +E— 18> + ().

(1.4.24)
This gives, for all x € R?, that [BA)x[> = Y3, (BA).ex)* = Ya_, {CA), er)]? = [C(M)x|?
Setting x = C(A)~ 'y gives |A(A1)y|?> = |y|? for all y € R3, and hence A(1) is an isometry.

(ii) Again in (1.4.18), we see that the arguments in f1, f3, f3 sum to the arguments in fa, f5, fe,

B+H+AB+Y)+ Ay +E-A) =ABH+B+Ay +5-2+ ()

(1.4.25)
Setting ¢ = (1,1, 1), this means that for all x, (B(A)x,e) = (C(A)x,e). Set y = C(A)x to give
(AQ)y.e) =

= (y,e). Because A is an isometry, A* = 47!, and so (y, A" 'e) = (y.e) for all y, and
hence Ae = e.

We note that the expressions (1.4.24) and (1.4.25) arise naturally from the § arguments in (1.4.14). The properties
of A(A) in (i) and (ii) should thus be considered generic for continuous resonant type equations.

Theorem 1.4.7. We have the representations,

O
1 2w
E(f1, f2. [3: Jas [5. f6) = 2«/5712/(‘) ERrey(f1. f2. 13, fa. f5. f6)dO, (1.4.26)
_ ﬁ 27
T (f1. f2. f35 fan f5)(x) = ?/0 Tree)(f1. f2. f3. fa, f5)(x)dO, (1.4.27)
where R(0) is the rotation of 0 radians about the axis (1,1, 1).

Proof. Because the matrix A(A) is an isometry, det A(A) = +1, and A(A)(1,1,1) = (1, 1, 1), the matrix must, in
fact, be a rotation about the axis (1, 1, 1). For any rotation A of R3, the angle of rotation 6 satisfies, 2 cos(6) + 1 =
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Trace(A). In the present case, this means,

A
cos(d) = (X) := % (Trace(A(L)) — 1) = % (M—3—A+1 - 1) . (1.4.28)

The formula (1.4.26) follows from performing the change of variables A — 0, which we do rather carefully.

From analyzing (1.4.28), we determine that ¢ has the following properties. It satisfies ¢(—1) = —1, ¢ (1) = 1;
¢ is increasing on [—1, 1]; ¢ is decreasing on (—oo, —1] U [1, 00); and lim) 5 o ¢(A) = limy 4 o0 ¢(A) = 0. By
setting A = 0 in (1.4.23), we determine that sin(0) = —1+/3 < 0, and hence = —4x/3 € [, 27r]. On the other
hand, as A — +o0, sin(0) — +1/ +/3 > 0. From these considerations and continuity, we infer that that under
A+ 0, [—1, 1] is bijectively mapped to [, 27], while (—oo0, —1) U (1, 00) is bijectively mapped to (0, ). In all,
R is bijectively mapped to (0, 27].

To perform the change of variables, we need to find the determinent which is given by,
do d 1 3A 1
— = |—rarccos | = | 5——— — .
ax a2\ o
To simplify the computation, we first find that if a = V3(1=1)/(1 + 1), then

1 31 1 —a? 2a
arccos 5 m —1 = arccos H——le = arctan 1= a2

V3=
1+ ’

= 2arctan (a) = 2 arctan (

we then calculate |[d0/dA| = v/3(A%2 — A + 1)1, Formula (1.4.26) then follows. O

We have derived, in total, six different representations for each of &¢, #¢ and Tg. Before moving on, we give a
sketch of the relevance of each of these representations. The first expression (1.4.2), in terms of e shows that
the Hamiltonian system #¢ is the resonant system for k = 2 discussed in Section 1.2. It also illustrates clearly
the permutation symmetries (1.4.3) and (1.4.4) which are far from obvious from the last three representations
in Theorems 1.4.5, 1.4.6 and 1.4.7. The representations (1.4.12) (in terms of e?’4) and (1.4.14) will not be used
extensively in this chapter, but they very importantly show that #g is the continuous resonant system for d = 1
and p = 2 discussed in [12]. In the remainder of this section we will mostly use the last three representations. The
expression (1.4.18) is useful for proving refined multilinear estimates: if we have information about the supports
of the functions fj then we can restrict the range of integration and prove smallness, in tandem with (1.4.20).
The last representation (1.4.26) makes determining certain properties of &g, like L? boundedness and symmetry
structures, almost trivial because we know so much about Egg) from Section 1.3. The following two subsections
are largely about importing such information about E4 from Section 1.3 to &s.

1.4.2- SYMMETRIES OF THE HAMILTONIAN AND CONSERVED QUANTITIES OF THE FLOW

Theorem 1.4.8. The functional §4( f1, f2, f3, fa. 5, f6) is invariant under the following actions (for all A).
(i) Fourier transform, fi +— /j?k.
(ii) Modulation, fi > e'* fy.

(iii) L? scaling, fi(x) — A2 fi (Ax).
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(iv) Linear modulation, fi — e'* fy.

(v) Translation, fi — fi(-+ A).

(vi) Quadratic modulation, fj eiAx? Fr.

(vii) Schridinger group, fi - e'*4 fi.
(viii) Schrodinger with harmonic trapping group, fi — e fi..

Proof. Each of the symmetries commutes with the integration over 6 in (1.4.26). The result then follows immedi-

ately from Theorems 1.3.2 and 1.3.3. O
Corollary 1.4.9. We have the following commuter equalities,
T (fr. for fo fa f5) = T (€€ 1.1 fo.¢1€ f3.¢12 fy. &2 fs) (1.4.29)
QT (f1. fau 3. Jau J5) = T(Q f1, f2. f3. fa. [5) + T (f1. Q12 f3. fa. [5)
+ T(f1, f2, Of3, fa, [5)
- T(flv f27 f37 Qf4’ f5) - T(flv fZ» f3a f47 QfS) (1-4‘30)
where Q are the operators: Q = 1,0 = x,Q =id/dx,0 =x>, Q0 =A, 0 =H.
O

Proof. These follow immediately from the representation (1.4.27) and Theorem 1.3.4.

By Theorem, 1.3.5, the Hamiltonian flow associated to #s has conserved quantities for symmetries (ii) through

(viii). These symmetries and conserved quantities and summarized in the following table.

Symmetry of H¢ Conserved quantity Operator commuting with Tg
fretf Jr 1/ () Pdx 1
f=h Jo lixf'(x) + f(0)] f(x)dx
e f Jr X1 f(0)[7dx X
fe=fe+2 Re [p f'(x)f(x)dx id/dx
£ ey Jo Ixf(o)Pdx x?
[t f Jr I/ () Pdx A
[ty Jr XSO +1f/(x)dx

1.4.3- BOUNDEDNESS OF THE FUNCTIONAL AND WELLPOSEDNESS OF HAMILTON'S EQUATION

Theorem 1.4.10. There holds the following sharp bound,
6
€6(fi for oo fir S fo)l < ——= [ | Wfell2: (1431)
) ) ) ) ) = n\/§k=1 L2

which means in particular 0 < He(f) < 1/(x «/§)||f||22 Equality holds in (1.4.31) if and only if each fx is the

. _ 2
same Gaussian ce%x"TBx for somec,a, B € C and Rea > 0.
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Proof. Using representation (1.4.26) and Theorem 1.3.6 we have,

2w 6
86 fa fo fo S SN = 57— [ Eray (e o fo fu S SO = %ﬁkl:[lllfkllu,

which is the inequality (1.4.31).
For equality to hold, we must have equality in,

6
|Er@)(f1> for oo fa f5, Ol = [ | 1 ficllz2 (1.4.32)

k=1

for almost every 6 € [0, 2w]. We know from Theorem 1.3.12 that if the functions fj are the same Gaussian
e~ +Bx for g, B € C and Re @ > 0 then equality does hold. (This uses the fact that R(6) is an isometry for all
0 and that R(0)(1,1,1) = (1,1,1).)

On the other hand, because R(0) is not a signed permutation matrix almost everywhere, Theorem 1.3.12 says
that any functions fj satisfying (1.4.32) must be Gaussians. Write fz(x) = e~ x> +Bix for ar, Br € C with
Re oy > 0. The Cauchy-Schwarz equality condition (1.3.20) in this case reads,

J1((R(6)x)1) [2((R(0)x)2) [3((R(0)x)3) = fa(x1) f5(x2) f6(x3). (1.4.33)

Substituting the expressions for f gives, for all 6 € [0, 2] and (x1, X2, x3) € R3,

3 3

D~ (RO + Be(R(O)X)k = Y | —a344x] + Baraxk.
k=1 k=1

Setting variously x = (1,0,0), x = (0,1,0) and x = (0,0, 1), along with 8§ = 0, 0 = 27 /3 and 0 = 4x/3 gives
that oy = a1 and By = B for all k. O

Using the expression H(f) = (2/7)| e/ f ”26 from Theorem 1.4.3, one obtains the sharp inequality,

; 1
e 136 < —3||f||22, (1.4.34)

23

which is the Strichartz inequality with best constant in dimension one, as previously proved in [20]

Theorem 1.4.11. We have the operator bound ||Ts( f1, f2, f3, fa. f5)|lx < Cx ]—[,5(:1 | fxllx for the following
spaces.

(i) X = L? withCx = 2/3/m,
(ii) X = Lz’g,for anyo > 0.
(iii) X = H, foranyo > 0.
(iv) X = L, foranys > 1/2.

(v) X = LP* foranyp>2ands > 1/2—1/p.
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Proof. The bounds (i), (ii), and (iii) follow immediately from Theorem 1.3.7 using the representation of Jg in
(1.4.27).

The bound (iv) is proved in Theorem 1.4.18 below.

The bound (v) comes from interpolating between the bounds in (iv) and (ii). O

Theorem 1.4.12. Consider the Cauchy problem,

iuy = Je(u,u,u,u,u),
! (1.4.35)
u(t = 0) = up,

which is Hamilton’s equation corresponding to H¢ and the resonant equation (1.1.4) in the quintick = 2 case.

(i) The Cauchy problem (1.4.35) is locally well-posed in X for any of the spaces X in Theorem 1.4.11.

(ii) The Cauchy problem (1.4.35) is globally well-posed in L>.
Proof. (i) This follows from Theorem 1.3.8, using the bounds on 7 established in the previous theorem.

(ii) We know from Theorem 1.3.8 that the local time of existence of a solution to (1.4.35) in L? depends only on

lugll, 2. Because |ju| ;2 is conserved by the flow (1.4.35), by the usual argument the L? solution is global.
O

1.4.4- ANALYSIS OF THE STATIONARY WAVES

Stationary wave solutions are solutions of the form e’/ (x) for some @ € R and a function V. By substitution
into (1.4.5), we find that ¥ must satisfy,

3 2w
—C()I//(X) = 76(‘#» 1//* 1//3 W 1//)()(?) = \75_2_ /0 TR(@) (1//’ 1//7 wv W I//)(X)dg (1-4‘36)

In Theorem 1.3.10, we found that if ¢, is a Hermite function then T4(¢n, ¢, Pn, Pn, Pn)(x) = Cdn(x), which
means from (1.4.36) that T6(¢y, . . ., dn)(x) = Ce,(x) for some constant C. The function ¢, is thus a stationary
wave. By letting the symmetries of T act on ¢,, we find that each of the functions,

aet ey (dx + o), (1.4.37)

fora € C and b, c,d, e € R is a stationary wave solution of (1.4.5).
1.4.4.1- Regularity of stationary waves: introduction

All of the stationary waves (1.4.37) are analytic and decay in space like ¢~ for some o € R. The remainder of
this section is devoted to a proof any function ¥ € L? satisfying (1.4.36) is automatically analytic and exponentially

—ax? Our proof follows closely the proof of the analogous result for the two-dimensional

decaying in space like e
continuous resonant equation in [25], which in turn is based on work in [33]; there are also similar results in
[18, 28].

Our proof here has two main ingredients. Roughly speaking, once a multilinear functional can supply these
ingredients, the associated Hamiltonian system will satisfy a result like Theorem 1.4.15 below. The first ingredient

is an ability to transfer exponential weight from one input of the functional to the other inputs, as in Lemma
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1.3.13 for the functionals E4. The second ingredient is a refined multilinear estimate, which we discuss in the
next subsection.

For the weight transfer property, recall that in Lemma 1.3.13, we defined G, ¢ (x) = exp(ux?/(1 + €x?)) and
established that if A is an isometry and functions f; are non-negative, then,

EA(fl, e f2n—17 f2nGu,e) =< EA(flG/,L,Ea cees f2n—1Gu,ev f2n)
This property is immediately inherited by &g: if functions f; are non-negative, then,

86(f1’f27f37f4s f5’f6G,AL,€)
2
- 2\/15 2/ ER(@)(fl,fz,f3,f4,f5, fGG/L,e)dQ

2w
=< 2\/3 2/ ER(@)(flGLLEsfZGM€7f3G[L€7f4GM€»f5GM€5fﬁ)de

=86(f1 M,EvaGu,e’]%Gu,e»f4Gu,eﬁf5 u,e’f6)~ (1-4~38)

The inequality (1.4.38) is the first ingredient in the proof.

1.4.4.2- Refined multilinear Strichartz estimates

The second ingredient we need is a so-called refined multilinear Strichartz estimate. Such estimates are treated in
a number of works [7, 9, 42]. Lemma 111 in [9] is prototypical of the type of estimate we require here: it states that
if functions fi, f» € L?(R? — C) satisfy supp f1 C B(0, N) and supp f» C B(0, M)®, with N <« M, then,

N

1/2
162 e Pllsesey < (37)  Milizgol ol

The right hand side is decaying for large M and small N. In our case, under similar support assumptions on

functions f ;i and f 7> we would like to have analogous control on,

Es(fr. o fou fon fo fo) = / / (€3 1) (@D £)(@4 £3)(@7B f3) (@72 f5) (@B feydvdr:

namely, we would like an L2 bound that is decaying as the supports of ? ; and /j? j become increasingly disjoint.
Using the representations (1.4.18) and (1.4.20) we are in fact able to determine the required refined mulitlinear
estimate in an elementary way.

Because we know that &¢ is invariant under the Fourier transform, it is equivalent to state the support

assumptions in terms of f; and f; and not their Fourier transforms.

Proposition 1.4.13. Suppose that the support of f» is in B(0, R)C and the supports of f3, f5 and fs are in B(0, 1),
with R > 4r. Then,

1€6(f1. f2. f3. fas f5. fo)l = — 1_[ Il fiell 2
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Proof. We use the representation of &¢ given in (1.4.18),

E6(f1. f2. f3. fa. f5. f6) = 21? /]Rﬁ J1(B+8) 2AB+v) fas(Ay + & —A§)
FaQB+8) fs(B+Ay +E—2AE) f6(y)dBdndédy,

to identify a large set in A on which the integrand is 0. We will then use the representation (1.4.20) to obtain L2
bounds, recalling that the integrand as a function of A is the same in both representations.

Under the assumptions of the proposition, the integrand is non-zero only when,
1Bl = B+ Ay +&—A8[ + [Ay + & - A§[ < 2r,

and only when,

[ABl = [AB+y|l—Iy|=R—-2r >

| X

It follows that the integrand is non-zero only when || > R/4.
Then, using the representation (1.4.20),

1 1
|E6(f1. f2, f3: fa. f5, fo)| < m/lkl R/4p_—M|EA(A)(f1,f2,f3,f4,f5»f6)|d/\

6 6
([ ) 1
- — dA I ficlzz < = | | Il fellz2s
72 ( A>R/4 A2 — A +1 kl:II YR [L171:

k=1

IA

which is what we wanted to prove. O

Proposition 1.4.14. Suppose that for some i and some j, the support of f; is in B(0, R)C and the support of f; is
in B(0,r), with R > 4r. Then,

6
1
&6(f1. f2. 3. fa. f5. Jo)| = 476 [T/l (1.4.39)
k=1
Proof. We assume, by rescaling, that || fx||;2 = 1 for all k. We have the crude bound H¢(f) = ||e"mfk||26 <1,
from (1.4.34). Then,
2 . 4 . . . 4
(E6(fr, fo: fo. far S5, fo)l = — /ﬂ; e LAl e A ol 1€ o] - 1€ fa] - 1€ ] - [e4 feldxedt,
20 . . . . . .
= 2@ e e e fe e o)
2 . . 2 . ;
< A LE )l = I A £ £ Y
2 . . A .
< N2 A )25 1A )P S
T
2\%/? e _ 1
<(2) et hi fiohi £ )V = e
which is (1.4.39). O
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1.4.4.3- Regularity of stationary waves

Using the weight transfer property (1.4.38) and the refined multilinear Strichartz estimate (1.4.39), we prove that
stationary waves are necessarily analytic. We begin with an integrability result.

Theorem 1.4.15. Suppose ¢ € L? satisfies,
lollp()| < T (81,191,191, D], [¢1)(x). (1.4.40)

Then there exists o > 0 such that x + (j)(x)e""‘2 e L2

Proof of Theorem 1.4.15. For the proof, we will find p so that we have the bound ||¢G, |12 < 1 independently
of €. Taking the limit € — 0 will the yield the result.
We can clearly assume that ¢(x) > 0, and will do so throughout. For any M > 0 define,

P<(x) = ¢(X) f1x|<m (X), P~ (xX) = ¢ () X <|x<m2 (X)) ¢>(x) = ¢(x) X mr2<)x) (%),

We have the decomposition ¢ = ¢~ + ¢~ + ¢~, and the supports are all disjoint, which gives,

I9Gu.ell7> = lp<Gpellzz + 16~Grel> + 9> Guell7 -

The first two terms are trivial to deal with. If |x| < M2, we have,

Gpe(x) < exp(u|x[?) < exp(uM*),

so setting 0 < M™% gives ||¢p<Gpellz2 < |p<e'll2 < e|pllL2, uniformly in €. The same bound holds for ¢.-. It
remains then to bound ||¢> G, |12 uniformly in €.
Starting with equation (1.4.40), we multiply both sides by ¢ (x)G ;¢ (x)?,

0¢()Gpue(x)” < T (9, ..., 9)(X)P(X)Gue(x)?.

Now integrating over R, using the relationship between &g and J¢ in (1.4.6), and passing the exponential weight
using (1.4.38), we determine the bound,

0|pGuelrs < 6Es(d.d.¢.d.¢.¢>GpucP) S E6(pe¥rc. ... pere poefre).

For convenience, let ¥ = ¢ G, . The bound then reads,

oll¥l7, S (V. Y. v, Y. v, ¥>). (1.4.41)

Now write each ¥ = ¥« 4+ ¥~ + ¥~ and expand the multilinear functional. We will get many terms, which we
bound in one of two ways.

o If there are three or more ¥~ terms, bound by ||/~ ||I’i2 (where k > 3 is the number of 1/~ terms appearing)
using the standard L2 bound (1.4.31). In this case the other terms are ¥~ or .., which we know are
uniformly bounded.

e If there are one or two V- terms, then there is either a ¥~ term or a ¥ term. We may assume M > 4.

Then in the former case we can use the refined multilinear estimate (1.4.39) (with r = M and R = M?)
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and bound by (1/M1/3)||1p>||§2 (where k = 1 or k = 2). If there are no ¥« terms, we bound by
Illz2 Y-8 < lg~l2 9= 1%

Using these, we find,
w||1/f> ||i2 = 686“0» 1//7 1/[’ ‘/f» 1//7 1//>)
“ 1
<c (Z 191 + (57175 + 19-122 ) (v 2 + ||w>||Lz)) , (1442
k=3

for some constant C independent of ¥ and €. Set §(M) = M~'/3 4 |/¢||,2 and,

x(e, M) = [[Y=llL2 = [#X1xj<m2Gpell 2

Note that §(M) — 0 as M — oo. Choose M sufficiently large so that C6(M) < w/2. This gives,

%x(e, M)? < kg;x(e, M) + 8(M)x(e, M).

Dividing through by x (¢, M) > 0 and rearranging terms gives,

m—1

0 < psaany(x(e, M)), where ps(x):= Z xk— %x + 6. (1.4.43)
k=2

Observe that po(0) = 0, py(0) = —w/2C < 0 and po(x) — 00 as x — oo. This shows that po has another
0 in (0, 00); call the smallest such zero x¢o. The zeroes of a polynomial are continuous functions of the coefficients.
Hence if we choose M sufficiently large we can assume that ps(as) has one zero in (—o0, xo/3) (coming from
Po(0) = 0) and one zero (2x¢/3, 00) (coming from po(xo) = 0) and that psr)(x) < 0in (xo/3,2x0/3). This
shows that for all M sufficiently large,

Zsany = Py ([0, 00)) C (=00, x0/3) U (2x0/3, 00).
Now we know from the inequality (1.4.43) that x(e, M) € Zsar) for all €. If we set € = 1 we get,
X(1LM) = Y=o = 9"/ T 1o < || 26"

Recall that we set u = M 4, sothat 4 < landsox(1, M) < ||¢p= |l 2. AsM — oo, |||l 2 = IPxr2<ix)llLz —
0, and hence if we take M sufficiently large we will have x (1, M) < x¢/3. But now because x (¢, M) depends
continuously on €, and x (¢, M) € Zs () for all €, we have,

x(e, M) = [[¥>l2 < xo/3.

for all €. Taking € — 0 yields x(0, M) = ||<]5>e‘“‘2 || < x0/3 < o0, which is what we wanted to prove. O

Corollary 1.4.16. Suppose that ¢ € L? is a stationary wave solution of the Hamiltonian flow associated to Hs; that
is, ¢ satisfies,

od(x) = Te(p, P, b, ¢, ) (x), (1.4.44)
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2 - 2
for some w. Then there exists > 0 and B > 0 such that pe®*~ € L* and peP*” € L. As a result, ¢ can be
extended to an entire function on the complex plane.

Proof. The condition (1.4.44) implies the condition (1.4.40) in the previous theorem, and hence there exists « > 0
such that <],’>62°‘x2 € L?. Because T commutes with the Fourier transform, condition (1.4.44) also holds with ¢
replaced by g£ Then, again by the previous theorem, there exists 8 > 0 such that qbezﬂ’“2 € L2

To turn these L2 bounds into L bounds, we first assume ¢ is Schwartz and compute,

B ()22 = 2o / L grdr = / T 26(0)¢ ()t <2 [ 2410/ (1)di

2 2 A~
<20 ¢ 2119 lI2 = 20 ¢ @) 2 11EB ] 2
_ 2 2 A
< B2 )2 11€°PF 2,
which gives d)(x)e"‘x2 € L. Because Schwartz functions are dense in L2, this holds for arbitrary ¢ € L2. The

L* bound for qS follows similarly.
Finally, using the L°° bound |<[A>(§)| <e P ¢ and the inverse Fourier transform formula,

_ U i
42 = o= /R (e,

we can extend ¢ to an entire function on the complex plane. O
1.4.5- SMOOTHING AND FURTHER BOUNDEDNESS PROPERTIES

In this section we prove two further boundedness results for the operator 7. Unlike our previous boundedness
results, which were simply inherited from the analogous results for T4, the present results rely on additional
structure in Js.

We first strengthen items (ii) and (iii) in Theorem 1.4.11. Item (ii) says that T¢ is bounded from (L27)> to
L2 Our first theorem here improves this by showing that 75 in fact maps (L?°)° to L2°*3 for some § > 0. By
Fourier invariance, T maps (H?)> to Ho %%,

The second result here establishes boundedness of Tg from (L°**)° to L% for any s > 1/2. The analogous

result for s < 1/2 is false, by scaling. We conclude by discussing the important borderline case s = 1/2.
Theorem 1.4.17. For anyo > 0, Tg is bounded from (L*°)5 to L2°+5 with§ = /(1 + o) > 0.

Proof. By duality we need to prove that for all f1,..., f5s,g € L? with || f¢|l;.2 = llgll.2 = 1, we have,

<1

~

(76 ()77 i ()0 ) ()7 )

L2

Unpacking this using (1.4.19), we see that this is the same as,

1
[ [ KGrzafi —y # 00z 40 0=y + )

faAz—y+x)fs(z+ Ay —y 4+ x)g(x)dydzdxdr <1, (1.4.45)
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where,

(x>0+8
(z=y+x)°Az+x)Ay =y +x)°(Az =y +x)7(z + Ay —y + x)7°

K(x,y,z,A) =

(The integration in A here is over [—1, 1]. The integral in A for (—oo, —1) U (1, 0o) can be transformed into this
integral by the change of variables A — 1/1.)

The overall strategy is to identify a large set on which K is bounded, where controlling the integral is easy,
and use a dyadic decomposition and finer bounds on Jg to control the integral on the set where K is not bounded.
On the set where K is bounded the boundedness property,

5
(Ts(f1, f2. f3. fa. [5).8) (H ||fk||iz) lgllzz-

k=1

deals with the integral automatically. So we only need to worry about the set where K is unbounded. On the
unbounded piece the refined estimate,

5
(T rmal<e(fi o £).8) < € (1‘[ ||fk||zz) gl .-

k=1

will be used to gain control. This refined bound is a clear consequence of representation (1.4.20).
Fix € small. We observe first that if €|x| < 1 then K < 1. So we assume that €|x| > 1.

Now the relation,

|z—y+x|2+|)tz+x|2+|)Ly—y+x|2:|Az—y+x|2+|z+)ty—y+x|2+|x|2,

gives that,
|x| < max{|z —y + x|, |Az + x|, [Ay — y + x[},
and hence,
5 (x)?
T Az—y+x){z+Ay—y+x)9°
Now if,

Az —y + x| >€|x] or |z4+Ay —y + x| > €|x|,

then we automatically get K < 1 as§ < 0. Hence we assume that,
Az —y + x| <e€|x| and |z + Ay —y + x| < €]x].
We now make some observations about how the sizes of |y| and |z| affect K. There are four cases.
1. First, suppose |z| is large or comparable to |x|, so |z| > 2¢|x|. Then,
2lx| <z <Ay —y 4+ x|+ |z4+ Ay —y + x| < Ay —y + x| + €]x],

and hence €|x| < |[Ay — y + x|.
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2. Next, suppose |y| is large or comparable to |x|, so |y| > 2¢|x|. Then,
2e|x| < [yl = Az + x| + Az =y + x| < [Ay — y + x[ + €]x],

and hence €|x| < |Az + x|.

3. Next, suppose |z| is small compared to |x|, so |z| < 2¢|x|. Then,
Az + x| = |x] —[Az| = |x| = |z] = (1 = 2¢)|x],

and so (by the smallness of €) we have €|x| < |Az + x|.

4. Finally, suppose |y| is small compared to |y|, so |y| < 2¢|x|. Then,
Ay =y +xl = x| = [@— Dyl = x| =20y = (1 — o).

and so (by the smallness of €) we have €¢|x| < [Ay —y + x|.

From these observations we see that if |z| and |y| are both large we get,
()T < (Az + x)7(hy — y +x)°,

and hence K < 1. If |z] and | y| are both small then we have the same bound on (x) and the same conclusion.
There are thus two regimes to consider: when |y| is large and |z| small, and when |z| is large and |y| small.

For these regimes we will use a dyadic decomposition:
(x)y~2/, Az—y+x)~2% and (z+ Ay —y +x) ~ 2.

Regime One: |y| large, |z| small.
From the observations above we have that |Az 4+ x| > €2/. We have,

€ .
2=y +xl= Ayl =1z + Ay —y + x| = S1Ax| 2 [A]27,
if we assume in addition that |12/ > €|A||x|/2 > |z + Ay — y + x| = 2!. Under this assumption we have,

i \o+38
(21) + _ < 2j(8—0)2—la|)t|—0
(A7) (27) ’

which is bounded if 2/¢/0—Dp~! < |A]. Hence in Regime One, K is bounded unless,
|A] < max {ZI_j,Zj(S/U_1)2_l} =:a.
By the bound,

|2j|a+8 2J8
< =
~ |2k|0|2l|0|2j|a kool
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we then have,

2/
To onRegime Oneset S > > > oo AT niza(fi, fo. f3. fa: f5).8)

€2/ >1 €2/ >2k 2/ >2!
2j8 I—j ~j(/o—1)y—1
< = - Dyl <
S 3D M D R
€2/ >1€2/ >2k €2/ >2!
Regime Two: |z| large, |y| small.

From the observations above we have that |[Ay — y + x| = €2/.
We have,

2=y + x| = |(1 =)z = Az =y + x| = S|(1 = D)x| 2 |1 = A2/,
if we assume in addition that |1 — 1|27 < €|l — A||x|/2 > |Az — y + x| = 2¥. Under this assumptions we have,

(21’)0+8
TRR)(I1 = A27)(27)

— 2_]’(370')27k0|1 _ A'|70'7
which is bounded if 2/¢/0—Dp—k < |1 — A]. Hence in Regime Two, K is bounded unless,

|1 —A|] < max {Zk_j, 2_/(8/0—1)2—k} = a.
By the bound,

|2j|a+8 2j8
~ |2k|0|2l|0|2j|0 " okaplo’

we then have,

. 2j8
T6 on Regime Two set < Z Z Z W(?}l,;usa(f,...,f),g)

€2/ >1¢€2/ >2k €27 >2!

278 i i
—j ~Jj(/o—1)n—k
SY Y Y s max |2 2000k <

€2/ >1 €2/ >2k €2/ >2!

The bound (1.4.45) is thus established.

O
Theorem 1.4.18. Forall s > 1/2, there is a constant C such that,
5
1T6(f1, for f3o fas f)lLoos < C [T I fillzoos. (1.4.46)
k=1
Lemma 1.4.19. Suppose that v} + v3 + vZ = 1. Then,
(viy1 + v2y2 + vaya) < V2[v1l(y1) + [v2](y2) + lvs|(y3)] . (1.4.47)
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Proof. We have,
1+ (viy1 + vay2 +v393)> <2(1+v7y7 +v3y3 + v33)
=2(vi(1 +y]) +v3(1 +y3) + v3(1 + 33))
2
=2 (Jorl( 4 y)Y2 + ol (4 D)2 4 [oal (1 +3D)Y2)
Taking square roots then gives (1.4.47) O

Proof of Theorem 1.4.18. We may assume by rescaling that || fx|Lco.s = 1, which means | fr(¢)| < (¢)7°. Set
y& = (A(L)x). Then, for x = (x1,x2,x3) € R3,

176 (f1. f2. f3. fas f5)llLoos < su%((xl)s%((t)_s, ()7 )7 )7 ()7 ()
_ {x1)*
= sup 5

Jo o= 1
xeR JRJR2 A2 = A+ 1 (y1)*(y2)* (y3)* (x2)* (x3)

5 dedX3dl.

We will show that the integral of the Japanese bracket terms over x, and x3 can be bounded by an absolute
constant independent of A. Because (A2 — A + 1)~! is integrable over R, this will prove the bound.
By Cauchy-Schwarz, we have,

(x1)®
A
/RZ (31)5 (¥2)5 (3)5 (25 (x3)S dxsdxsd

(x1)** )1/2 ( 1 )1/2
dx»d —————dx2d :
- (/R ()2 ()2 )2 2 [R (o) 2 (a2 20

The second integral here splits as [ (x2) 725 d x> Ir (x3)72%dx3, and is thus finite as s > 1/2.

(1.4.48)

To bound the first integral we must use some structure of A(4), which is given by,

] A 1—4 A2-21 ail aizx ais
AA) = Y_aitl AZ— A A 1—X |:==]axn azx az
1—X A?2-2 A azy dszy a4ss

First we observe that the matrix has the following property. If we fix a row k and column j, then the determinent
of the matrix obtained by deleting row k and column j is precisely a; — the element in row k and column ;.

This means that,

A 1 A 1—AX ary as3
2 _A+1 e[xZ—AH(AZ—A A )} e<a32 33 (1.4.49)

with similar formulas for a,; and as;.

ar

Next, because A is an isometry, the inverse matrix is just the transpose. Since x = A~!y we have the formula,

X1 =dajy1 +azyz +asys.

A is an isometry, so a%l + a%l + a%l = 1. We can therefore use (1.4.47), from the previous lemma, raised to to

the power s; it reads,

(x1)%* < lann P (1) + laai ) (32) + las1 1> (y3)*.
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Applying this to bound the first integral in (1.4.48), we then have,

<x1>2s
dx>dx
/Rz (y1)25 (y2)25 (ya)2 200
laz1] |az1]

lai1] / /
< ————————dxodx3 + —————dxdx3 + ——————dxpdxs.
/Rz )2 (ra)2 20 T Je )2 ()2 T e ()25 ()2

We will show how the first integral may be bounded; the other two are bounded by an identical argument. We
perform the change of variables z, = y, = (Ax); and z3 = y3 = (Ax)3. Expressed as a matrix, this change of

Z2| _ [a22 az3 X2
z3 aszz ds3 X3

The determinent of this change of variables is, by (1.4.49), simply |a11]|. Therefore, using that |a;1| < 1 because A

variables is,

is an isometry,

[ laii[** drod / |ap >~ dond <[ L / L

—— dx>dx; = —————dzydz T 5.az . 423,

re (22027 e @)z T k) Sr ()

and the right hand side is finite because s > 1/2. O

Proposition 1.4.20. If's < 1/2, there is no constant C such that |Ts(f. f. f. f. [)Lees < C|| f3 0. for all
functions f € LS.

The proof of the proposition involves a standard scaling argument, which we omit.

The index s = 1/2, which is the borderline between Theorem 1.4.18 and Proposition 1.4.20, is especially
relevant because the space L°°:1/2 i5 3 critical space for the equation iu; = Tg(u, u, u,u,u). That is, both the
equation and the space are invariant under the scaling f(x) — A/2 f(1x). By analogy with the cubic continuous
resonant equation in dimension two, it seems reasonable to conjecture that the operator 7 is bounded from
(L°°’1/ 2)> to [.°°:1/2 1n fact, this is equivalent to the statement that,

-1 1
o ( o7 p 7 v OVE <

which by scaling is equivalent to,

and again by scaling, this is equivalent to,

w ~ (1 1 1 1 1
- = =J6 _7_?_’_’_ (x)7
for some |w| < oo. In all, boundedness from (L%1/2)5 to [.9%1/2 jg equivalent to 1/./x being a stationary
wave. In [19] it is proved that 1/x is a stationary wave of the analogous continuous resonant system. The proof,
unfortunately, does not extend to the present situation in a manageable way.

Finally, let us note that 1/,/x € L°!/2 = [.2:° being a stationary wave would show that Corollary 1.4.16 is
sharp. That result states that once a stationary wave is in L2, it is analytic and exponentially decaying in physical
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and Fourier space. The function 1/./x being a stationary wave would show that the result cannot be strengthened

even to weak L2.

§1.5- THE CUBIC RESONANT EQUATION

In this final section we study the system defined by the Hamiltonian,

2 ) 2 /2 .
Hol) = N flaye == [ [ 1 potaxar (15.1)
x 0

which has an associated multilinear functional,

/2 ) ) i
Ealfis for fro fi) = = /0 A @ L)@ 0@ N fy()dxdr.  (15.2)

The functional has a large number of permutation symmetries,

E4(f1. f2. f3, f4) = €4(f2. f1. f3. f4) = &4(f1. f2, f4, [3) = &4 f3. fa. J1. [2). (1.5.3)

As in the case of quintic resonant system, Hamilton’s equation is iu; = J4(u, u, u) where 73 is defined by,

(Ta(f1. f2, 13), 8) = 4841, f2. 3. 8)- (1.5.4)

By an identical computation to the derivation of (1.4.7), we find that the operator 7 is given explictly by,

/4

Talhi. for ) = = /

—m/4

e—itH I:(eitHfl)(eitHfz))(eitHf3):| (x)dt_ (1.5.5)

This shows that the flow corresponding to the Hamiltonian #4 is precisely the resonant equation (1.2.9) in the
case k = 1. As discussed in the introduction, it was shown in [32] that this system is also the modified scattering
limit of the NLS equation (1.1.6).

1.5.1- REPRESENTATIONS OF THE HAMILTONIAN AND THE FLOW OPERATOR

As for the quintic case, we devote a significant amount of work to determining alternative representations of &4,
H4 and T3. In contrast to the quintic case, we do not have representations for #,4 of the form,

/R L N1O0L02) 05 a0y tro=yst0aby21 332024534y or 1€ flI7a 4

These representations are inconsistent with the scaling of the inequality #4(f) < (1/+/87)| f ”22 which we

prove in Theorem 1.5.7.
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Theorem 1.5.1. There holds the representations,

1 1
Ealfi fo o f9) = 55 e 202> 100 £ Ay + v3) fo(vy + v3) (1.5.6)

R4

S3(Avy + v2 + v3) fa(v3)dvidvadvusdA, (1.5.7)

2
Tafi fou f)0) = 5 [ DI f Gy ) foos + 0 a0 T o2+ Wduiduadi. (159)
R

To prove this theorem we need a lemma.

Lemma 1.5.2. Let ¥ (x) = (1 + xz)_l/z. Then 1/}(5) =((§) = \/1_ |11)| —L[(E/v)2+v? lav.

Proof. Tt is clear that v is in L2. We will calculate the Fourier transform of ¢(£) and find that it equals v. The
lemma then follows from Fourier inversion and the fact that ¥ is even.
We have,

é(x)ZZn./ ot [ e e avag

= L /eixge_%(é/”)zd&lv /e 307 = v?x? dv,
21 [R v R 2

where in the last equality we used the explicit Fourier transform of the Gaussian e~ witha = 1 /(2v?). In this

last integral we perform the change of variables u = v(1 + x2)~!/2, which gives,
b= ey s =V
x) = U=——-—"0 v"=Y(x),
(1 + x2)1/2 \/_ (1 + x2)1/2
which is what we wanted to prove. O

Proof of Theorem 1.5.1. We evaluate (1.5.2) using the Mehler formula (1.2.2), which reads,

e fi(x) =

1 /‘ ; 2/242/2) cos@0)=xy
_ sin(27) k( )d .
A/ 27| sin(2t)|1/2 fi(v)dy

For notational convenience, let A(x, 1) = (e f1)(e!™® f5)(e''H f3)(e'*H f) be the integrand in (1.5.2). Using
the Mehler formula, we have,

1 _i9§05(2l) (,V1+J/2 Y3—yaq)Xx -
At = ——— / e TR 1 R £ () fo(0) 5 (73) fa )y dysdysdys
472 |sin(2¢)|? Jr4
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where 2 = J’12 + y% - y32 — y‘%. Changing variables w(y3) = —y1 — y2 + y3 + Y4 and integrating over x yields,

/A(x,t)dx
R
- / [ TIERE (I TOD £1(01) fo(v2)
472|sin(21))2 Jr Jrs P22
S+ y1 + y2 — ya) fa(ya)dwdyidyrdysdx

—i ngs(Z[)
e 20 fi(y1) f2(y2) f3(¥1 + y2 — ya) fa(ya)dy2dysdya,

1
"~ 27| sin(21)] Jr3

where to get the second equality we used the Fourier inversion formula (1.1.18) with a = 1/ sin(2¢).
We now integrate ¢ on the interval [—m /4, 7 /4] and then perform the change of variablesu = — cos(2t)/ sin(2¢).
This change of variables bijectively maps (—/4,0) U (0, /4] to (—oo, +00) and satisfies du = 2dt/ sin?(2t).

Moreover,
2 cos?(2t) _ 1

B sin?(2t) B sin?(2¢) a

)

which gives sin(2¢) = (u2 + 1)_1/2. Using these, we find,

/4

/A(x,t)dxdt
R

1
_47'[ R3

—m/4

o) 1
([ ramadu) 00 OO T 32 = 301 fmidyadyadya.

We notice that the term inside round parentheses is the Fourier transform of /27 (1 + u2)~1/2 evaluated at the
point —§2/2. Therefore, by Lemma 1.5.2, we have,

/4
/ / A(x,t)dxdt
—n/4 JR

1 1 1 2
=1 s ([I; me s[@/2007+ I]dv1) J11) 2(02) f53(y1 + y2 — va) fa(ya)dy2dysdya.

At this point £2/2 = [(y1)* + (y2)* = (V1 + y2 = y4)* = (¥4)’]/2 = (1 — ya)(y2 — y4). For fixed vy, we
perform the linear change of variables,

A (y1 —ya)/v1 I/vi 0 —1/vi\ [
v | = Y2 = Ya =0 1 -l y2 |-
U3 Ya 0 0 1 Ya
which has determinant 1/|v;]|. The inverse is given by
»1 Avy 4+ vs3 vy 0 1 A
val=]v2+vs |=]10 1 1 vy |,
Ya U3 0 0 1 U3
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and we note specifically that £2/2v; = [(y1 — y4)/v1](y2 — y4) = Av,. This gives

/4 1
/ [ Ax,t)dxdt = yp /4 e—%[(/lvz)Z-i-v,Z]f1 (Avi + v3) f2(va + v3)
R

/4 JR

fS(AUI + vy + U3)f4(U3)dU1dU2dU3dA,

which is formula (1.5.7).
To get (1.5.8), we simply use the relation (74( f1, f2, f3), &) = 484(f1, f2. f3, fa)- O

Theorem 1.5.3. Let G(x) = ¢~2%> There holds the representations,

E4(f1. 2. f3. fa) = ﬁ 2[ 1+A2EB(A)(G fi. 2. G, f3, fa)dA, (1.5.9)
Ta(frs f2, f3) = ﬁ 5 1+)L2 Ty (G, fi1, .G, f3)dA, (1.5.10)

where for every A, B(A) is an isometry and B(1)(0,1,1) = (0,1, 1).

) - sz—ul)z (sz—i-vl)z
(Av2)” + (v1) —( 7 + 7 .

Proof. We observe that,

which gives,

~31Gu 2+ @] (’“’2—”1) (sz+v1)
= g (At g (At
V2 V2

We substitute this expression into (1.5.7). Using the fact that G(x) = G(x), this gives,

E4(f1. f2. f3. f4)

- glz /R4 ¢ ()“12—\/‘;1)1) S A1 + v3) f(v2 + v3)

/\Uz—vl)
G| ——— Avi + v+ v3)dvidvadvs.
(ﬁ O+ 02 ¥ 03) T3 dvidvadvs

By looking at the arguments of the functions in the integrand, we are led to define the matrices C(A) and D (1) by,

U1 1/v2 2/V2 0\ (w (Ava + v1)/V/2

CA)]v]= A 0 1 vy | = Avy + v3 ,
V3 0 1 1 V3 Uy + U3
and,
V1 —1/42 /2 0\ (v (Avy —v1)/V2
DA v ] = A 1 1 va | =] Avy + vy +v3
U3 0 0 1 U3 U3

We perform the change of variables w = D(A)v. We determine that det D(A) = (1 + A2)/+/2 > 0, and so
v = D(A)"'w is well defined. Set B(1) = C(A)D(A)~!. Performing the change of variables then yields the
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expression (1.5.9). The equation for 73 follows from (1.5.4). A calculation reveals that B(A) is given explicitly by

—1+12 A2 A2
B(A) =CA)DN) ! = P A2 A2 1 . (1.5.11)
A2 1 A2

We finally verify the two properties of B(4).

1. The relationship,

AU2+U1)2 2 > ()\,Uz—vl
—— | A+ v3) + (vt v3) = ——

means that for all v = (v, V2, v3) € R3 we have |C(1)v|? = | D(1)v|?. Replacing v with D(1)~!v gives
|B(A)v| = |v|, so that B(X) is an isometry.

2
) + ()H)l + vy + 1)3)2 + (1)3)2,

2. Sete = (0, 1, 1). The relationship among the arguments of the functions f¢,
(Avy 4+ v3) + (v2 + v3) = (Avy + V2 + v3) + (v3),

means that for all v € R3, (C(A)v,e) = (D(A)v,e). Replacing v by D(1)~ v, we have (v,e) =
(B(A)v,e) = (v, B(A\)'e), which means e = B(A)"'e and hence B(1)e = e. O

Theorem 1.5.4. There holds the representations,

2m
Eulli. fofo f0) = 37— | s (G fi fo.G. 1. fido. (15.12)
2n
{j:t(fbfz, f3)(x) = g/o Ts(g)(G,fl, fz,G, f3)(x)d0, (1.5.13)

where S(0) is the rotation of R® by 6 radians about the axis (0, 1, 1).
Proof. Because the matrix B(A) is an isometry, det(B(A1)) = +1, and B(1)(0, 1,1) = (0, 1, 1), it must, in fact, be

a rotation about the axis (0, 1, 1).
For any rotation A4 of R3, the angle of rotation 6 satisfies, 2 cos(#) + 1 = Trace(A). In the present case, this
means,

cos(8) = p(A) := —(Trace(B()t))— 1) = ! (1113322 - 1). (1.5.14)

We carefully perform the change of variables A + 6 in (1.5.9).

We find that ¢ (0) = 1, that ¢ is increasing on (—o00, 0], decreasing on [0, +00), and that as A — =00,
¢(A) - —1. By setting A = 1 in (1.5.11), we find that sin(f) = —1 < 0, and hence 6§ = —37/2 € [r, 2x]. By
setting A = —1 in (1.5.11), we find that sin(6) = 1 > 0, and hence 8 = 7/2 € [0, ]. From these considerations
and continuity, we infer that under A — 6, R is bijectively mapped to (0, 27].

To perform the change of variables, we need to find its determinant. It is given by,

1[—143A2 A2 —1
d)k, arccos 2 )LZ + 1 arccos /\2 + 1

d 2) d
YR — arctan FEanT =2|— YR arctan(1)| = o )Lz
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Formula (1.5.12) then follows. O

Formula (1.5.12) is very similar to the formula (1.4.26) derived in Section 4,

1
24/372

where R(6) is the rotation of R by @ radians about the axis (1, 1, 1). In both cases the functionals ¢ and &, are

expressed in terms of a family of rotations about a fixed axis. The specific axis in both cases is basically determined

E6(f1. f2. f3. Ja. [5. f6) =

2
/0 Er@y (1. fo for fior fs. fo)d6, (15.15)

by the fact that both functionals are translation invariant.

The presence of G in (1.5.12) has concrete consequences for the symmetry structure of &;. While the
functionals Eg(g) are all invariant under L? scaling, for example, this is not inherited by &, because the scaling
transformation also affects the G terms, but these must be fixed. Similarly, the functional &4 is not invariant
under the actions f +— eitx? fi and fi — e'*4 f.. (However we will see that the functional is invariant under
the action fi > e!*H f; because G is a fixed point for this.) Finally, we will also see that the presence of the G
terms has consequences for the set of saturating functions of the L2 bound for &;.

1.5.2- SYMMETRIES OF THE HAMILTONIAN AND CONSERVED QUANTITIES OF THE FLOW

Theorem 1.5.5. The function 84(f1, f2, f3, fa) is invariant under the following actions:
(i) Fourier transform, fi > }”\k.
(i) Modulation, fi > e'* fy.
(iii) Linear modulation, fi — e'* fi.
(iv) Translation, fi — fr(-+ A).
(v) Schrédinger with harmonic trapping group, fi — e*H fi.
Proof. Because S(0) is an isometry for all 6, items (i) through (v) of Theorem 1.3.3 apply to the functional Eg).

(i) Let ¥ denote the Fourier transform. Note that £ (G) = ¥ (e_xz/ 2) = %2 = G. Therefore,

& ToTo T =< [ 7 (Es(G. 71726 7o F)) do

1

2
-0 [0 Es@ (G f1. f5.G. fo. f)d0 = E(fr. fou for o).

(if) This is an easy consequence of representation (1.5.7).
(iii) This again follows from representation (1.5.7).

(iv) This follows from (iii), along with the Fourier transform symmetry in (i).
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(v) Recall that G(x) = e *12 js (a constant multiple of) the first Hermite function and hence satisfies
e G(x) = €' G(x). This then gives, for each 6 and s,

Es@)(G. e f1.e"H f,.G.e™H f3. " f1) = Eso) (¥ G, f1. fr.eH G, f3. f2)
= Es@)(e G, f1, f»,e7*G, f3, f1)
= Es)(G,e™ f1,€" f,G, €™ f3,e" fa).

Thus,
Ea(e™H f1,e"H £ eSH f3 eSH f1) = 84(e™ f1, €™ fo,e™ f3,€" f1) = &4(f1, for 13, f4),
using (ii). O

Corollary 1.5.6. We have the following commuter equalities,

eMRTi(fr. for f3) = Ta(€?€ fr. 2 fr.7€ f3), (1.5.16)
QTa(f1, fo. 3) = Ta(Qf1, fo. /3) + Talf1. Q Lo, 3) = T (f1. fo. O f3), (1.5.17)

where Q are the operators: Q = 1,0 =x,Q =id/dx,and Q = H.

The corollary follows immediately from Theorem 1.3.4. By Noether’s Theorem, Theorem 1.3.5, we determine
four conserved quantities for the Hamiltonian flow corresponding to #4. These are summarized in the following
table.

Symmetry of #4 Conserved quantity Operator commuting with 7
fretf Jr 1f(0)Pdx 1
fre?f Jr X f () Pdx x
f=fC+ Re [p /'(x) f(x)dx d/dx
fre™f o RIxfOP +1f (0)Pdx H

1.5.3- BOUNDEDNESS OF THE FUNCTIONAL AND WELLPOSEDNESS OF HAMILTON'S EQUATION

Proposition 1.5.7. We have the following sharp bound,
4
€a(fr for foo )l = —— [T I fellz2 (1518)
) ) ) = m — L%

with equality if and only if the functions fy are the same Gaussian fi(x) = e~ 2 X HBx for some B € C.
In particular there holds #H4(f) < (1/+/ 271)||f||4L2 with equality if and only if f(x) = e~ 23X HBx for some
peC.

The equality case here is a little different to the analogous result for &g in Theorem 1.4.10. For &, the set of
saturating functions is all Gaussians of the form e~ +Bx with Re > 0. In the case of &4, we necessarily have
o=1/2.
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Proof. Using the representation (1.5.12), we find that,

2w
1€4(f1, f2, f3, o) = 2 Jom 2/ |Es@)(G, f1, f2,G, f3, fa)|dO, < —— \/_ G172 l—[ I fillz2.
We calculate ||G||L2 = fR(e_xz/z)zdx = /7, which yields the inequality.
To have equality, we must have ,
4
|Es@)(G. fi. 2. G, f3. f)l = G117 [T I fell.2s (1.5.19)

k=1

for almost all 6. Because S(0) is not a signed permutation almost everywhere, functions f; satisfying (1.5.19)
must necessarily be Gaussians by Theorem 1.3.12. To find which Gaussians are admissible, write,

Fr(x) = e 3x rarx HBix (1.5.20)
for o, Bx € C. The equality condition from Theorem 1.3.12 reads, for all § and all x € R3,

G((S(0)x)1) [1((S(0)x)2) f2((S(0)x)3) = G(x1) f3(x2) fa(x3). (1.5.21)

We substitute the expressions for fj in (1.5.20) and G(x) = e=**/2 into (1.5.21). Because S(0) is an isometry, the
terms involving —x2/2 will cancel, leaving,

a1 (S(O)x)35 + B1(S(0)x)2 + a2(S(O)x)3 + B2(S(0)x)3 = a3xF + Paxz + @ax3 + Paxs. (1.5.22)

Set x = (0,k, k). Then S(0)x = x and so (&1 + a2)k? + (B1 + B2)k = (a3 + ag)k? + (B3 + Ba)k. This gives
oy +oy =az +oagand B1 + B2 = B3 + Ba4.
Next set x = (1,0,0). Then S(8)x = (cos(f). —sin(8)/~/2, sin(8)/~/2), which gives,

n(@)2 sin(0)
+ (B1 — B2) 7

and hence oy = —a, and 1 = ;. Setting x = S(—0)(1, 0, 0) similarly yields «3 = —o4 and 3 = f4. This
gives B1 = B2 = B3 = B4. Because S(0)(0,1,1) = (0,1, 1), the B terms in (1.5.22) cancel, and so any f is
admissible.

Finally set x = (1,1,1) = (1,0,0) + (0, 1, 1). Then S(#)x = (cos(8), 1 —sin(8)/~/2, 1 + sin(6)/~/2), and,

. 2 . 2
o1 (1 — Sll’l\/(;)) — o1 (1 + Slil/(g)) =3 +o4 =0,

expanding the left hand side we find that 2¢; sin(f) = 0, and hence @1 = @, = 0. Similarly by considering
x = S(—0)(1,1,1) we find that a3 = a4 = 0.

In conclusion, the functions f; in (1.5.20) satisfy the equality condition (1.5.21) if and only if o = 0 and
Br = P for all k. O

(1 + 2) =0,
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Theorem 1.5.8. We have the operator bound,

3
1Ta(frs fon f)lx < Cx ] Il fellx

k=1
for the spaces,
(i) X = L? withCx = /8/m.
(ii) X = Lz’g,for anyo > 0.
(iii) X = H?, foranyo > 0.
(iv) X = L°%, foranys > 1/2.
(v) X = LP* foranyp>2ands > 1/2—1/p.

Proof. The bounds (i) through (iii) follow from the representation (1.5.13) along with bounds on Ts) from
Theorem 1.3.7, noting that in all cases |G ||x < oo.

For (iv), we need to show sup, g |72 ({t) ™, (£)7%, () ™) (x){(x)*| < 0o. As in the proof of Theorem 1.4.18, it
is sufficient to show that,

_ 42 _ _ 42 _
mﬁnm@fﬂw>ﬁm3x’@vmuxwfsa
X€E

for some C independent of A. We observe that we have e’ 22 < (t)7%, which means it is sufficient to show that,
sup Tpeuy (1), () 75, (1) 7%, (1) ~°, (£) ™) () (x)* < C,
xeR

for some C independent of A. The proof of this bound is identical to the proof of the analogous bound in Theorem
1.4.18.
Item (v) follows from interpolating between L2 and L%, O

Theorem 1.5.9. Consider the Cauchy problem,

iu, = T4(u,u,u),

(1.5.23)
f(t=0) = fo.
which is Hamilton’s equation corresponding to #4 and the resonant equation (1.1.4) in the cubic case k = 1.

(i) The Cauchy problem (1.5.23) is locally wellposed in X for any of the spaces in the previous theorem.

(ii) The Cauchy problem (1.5.23) is globally wellposed in L?

Proof. Identical to that of Theorem 1.4.12. O
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1.5.4- ANALYSIS OF THE STATIONARY WAVES

As for the quintic resonant equation, Theorem 1.3.10 may be used to produce stationary solutions of the equation
iuy = T4(u,u,u). In fact, if ¢, is a Hermite function we have, recalling that G(x) = co¢o,

Ts@)(G.bn.bn. G, n) = 3 Ts6)(P0s Pns Pns b0, $n) = Cn,

for some constant C, by Theorem 1.3.10. This immediately implies that,

_ 1 2
Ta(Pns Gn, Pn) = Z\/_TT[Z/O TS(G)(G,(bn,(bn, Gv¢n)d9 = Con,

and hence that ¢, is a stationary wave for the Hamiltonian flow of #4. By taking the inner product with respect
to ¢, and using H4(¢n) = |e'H ¢y ||L;1L§ = ||¢nll L4, one finds that C = ||¢,||*/4.
By applying the symmetries of #4, we find that all functions of the form,

ae* ¢, (x + ¢). (1.5.24)

are stationary waves for a € C and b, ¢ € R. The set of stationary waves we can construct for the cubic case
is smaller than the set we can construct for the quintic case in (1.4.37), because the cubic equation has fewer

symmetries.

1.5.4.1- Regularity of stationary waves: technical issues

All of the stationary waves constructed in the previous subsection are analytic and exponentially decaying in
space. In the remainder of this section we prove that all stationary waves that are in L? are automatically analytic
and decay in space like ¢~ for some & > 0. This is analogous to Corollary 1.4.16 for the quintic resonant
equation. Recall that the proof of that result relied on two ingredients: a refined multilinear Strichartz estimate
(1.4.39) and a weight transfer property (1.4.38).

The weight transfer property was a direct result of the weight transfer lemma, Lemma 1.3.13, for the functionals
E 4. In the present case we encounter a problem when trying to replicate this: when we try to transfer weight in

the functional &4 using Lemma 1.3.13, the weight also hits the Gaussians,

EB(A)(Gv fl s fz, G, f37 f4GpL,€) = EB(A)(GG;L,G’ fl GM,G? fZG[,L,G’ GG/L,Ea fSGu,ss f4)’ (1-5~25)

and the right hand side here can’t be related back to &4. To get around this, we observe that,
G(x)Gpe(x) = e 2% e (hex?) < p(=5tu)x® (1.5.26)

which, if i < 1/2, is still decaying exponentially fast, and should be possible to handle in estimates.
Because of this consideration, we are led to define,

1 1 1 2 1 2
EY(f1s fau f3u fa) = WAH-—/VEB(D (e(_fﬂb)x  J1s f2.e RN »f3’f4) dA, (1.5.27)

and we note that &) = &4. We now proceed to develop the two ingredients for the stationary wave result, noting
that both ingredients need to be developed for & and not just 4.

65



1.5.4.2- The weight transfer property
Lemma 1.5.10. (i) Ifu < % and functions f are positive then there holds,

84 (f1. fou 3. [4Gpe) < €M (f1Ge(x), f2Gpue(x), 3G pue(x), f2) . (1.5.28)

(i) Ifu < % then there holds the bound,

1
|84 (f1, fo. f3. fo)l < \/gﬁ A1l 22l 21 f3ll 2l fall 2 (1.5.29)

Proof. (i) This is immediate from the computations in (1.5.25) and (1.5.26).

(if) Boundedness is proved in the usual way,

2

o IMlzll 2llz [ 302 fall 2 d A

1 1 1)R2
8 (i o fo £ = < [ g e

1 1 2
—(1—2u)x
<o (L) ([0 a) 11 1 Al Al

Evaluating the integrals appearing here yields the result. O

1.5.4.3- Refined multilinear estimates

As for the quintic resonant equation, the refined multilinear estimates we need can be determined in an elementary
way using the representations (1.5.7) and (1.5.9) for &4.

Lemma 1.5.11. There is an absolute constant C such that if fi and f3 are supported in B(0, R)C and f> and f4
are supported in B(0,r), with R > 4r, then,

C
1€4(f1. f2. 3. fO)| = _R”fl||L2||f2||L2||f3”L2||f4||L2- (1.5.30)

Proof. From (1.5.7) we have,

1 _1
E4(f1. f2, f3, fa) = ﬁ/ e él(kvz)zﬂﬂfl(lvl + v3) f2(v2 + v3)

R4

f3(AU1 + vy + v3)f4(v3)dv1dv2dv3d)t. (1.5.31)
If the integrand here is non-zero, we necessarily have |v3| < r, |va + v3| < r,and [Av; + v3| > R. This gives,
R
|[Av1] > [Avy + v3| —|v3| = > and |v2| < |v2 +v3| + vs| =7 (1.5.32)
We will use these inequalities to impose constraints on |Av, + v1| and |Av, — vy, which are the inputs to the
Gaussins in representation (1.5.9). If we can ensure that these are large, the fast decay of the Gaussians will imply

that &4 is small. By inspection, we see that large values of |A| pose a problem, but such large values can be dealt
with separately by using the decay of 1/(1 + A2) in (1.5.9).
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Regime One: |A| < v/R/4. Observe that,

R
A > —|A > — —2|A,
[Ava +vi| > [vg]| — | U2|_2|)k| |A]

in the last step using (1.5.32). Because the function x — R/(2x) — 2x is decreasing for positive x, we have,

R R
|Avy + vy| > o] —2A > YD) —2(~R/4) > VR.

An identical argument shows that |Av, — v1| > +/R. It follows that,

1
A= o /AI VR/4 1 +Az| Epa(G. f1. /2.G. f5. fa)ld A
1
B ﬁn/|<f/41+/\2| Es)(GXxzyre 1 S22 OX 2y J30 o)A
1
= Vo (/ I+ xzd*) 162 gz vaRIZ2 A2 Sz ol a2
We estimate,
(6o alie =2 [ e ar < [ xe 2 x. 2
= X _ — iy
Xx|=v/RIIL2 JR TR @ <=

and hence,

—= ||f1 2l 202l f3ll 2 Ml fall 2

ﬁ

for some absolute constant C.
Regime Two: || > +/R/4. This is easier: we have,

1
B:=— G, G, i
N /A>f/4 = To2/€sw(G. f1. 2.G. f5. fa)l
V2 1
= 2 ([, T ) G Aol llea sl filo
We estimate o | © 4
. _drs< / —dd <= ——.
/«/EM 1+ 42 VR/4 A? VR
which then gives,
B < Tﬂfl Izl S22 f3ll 2 1l fall 2
Then, because &4( f1, f2, f3, fa) = A + B, equation (1.5.30) is established. O

Theorem 1.5.12. There is an absolute constant C such that if u € [0,1/2), fx is supported in B(0,r) and f; is
supported in B(0, R)C, with R > 4r, then

C
84 (f1, fo f3, fo)] < a Il 2l 21 /3l 2 Ml fall 2 (1.5.33)

_ 2M)5/8R1/4

Proof. For fixed p € [0,1/2), let @ = /(1/2) — j1. We will again adopt the notation f*(x) = A!/2 f(1x). With
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this notation we have,
e~ _ pm@x)? G(ax) = o~ V2G%(x).

Using the scaling property of Ep(y), we have,

1 1 _ _
EY (1, fas f3u fa) = EAH—VEB(A) (O‘ 112G fi, fo. 1/ZG"‘,f3,J’r4)

L1 1 /a 1/a l/a 1/a
= — E G, ,G, )
a«/ﬁn/1+xz B“)( Wt RS

1
_ ;84 (fll/a’ 21/a’ 31/o¢’ 41/0:) )

Now assume that f, is supported in B(0, R)€ and Jk, is supported in B(0, r). We then have that fl/a i

supported in B(0,«R)¢ and fklz/“ is supported in B(0, @r). Then, using representation (1.5.2), we have,

14 (f1, fas f3s f0)]

1 1 1 1 1
:'584(f1/a’ 2/av 3/0[7 4/(1)

12 /2 ) . ' '
_;/(; A;{(ethfll/a)(ethle/a)(ethf31/a)(e,,Hf41/a)dxdt

L2 (2 1/ 1/ BENGE 1/ 1/ v
itH ay o itH N2 itH N itH ayi2
5(;/ [ g g >|) (;/0 [ gl g )|)

=—8 (fl/a fl/a fl/a fl/(x)l/zg (fl/oc fl/oc fl/oc fl/a)1/2

IA

Using (1.5.30), we get,

Ea( S S Y 2 < LA 12,0 £%012, = 1 fiey 1251 fis 122

- ( R)1/2 (R)1/2

while for the other &4 term we can use the usual L? boundedness. This gives,
84 (f1. f2. f: f)I<L||f|| I 2llz2 1l f3llz2 1l fall
4 1, /25 /35 /4 = a5/4R1/4 1112 212 31(L2 4||12-

Substituting back in ¢ = /(1/2) — u gives the result. O

1.5.4.4- Stationary waves are analytic

Theorem 1.5.13. Suppose that ¢ € L? is a stationary wave solution of iu; = T4(u,u, u); that is, ¢ satisfies,

wp(x) = Ta(9. 9. 9)(x), (1.5.34)

for some w. Then there exists« > 0 and 8 > 0 such that ¢e°‘x2 € L™ and aeﬁxz € L. As aresult, ¢ can be
extended to an entire function on the complex plane.

Using the proof of Corollary 1.4.16, this theorem is an immediate consequence of the following proposition.
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Proposition 1.5.14. Suppose that ¢ € L? satisfies,

wlp(x)| = Ta(9l. l9l. ) (x). (1.5.35)

2
for some @ > 0. Then there exists a > 0 such that x > ¢(x)e** € L2.

Proof of proposition. For the proof, we will find i so that we have the bound ||¢G |2 < 1 independently of €.
Taking the limit € — 0 will the yield the result. The structure of proof here is extremely similar to that of Theorem
1.4.15. For brevity, we will only describe the start of the proof here, which is the only part that is essentially
different to the proof of Theorem 1.4.15.

First, we fix throughout u < 1/4. Using formulas (1.5.28), (1.5.29) and (1.5.33), there are constants C
independent of y, such that,

84(]r1’ f27 f3» f4GM,E) = gr(flGu,,Es fZGpL,E’ f3G,u,€v f4) (1536>
€5 (1, far f3, S| < Cll fill 2l 2l 2l fll 2 fall 2 (1.5.37)

1
164 (f1. f2. f3. fa)l < CWHfl Izl f2l2 F3ll 2 1l fall 2 (1.5.38)

where in the last inequality, f; is supported in B(0, r) and f; is supported in B(0, R)€ for R > 4r.

Now consider a function ¢ satisfying (1.5.35). We may assume ¢ is non-negative. For any M > 0 define,
$<(x) = () f1x|zm (%), P~ (x) = P (X)X bt <|x)<m2 (X)), $>(x) = ¢ (X) f|x|<m2 (X).
We have the decomposition ¢ = ¢~ + ¢~ + ¢~, and the supports are all disjoint, which gives
||¢Gu,e||22 = ||¢<Gu,e||iz + ||¢~Gu,e||zz + ||¢>Gu,e||iz-
The first two terms are trivial to to bound uniformely in M. If [x| < M 2 we have,
Gue(x) < e < oM’

so setting u = M~ gives, ||¢p<Gpucllz2 < |p<elllz2 < el|pllz2 < 1, with the same bound for ¢. In order to
prove the theorem, it remains then to bound ||¢~eC< ||, 2.
Starting with the equation (1.5.35) of the theorem, we multiply both sides by ¢- (x)G,, ¢ (x)* which gives,

¢ (X)2Gppe(x)? < Ta(9, .., 9) ()P (X) Gy e (x)*.

Now integrating over R and using (1.5.36) gives,

0llp>GrelZs < Ea(d.$. ¢, $-Gue®) < EL DG pc. $Gpe. $Gpue. d=Ge)-

For convenience, let ¥ = ¢G, . The bound then reads,

olly=17> < €W ¥ v ¥s).

Now write each ¥ = ¥« + ¥~ + ¥~ and expand the multinear functional. We will get many terms, which we
bound in one of two ways.
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e If there are three or more v~ terms, bound by ||V~ || ]]iz where k is the number of 1/~ terms appearing, using
(1.5.37). In this case the other terms are ¥« or ¥, which are uniformly bounded.

e If there are one or two V-~ terms, then there is either a ¥/« term or a ¥ term. In the former case we can
use the refined multilinear estimate (1.5.38), with R = M2, and bound by M ~'/2||y ||¥ (where k = 1 or
k = 2). In the latter case we can bound by ||~ || 2] ¥~ ||]z2 S g~ 2l v> ||I’i2 using (1.5.36).

In total, we get,

ollY=17. < EX ... ¥ ¥s)
=C (II¢>||22 =17 + M2 i) (Y= 17 + III/f>||L2)),

for a constant C independent of . This formula has the same structure as equation (1.4.42) in the proof of
Theorem 1.4.15. Replicating the same argument there, we find that if we choose M sufficiently large there is a
constant independent of € such that ||~ |72 < C. Letting € — 0 then gives the result. O

PROOF OF THEOREM 1.3.12

Theorem 1.3.12 has two distinct parts, which we state here independently as Lemma 1.5.15 and Theorem 1.5.16.

Lemma 1.5.15 (Decomposition Lemma). Let A be an isometry. Denote fk(x) = fx(—x). There exists integers m
andl, with0 <m <1 < n, and two permutations 01 and o, of the integers {1, ...,n} such that,

l

Eq(fi..... fan) = (n(fol(k)vfnﬂfz(k))) [T (Foit0 farorr)
k=1

k=m+1

X Eg(foy(+1)s -+ Jor(m)» Jntoa@+1)s - - - fntoa(m))s
where the matrix B : R"1 — R"! has no permutation part; that is, for alli and j, Be; # *e;.

Proof. Call a pair of integers (i, j) good if Ae; = e; and bad if Ae; = —e;. Because A is injective, for a given j
there is at most one i such that (i, j) is good or bad. Let m be the number of good pairs, and / — m the number of
bad pairs. Order the good pairs in any way, and for k = 1,...,m,let 0;(k) = i and 0,(k) = j where (i, j) is
the kth good pair in the ordering. In a similar fashion, order the bad pairs in any way, and fork =1+ 1,...,m,
let 01(k) =i and 02(k) = j where (i, j) is the (k — m)th bad pair in the ordering.

Now consider i such that i is not the first component in a good or bad pair. There are n — [ such i. Order them
inany way,and fork =1+ 1,...,n set oy (k) = i where i is the (k —/)th number in the ordering. Then consider
J such that j is not the second component in a good or bad pair, and for k =/ 4+ 1,...,n define 02(k) = j ina
similar fashion.

It is clear that,

A span(eg, (1), - - -+ €0y (m)) = R™ — span(eg, (1), - - - » €or(m)) = R™ (1.5.39)

A :span(eol(m+1), e €0y (1)) ~ R span(egz(m+1), ey 602(1)) =~ Rl_m, (1.5.40)
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and that A = [ and A = —I on these subspaces respectively, with the implied identifications of bases. Because A
is an isometry, we then necessarily have,

A 2 span(eg, (m+1): - - - €oy () = R"™™ — span(eg,(m+1)s - - - » €or(n)) = R, (1.5.41)

Let B be the restriction of A as a map between the subspaces in (1.5.41). The condition that Be; # +e; holds
because otherwise (i, j) would be a good or bad pair and ¢; and e¢; would not be in the subspaces given in (1.5.41).

The representation of E4 arises because A is the identity in (1.5.39) and the negative of the identity in
(1.5.40). O

In light of the representation of Ejy, it is clear that we have the equality |E4(f1, ..., fan)| = ]_[,%11 Il fellp2 if
and only if the following three conditions hold.

L Forallk =1,....m, [(fo, (), fato200)] = | for 02|l fato2 ) | L2, which means fo, (k) = Ck futor (k)
for some constant Cy by the usual Cauchy-Schwarz equality condition.

2. Forallk =m+1,...,1,

{ fo1(0)> fnror @) = 1 foro L2 favor 2 = Il foyao |2 | frtoniio L2

which means f;, ) = Ck ]Fn+02(k) for some constant Cg, again by the usual Cauchy-Schwarz equality
condition.

3. |EB(fo1(41)s - - - Jfor(n)s Satar@+1)s - - - Fntonm)| = [Timi1 | for oz | fatonio L2

To finish the proof of Theorem 1.3.12, we examine the equality case in item 3. This equality is, of course, identical
looking to the original equality condition (1.3.20). The difference is that B has the structural condition Be; # =e;.

Theorem 1.5.16. Suppose that A is an isometry, and for alli and j, Ae; # *ej. Then,

2n
|Ea(fr. .. fa)l = [ I ell2

k=1

only if each of the functions is a Gaussian. Equality holds if each of the functions is the same Gaussian of the form
2
e~ %" for somea > 0.

The ‘if” part of the Theorem was proved before, in Theorem 1.3.11. The ‘only if” part follows from a close
analysis of the Cauchy-Schwarz equality condition,

[T /A0 = [T fare ), (1.5.42)
k=1 k=1

which was given in (1.3.20). The proof is in three steps.
1. First we show that if all the functions in (1.5.42) are smooth and strictly positive, then they must be Gaussians.

2. Next we show that if all the functions in (1.5.42) are merely non-negative and in L2, then they must
be Gaussians. The idea here is extremely simple: the heat flow acting on each function simultaneously
conserves the relationship (1.5.42). For future times, the heat flows are smooth and positive, and part one
can be applied.
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3. Finally we show that if the functions in (1.5.42) are complex valued and in L2, then they must be Gaussians.

Lemma 1.5.17 (Step One). Suppose that functions fi satisfy (1.5.42), are all strictly positive and smooth. Then they
are all Gaussians.

Proof. Let g (x) = log fr(x). Because f is strictly positive and smooth, g is well-defined and smooth. To show
[x is a Gaussian we will show that g is polynomial of degree at most two.
Because A is an isometry, it satisfies A~! = AT Therefore, for all m, we have the matrix expansions,

n n
Aey,, = Zakmek and A7le, = Zamkek, (1.5.43)
k=1 k=1

for numbers {ag;}} ,,_,- By the assumptions in the theorem, we have |ay,,| < 1 for all k and all m. Set

€ = MaXy, k |akm| < 1. Because A is an isometry, we have,

n n
I =|den|* =) ag, and 1=|A7"en> =) a2, (1.5.44)
k=1 k=1

for all m.
Taking the logarithm of both sides of the Cauchy-Schwarz equality condition (1.5.42) (and switching the left

and right sides) gives the condition on the functions gg,

n n
Z En+k (Xk) = Z 8k ((AX)). (1.5.45)
k=1 k=1
Fixm € {1,...,n} and set x = tey,. Forallk € {1,...,n}, we have (Ax)r = t(Aem)r = tamr and xx = 8.

Therefore,
n

Entm(t) + Z &n+k(0) = ng(akm[)~

k=1 k=1
k#m

Differentiating this equation twice with respect to ¢ yields,
n
Enim(®) =Y a3 &1 @kml). (1.5.46)
k=1

We can evaluate this equation at 1 = 0 to get g, ,.(0) = >y _, az, g//(0). Subtracting this from (1.5.46) then
gives,

n
rm® — &m0 = Y at,, [& (armt) — g1 (0)]. (1.5.47)
k=1
For all indices m and k we have ag,,t € [—¢|t|, €]t]] and so the bound,
8nm () = &m0 = max — max |gg(s) — g;(0)], (1.5.48)

s€[—elt|,elt]l k=1,...,n

holds for allm € {1,...,n}.
The Cauchy-Schwarz equality condition is similar when the roles of fi, ..., f; and fy+41, ..., fa, are switched.
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This may be seen by replacing x by Ax and finding,
n n
[T fesCA™ 00 = TT Sl (1.5.49)
k=1 k=1

By equations (1.5.43) and (1.5.44), the same estimates for 4 hold for A~!. Therefore, performing the same argument
as before, we find,

") —g’(0)] < ma ma o) —g”, .0 1.5.50
1gm (@) — gm(0)] < se[—e\zf,(e\n]k:l,.in 18044 () — &,4x(0)] ( )

forallm e {1,...,n}.
The two families of inequalities (1.5.48) and (1.5.50) may be combined into one inequality,

max () — gl (0)] < ma ax 7(s) — g/ (0 1.5.51
k=1,...2n 18 () = 8 O)] = sel=eltlelt]l k=1,...2n 18k () = £, O) ( )
This holds for all 7. Applying it recursively N times yields,
max () — g/ (0)| < max max 7 (s) — g7 (0)].
e g (1) — g (0)] = seleeN LN ] koo g5 (s) — g¢ (0)]
But now € < 1, and so we have, because g is smooth,
ma () — gl (0)] < lim ma ma "(s) — g7(0
el 18k () = 81 O] = N300 seleN |t LeN t]] k=Trn2n 18x(5) = £ 0]

= L(0) — g (0)] = 0.
cmax 12(0) = g, (0)]
Hence gj/(x) = g;/(0) is a constant, g (x) is a polynomial of degree at most two, and fi(x) = e8k ) s a
Gaussian. O

The proof of the previous lemma required smoothness and positivity assumptions on the f; functions. We

now use a heat flow argument to upgrade the result to non-smooth and non-negative f.

Lemma 1.5.18 (Step two, part one). The Cauchy-Schwarz equality condition (1.5.42) is conserved by the heat flow.
More precisely, suppose that there is a y > 0 such that all of the functions in (1.5.42) satisfy fke_yx2 € L'. Then
there is a time T such that the heat flow e™*2 fy is defined fort € (0, T) and all k. For fixedt € (0, T) the functions
hie(x) = (7" fi)(x) satisfy (1.5.42).

Proof. Under the assumptions on f; we can write the solution of the heat equation e 2 fj using the fundemental
solution as,

(€ fi)(xg) = “PA £ — v dyg.

=7
— | e
NZETI

The formula is well defined for 0 < ¢ < T, with T < 1/y, because of the integrability assumptions on f;. Using
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this formula n times, we have,

[T fio(ax)e) = e PPATT fel(Ax) — yio)dy
k=1 k=1

1
(4]Tt)n/2 /R”

_ —|yI2/41 - o
(4mt)n/2 A ¢ kl:[1 Jie((A(x = A7 y))dy
1 ,
= W/];@ e IVI7/41 1_[ Foar((x —A_ly)k)dy,

k=1

where in the last line we have used the Cauchy-Schwarz equality condition (1.5.42). We now perform the change
of variables z = A~1 y. Because A is an isometry, the determinint of this change of variables is 1, and we also
have |y| = |Az| = |z| for every y € R”. This gives,

- —tA _ 1 —|z|2/4¢ - . _ - —tA
[T foanm = o L TT et =0y = [T franr o0

For fixed ¢ the maps /iy (x) = ™2 f(x) thus satisfy (1.5.42). O

Corollary 1.5.19 (Part two, step two). Suppose that non-negative functions f € L? satisfy (1.5.42). Then all of
the functions are Gaussians.

Proof. If f; € L2, then fke*”x2 € L' for all y > 0. By the previous lemma, the heat flow e *4 f; exists for all k
and ¢ € (0, 00), and the functions /i (x) = e™*4 f (x) satisfy (1.5.42). The functions & are smooth, and because
the initial data is non-negative, the functions iy are also positive. By the first lemma, each of the /i functions are
Gaussians.

Fix k. By substituting the general form of a time dependent Gaussian into the heat equation we discover that
if e’Afk is a Gaussian for all ¢ € (0, T') then necessarily, for ¢ > 0,

d
(e—tA fk)(x) — e—b(x—c)2/4(t+a),

JEta

for some a > 0and b,d > 0 and ¢ € R. We calculate,

2 2
e el = - [ eteeraragy = L [2
t+alr Jt+aV b

Then, because [[e "2 fi .2 < |l fk |12, we must have a > 0. This gives,
1 2
— 1 —tA — (bx +cx)/4a)’
Ji(x) = lim (7% fie) (x) 7t

so f is a Gaussian. O

Having proved the result for non-negative f; we lastly prove it for general complex valued f.
Lemma 1.5.20 (Step three). Suppose that functions fi € L? satisfy (1.5.42). Then all of the functions are Gaussians.

Proof. We assume that the functions f; are smooth; the result for general functions follows from invoking the

heat flow argument as in Step Two.
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Taking absolute values in the equality condition (1.5.42), we see that the functions | fi| satisfy the condition

as soon as the functions f; do. By the previous Lemmas, | fi | must be a Gaussian G (x) for all k, and hence,
fi(x) = 4 @Gy (x), (1.5.52)

for some real valued function gi. Note that from this we necessarily have f;(x) # 0. Because f; and Gy are
smooth, and '8 = f; (x)/ G (x) we can choose gx to be smooth.
Plugging the expressions (1.5.52) for fi into (1.5.42) we find,

n n
1_[ elgk((Ax)k)Gk((Ax)k) — 1_[ elgn+k(xk)Gn+k(xk)'
k=1 k=1

The Gy, terms cancel because we know the functions G = | fi | also satisfy (1.5.42). We are left with e’ Lk=1 8k (A0k) —
¢! Xk=18c(%) | and hence,

Y k((Ax)) = Y gk (k) + 27n(x).

k=1 k=1
where n : R” — Z. Because g is smooth, n is smooth and hence a constant. Plugging in x = 0 gives n(x) = 0,
and then the equation for the functions g is thus,

D gk((Ax)) = Y gnrk (k)
k=1 k=1

This is precisely equation (1.5.45). As before, gz must be a polynomial of degree at most two, and f is a complex
Gaussian. O
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Chapter 2

Schrodinger Maps

§2.1 - INTRODUCTION

The harmonic map heat flow and the Schrédinger maps equations are natural generalizations of the linear heat and
Schrédinger equations where the domain and range of the functions considered are manifolds and the Euclidean
partial derivatives are replaced by covariant derivatives. In this article we will be exclusively discussing the setting
when the base space is some Euclidean space R? and the target is a Kihler manifold N with complex structure J.
The energy of amap u : R? — N is defined by the formula,

1
E(u) = -/ |du|2dV.
2 R4

The Euler Lagrange operator t(u) corresponding to & is calculated, in coordinates, to be v(u) = Z,‘le Dy 0xu,
where the Dy operators are covariant derivatives on N. The harmonic map heat flow is then the Cauchy problem
given by,
uy =t(u) = ZDkaku, u(0) = uyg, (2.1.1)
k

while the Schriodinger maps equation is the Cauchy problem given by,

u, = Jr(u) =J Y Didgu. u(0) = uo. (2.1.2)
k

One can also consider the generalized Landau-Lifshitz (GLL) equation, defined for « € [0, 00) and B € R by,

we = Jtr(u) = (@+ BJ) Y Didru. u(0) = uo: (2.1.3)
k

this corresponds, when the range is C, to the PDE (« + Bi)u; = Au. Let us emphasize that the linearity of the
equations in the familiar case when the target is C is special: in general these problems are nonlinear because of
curvature.

The harmonic map heat flow is a well known and intensively studied problem. It was introduced in [17]

as a tool for studying the existence of harmonic maps. These are maps which satisfy (1) = Dydru = 0 and
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correspond to stationary solutions of all of the problems above. Vast work done on the harmonic map heat flow in
the subsequent years; see, for example, [37] for a textbook treatment. We mention only that it has been shown
that for general N uniqueness of the harmonic map heat flow does not hold, and that one way to demonstrate
non-uniqueness is through studying self-similar solutions, as is done in [26, 23]. This approach is used to prove a
non-uniqueness result for the case of the flow for maps from C? 2 R* to CPP? in section 2.5.

As opposed to the harmonic map heat flow, the Schrédinger maps equation (2.1.2) has been much less studied
in general. For the setting we are considering here, that of the flow for maps u : R? — N, local well-posedness
in the Sobolev space H!(R%; N) for integer [ > d/2 + 1 is established in [38]. One can see by scaling that H4/2
is critical for the problem, and significant work has been done on proving global well-posedness in this and other
critical spaces in the special case when the target is the sphere N = S? [5, 6, 4, 34].

The case of the sphere is particularly attractive for two reasons. First, given the usual embedding S C R3, the
Schrédinger maps equation becomes quite explicit. In this framework, the complex structure at the point u is simply
given by the cross productin R3, Jw = u x w. The derivative term is calculated to be Y, Dy dxu = Au+|Vu|?u,
where A and V are the Laplacian and gradient operators for functions from R? to R3. The Schrédinger maps
equation thus becomes,

u; = u x (Au + |Vul?u), x € R?, u(x) € S? C R>. (2.1.4)

The second reason this case of the Schrodinger maps equation is appealing is that it is physically relevant. Equation
(2.1.4) is used to describe the dynamics of ferromagnetic spin systems, and is known in the physics community as

the Heisenberg model. It is a special case of the equation,
u; = (o + Bux)(Au + |Vu|*u), x e R?, (2.1.5)

which is the Landau-Lifshitz-Gilbert equation and is used to study the direction of magnetism in a solid. (The
survey article [36] discusses the physical relevance of these equations.) The equation (2.1.5) corresponds precisely
to the GLL equation (2.1.3) in the case of maps u : R¢ — S2. The work on small data existence and uniqueness
in a critical space for the Schrédinger maps equation in this case of the sphere culminated in [4], which furnished
a global critical small data well-posedness result in the Sobolev space H%/2.

A large body of work has been devoted to the sphere problem when the domain is R2. The critical space
is H', so the problem in this dimension is energy critical. It is also tractable to study because one can make
an equivariant ansatz and thereby study a sub-problem of the flow as a whole. The equivariant ansatz involves
studying solutions of the form the form u(r, 8) = ™R f(r) where f(r) € R3, m € Z, and R is the generator of
rotations about the z-axis and given by the matrix,

0 1 0
R=]-1 0 0
0 0 O

The overall picture that has developed can be described in terms of the harmonic maps, which have finite energy
in this context, and whose existence is generally seen as barrier to global well-posedness. In the case of radial
maps, m = 0, there are no non-trivial harmonic maps and a global existence result for arbritrarily sized data in
H? has been established [30]. In the case when m = 1, the lowest energy level of the non-trivial harmonic maps
is 47; for initial data with energy strictly smaller than this, global existence has been shown to hold [3]. On the
other hand, in [39], a set of initial data with energy arbitrarily close to 47 is constructed which generates finite
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time blow up solutions. (This paper resolved the long standing question of whether finite energy initial data could
lead to finite time blow up.) Finite time blow up solutions are also constructed in [40]. For m > 3, it has been
shown that if the initial data has energy close to that of the harmonic maps then the solution is, in fact, global [30].

Still in dimension 2, the equivariant ansatz can be made under the more general assumption that the target
N is a complex surface with an S! symmetry. This was originally done in [14], where a critical well-posedness
theory for equivariant data small in H ' was developed. Under the same equivariant ansatz, [27] take a different
approach than the Sobolev theory, and instead study the self-similar solutions of the flow. These are solutions of
the form u(x,t) = ¥(x/ \/H) for a profile ¥. A family of such solutions with C * profiles is constructed, giving
an example of regularity breakdown: these solutions are smooth at all times ¢ # 0 but not smooth at # = 0. The
study of these self similar solutions is supplemented with a global critical small data well-posedness theorem in a
Lorentz space that is shown to include the self-similar data.

When the dimensions of the range and domain are larger than two, but the same, it is still possible to formulate
an equivariant ansatz, as will be shown in detail below. For the case of the Schrodinger maps equation for maps
u : C" — CP”, this equivariant ansatz is considered in [16], where the existence of self-similar solutions is
established.

The primary purpose of the present chapter is to expand upon this previous work on the equivariant C” to
CP" case. We are particularly interested in establishing a critical global small data well-posedness result in a
space. We are not constrained to the Schrédinger maps equation, and many of our results, including our analysis
of the existence and dynamics of the self-similar solutions, are valid for the GLL equation. More broadly, our hope
is to introduce and cast this problem in a transparent way in order to open it up to the kinds of investigations that
have, thus far, been limited to the case of the sphere.

2.1.1- OVERVIEW OF THE RESULTS
2.1.1.1- The equivariant ansatz and derivation of the equation

We consider maps v : C" — CP”", where CP" is equipped with the Fubini-Study metric, for n > 2. Then = 1
case is the usual problem of R? to the sphere because CIP! with the Fubini-Study metric is isometric to S2. In
what follows n is the complex dimension and d = 2n is the real dimension.
Recall that CP” can be viewed in terms of the homogeneous coordinates as points (zg, z1, . .., Zy) € cntl
under the identification,
20,21, ..., zn] = [azo,@z1, ..., 0zZy],

for all @ € C\{0}. Given a complex isometry A of C” we can construct an isometry A of CP” by the formula,
Alzo. 21, ... zp] = [20. A(z1. . . .. Z0)]:

that is, we let A act on the last n coordinates in the homogeneous representation. A map v : C* — CP”" is said
to be equivariant if v(Az) = Av(z) for all isometries 4 of C” and all points z € C”. This ansatz is formally

conserved by the flow. This assumption is strong and, as we show, implies that v is in fact of the form,

U(Z) = U((Zl,...,Zn)) = [ZO» f(r)zl,...,f(r)zn]

where r = |z| and f : Rt — C. We observe that for any x € R we have,

v((x,0,...,0)) = [z0, f(r)x,0,...,0];
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or namely that,
U(R+el) C {[z0,21,0,...,0] : 29,z € C} ~ CP!,

so the image of a real ray is contained in a complex line. The Fubini-Study metric of CP” restricts to the
Fubini-Study metric on this CP!, so in fact the image of v(R¥e;) is contained in a manifold isometric to S2.
The idea, now, is to parameterize this sphere in the usual embedding S> C R> and determine an equation on
u(r) = v(rey) € S%. From the equivariant ansatz we can recover v from u.

By a computation we determine that the energy of v is given in terms of u : C* — S? by the formula,

I 242 & (20— 2)u— es]?
8m)=_/" 2 4 e+ @n =Dy (2.1.6)
2 R2n r2

where |u — e3| is the Euclidean distance in R3 between u and the north pole of the sphere e3, and |u,| is the
Euclidean norm in R3 of u,. Observe that in the case n = 1, we recover the usual energy for the equivariant
R? —» S2 problem, as we would expect. (See, for example, [3], p. 2.) For n > 2, one determines that any function
u with finite energy is continuous and has a limit as r — oo; by inspecting the energy one sees that this limit
must be the north pole e3.

The harmonic map heat flow, the Schrodinger maps equation, and the GLL equation for this equivariant case
are now determined by calculating the variation of the energy. We find that the GLL equation is given by,

Pu 2n—10u 2n-2
oo +u3e3), (2.1.7)

— (aP 2=
= (@ +ﬁux)(8r2+ r 8r+ r2

where P is the projection onto the tangent space 7;,S? and u3 = (u, e3). The harmonic map heat flow corresponds
too = 1 and § = 0; while the Schrédinger maps equation corresponds to « = 0 and 8 = 1. This representation
of the problem appears to be new. Its similarity to the corresponding equation for maps to the sphere is precisely
what makes it so useful: it immediately opens up the possibility of applying some of the techniques developed for
the case of the sphere to the present setting too.

By taking the stereographic projection from the north pole f(r) = (u1(r)+iua(r))/(14+us(r)) we determine
the stereographic representation of the problem,

(2.1.8)

) _ _ 2
fz=(a+ﬂi)<frr— SR/ ek . 1—2'f'f),

T+ /17 =t BT

where the function here is a radial map f : R?” — C. From this representation we see right away that the
harmonic maps - that is, the stationary solutions — are given explicitly in this context by f(r) = yr for any
y € C. In the terms of the sphere coordinates, the harmonic maps are given by a type of stereographic projection

u(r) = (2Re (y)r,2Im (y)r,1 — |y|2r2) . (2.1.9)

1
Again, this is consistent with the n = 1 case, where the equivariant harmonic maps from R2 to S? are known to
be stereographic projections. It is remarkable that the analytic expressions for the harmonic maps are independent
of n. This seems to suggest that, from the perspective of the theory of harmonic maps, CP” is the natural higher
dimensional analog of S2.

However there is a difference for n > 2: observe that from (2.1.9) we have lim, o, u(r) = —e3, and so we

see, by previous remarks on the energy, that in this equivariant context all of the non-trivial harmonic maps have
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infinite energy.
2.1.1.2- Self-similar solutions

We first study the self similar solutions of the problem, which are given by u(r,t) = ¥ (r/+/t) for a profile
¥ (r) = u(r, 1). By substituting this ansatz into (2.1.7) we determine the following ODE system on :

0= (aP + Pux) ( (2.1.10)

V(0) = es3,
¥'(0) = v = (v1,v2.,0) € T, S%

0%y 2n—1 r\ oy 2n—-2+41y3
W*( +5)W+r—263)’

As mentioned previously, the self similar solutions for the Schrédinger maps equation in this equivariant setting
have already been studied in [16]. However by using the sphere representation we are able to simplify and extend
the analysis, and we also treat the GLL equation as well as the Schrédinger maps equation.

Theorem 2.1.1. Fixa > 0 and B € R. Foreveryv € T,,S? there is a unique global solution to (2.1.10). The solution

is smooth forr > 0. In the non-trivial case, when v # 0, the solution has the following properties:
1. Forallr > 0,y (r) # es.
2. Ifa > 0 then |Y,| < 1/r3. Ifa = 0 thenr|y,| — 0 asr — oo.
3. Ifv # 0, there exists a point Yoo € S%, Voo # €3, such that lim, oo ¥ (r) = Yoo. Consequently, & () = oo.
4. The limit Y depends continuously on v; in particular, lim,—¢ Yoo = €3.

Because of the convergence, we see that u(r,t) = ¥ (r/+/t) is a solution of the GLL flow corresponding to
the initial data u(r, 0) = V.

Notice that in the case & > 0 — that is, when there is some heat flow — we are able to prove faster convergence
to 0 of ¥,. In the case of the Schrédinger maps equation the rate of convergence of ¥, is insufficient to guarantee
the convergence of ¥, so an additional argument is needed.

2.1.1.3- Global critical wellposedness

In this section we illustrate how methods for proving wellposedness of the Schrédinger maps equation for
the sphere may be adapted to prove wellposedness of the equivariant Schrodinger maps equation for complex
projective space. We specifically adapt the Hasimoto transformation method from [14]. For a solution u(r, ) of
(2.1.7) and a fixed time ¢, the map r +> u(r, ¢) defines a curve on S? starting at e3. Choose any element e € T,,S>
and consider the parallel transport e(r) of this curve along r — u(r, t). Because the tangent space at the point
u(r, t) of the sphere is two-dimensional, it is spanned by e(r) and Je(r) = u x e(r). We may therefore define a
complex valued function ¢ by the formula,

Re(q)e(r) +1m(q)Je(r) = qe(r) = uy, (2.1.11)

precisely as in [14]. This equation is known as the Hasimoto transformation. It is chosen so that the function ¢
will satisfy a ‘nice’ nonlinear Schrodinger equation; namely, an equation where the non-linearity does not contain

derivatives. We derive the equation on ¢ for all n, and in the case n = 2 - that is, for the equivariant Schrodinger
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maps equation from C2 to CP? - we provide the necessary estimates to prove the following small-data critical

global wellposedness result.

Theorem 2.1.2. Fix p € [1,2]. Definer by 1/r = 1/2 —1/6p and the spaces X and X by the norms,
lgllx = 11Vgll 3p,, and lglx, = e (ag)llx.

where a(x) = x1/r. There exists € > 0 such that ifug : R** — S? is radial, qo is defined by (2.1.11), and
lgollx, < €, there is unique global solution of the Schrédinger maps equation (2.1.7) for n = 2 with the derivate term
q in the space X .

Some remarks.

e This is, to the best of our knowledge, the first global wellposedness result for the Schrédinger maps equation

where the target manifold has complex dimension greater than one.
e The space X is at the scaling level of the equation.

e Because (3p, r) is an admissible exponent pair for the Strichartz estimates for the Schrodinger equation, we
have ||¢|lx, < [IV(aq)|lz2 < [IVq|lz2 and hence data go whose derivative is small in L? is included in the
wellposedness result.

e For n > 2 we are unable to provide the estimates to close the argument in an elementary way. It would
be very satisfactory to adapt this method, or another method used to prove wellposedness of Schrédinger
maps from the sphere, to the present context for all n.

2.1.1.4- The ‘real’ heat flow case

In the final part we discuss an interesting sub-problem of the general dynamics (2.1.7) in the special case of the
harmonic map heat flow with a specific class of initial data. Recall that for the linear heat equation, if one starts
with real valued data then the solution will be real valued for all time. On the other hand, if one starts the linear
Schrédinger equation with real valued data then the solution will, in general, be complex valued for future times.
This shows that in the heat flow case there is a lower dimensional sub-problem when one restricts to real valued
data.

In our context, the analogous result is that if one starts the harmonic map heat flow with initial data valued in
a great circle passing through the north pole, the solution will continue to be valued on the same great circle for
future times. For the GLL flow this is not true: the solution will spread out to the whole sphere. For the harmonic
map heat flow one can thus fix a great circle and consider the problem for initial data valued on that circle. One
expects the analysis of this sub-problem to be easier as the dimension of the problem is reduced. However, because
both the harmonic maps and the self similar solutions are solutions of this type, it is still an interesting case to
consider.

By paramaterizing the great circle by its spherical distance from the north pole, one finds that the ‘real’ heat
flow is given by the PDE,
?g  2m—19g  n(g)
T o F o 2

where n(g) = sin(2g) + (2n — 2) sin(g). Equations of this type, which arise in the study of the equivariant

(2.1.12)

harmonic map heat flow on spherically symmetric manifolds, have been extensively studied [26, 23]. There is
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a general theorem which, based on the structure of 7, classifies the PDE into a uniqueness regime or a non-
uniqueness regime. Our primary purpose here is to show that for n = 2 - that is, the problem of maps from C?2
to CIP? - the PDE (2.1.12) is a borderline case for this classification theorem. We find that the dynamics of the
PDE share some of features of the uniqueness regime, and some of the features of the non-uniqueness regime, but
ultimately that non-uniqueness holds.

Theorem 2.1.3. (i) For n = 2 there is a weak non-constant solution of (2.1.12) corresponding to the initial data
go(r) = m. This solution is distinct from the constant solution g(r,t) = m.

(ii) In the case n > 3, for each initial data in L*>° and each T > 0, there is at most one solution of (2.1.12) in
L*°([0,T], L®).

§2.2 - THE EQUIVARIANT ANSATZ AND DERIVATION OF THE
EQUATION

2.2.1- THE EQUIVARIANT ANSATZ

We consider maps v : C* — CP”. In order to rigorously describe the equivariant ansatz, we recall more
carefully the construction of CP”. One begins with vectors z = (zg, z1,. .., z,) € C*T1\{0} and first identifies
points z ~ Az where A € R\{0}. The resulting equivalence classes can be identified with points on the sphere
S2n+1 c C™*1, This sphere has the usual metric induced from C”*!. Now one defines the equivalence relation
z ~¢e'%z for 6 € R, and defines CP" = 82""'1/ ~. The Fubini-Study metric is the metric induced from S2n+l

To make the equivariant ansatz, we first construct a special class of isometries on CP” in the following way.
Take any complex isometry A of C”, and define A:Crtl o cntl by,

/f(zo,zl,...,zn) = (29, A(z1,...,2n));

that is, A acts on the last n coordinates of a point in C* ™1, If 4 is a complex isometry of C”, then Ais clearly a
complex isometry of C”*!. Now define a map 4 on CP" through the homogeneous coordinates by,

/I[Z(),Zl, cezZy] = [ff(zo, Z1, ... zn)] = [20, A(21, ..., Zn)]- (2.2.1)

The map A is well defined because A commutes with complex scalar multiplication. It is an isometry of CP" by
the following Lemma.

Lemma 2.2.1. Any complex isometry B of C"*1 induces an isometry B of CP" given in the homogeneous coordinates
by B[z] = [Bz] forz € C"*. In particular, if A is a complex isometry of C" then A defined by (2.2.1) is an isometry
of CP".
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Proof. We have,

depn (B[v], Bw]) = depr ([Bv], [Bw])
. i n iaé , lﬂé
a,ﬁrél[lor,lZn] dgont+1 (e’ Buv, e'” Bw)

1 A
= min 2arcsin | ~dgat1 (e’ Bv, e B
a,ﬁlél[g,lZn] arcsin (2 cn+1(e'*Bu,e w))

1 , ,
= i 2 i —d n o . i = d n ) )
a,ﬂl’él[{)l”lzn] arcsin (2 cnt+1(e’®v,e w)) cpr ([v], [w])

where in the second to last equality we used that B commutes with ¢’? and that B is an isometry of C"*1. [

We say amap v : C" — CP” is equivariant if v(Az) = Av(z) for all complex isometries A of C". We now
show that this assumption implies a strong rigidity on v. Take any z € C” and write v(z) = [wo, w] for some
wg € C and w € C". Now consider any isometry A that fixes z. By the equivariant ansatz and Az = z we have,

[wo, Aw] = Au(z) = u(Az) = u(z) = [wo, w),

which implies that Aw = w, so A4 also fixes w. Because A is an arbitrary isometry that fixes z, we must in fact
have w = f(z)z for some f(z) € C, and hence v(z) = [wy, f(z)z] for all z. Moreover, we have,

[wo, f(Az)Az] = v(Az) = Av(z) = [wo, A(f(2)2)] = [wo, f(2)Az],
so f(Az) = f(z). Because this holds for all isometries A, f(z) is in fact a radial function and hence,
v(z) = [wo. f(Iz])z], (2.2.2)

for some function f : RT — C.
We now observe that if 7 € R™ then v(re;) = [wo, f(r)r,0,...,0]. In other words,

v(Rey) C {[wo, w1,0,...,0] : wo,w; € C} ~ CPL.

The Fubini-Study metric on CPP” restricts to the Fubini-Study metric on CP!, and so this CP! is isometric to
the sphere S2. Moreover, the complex structure of CP” restricts to the standard complex structure of CP'. In
the usual embedding S? ¢ R3 this is given, as is well known, by Jw = u x w at the point u € S? and for all

w € T,,S?. We next parameterize this sphere and determine an equation for the function r > v(re;) € S2.
2.2.2- DERIVATION OF THE ENERGY

The isometric identification between CP! (with the Fubini-Study metric) and S? € R? (with the metric from the
standard embedding) can be made through the isometric invertible map,

1
SZ ) ,ay, — 1 s ] € (CPI, 2.2.3
(a1,az,a3) — NG +a3)1/2[ +as,a; +ias] (2.2.3)

where in this case the north pole e3 = (0,0, 1) is mapped to the point [1,0] € CP!. In this identification the
complex structure on CP! is mapped to the standard complex structure on the sphere. Given an equivariant map v :
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C" — CP", we wish to write it in a form so that v(re;) € CP! has the representation [1 +a3,a; +ia,,0,...,0].
In fact, we can write v in the form,

v(z) 1+ us, (g + iuz)ﬂ, (2.2.4)

1
B \/E(] + u3)1/2 [
foru(r) = (u1(r),u2(r), us(r)) satisfying |u|gs = 1. When we substitute z = re; we recover essentially the
representation in (2.2.3), and hence u parameterises the sphere in the correct, isometric, way.

(To see that v(z) = [wo, f(r)z] in (2.2.2) can be written as in (2.2.4), observe that by scaling we can assume
that (wo., g(r)z) € S?*1, which means |wo|? + |g(r)|*r? = 1. We can also assume by scaling that wo > 0. This
means, in fact, that wg € [0, 1], and hence there is a unique u3(r) € [—1, 1] such that v/2(1 + u3(r))/? = wy.
We then define u; + ius = rg(r)~/2(1 — u3)'/?, and substuting this in gives the representation above. The
|2

condition |wg|? + |g(r)r|?> = 1 translates into |u|gs = 1.)

Proposition 2.2.2. The energy is given in the u coordinates by,

_1 25, 1 2 L2 21—
&) = Z/RM |dv|*dx = 2/Rzn |:|u,| + [1—u3+202n-2)1 u3)]i| dx. (2.2.5)

Proof. In order to calculate the energy density |dv|? of v(z) we have to fix a basis for 7,C", which will be 2n
dimensional, and calculate first derivatives of v with respect to this basis. For concreteness we view v as being
valued in the sphere §2n+l

1

RNCTEATE

(1 +us, (ug + iuz)f) € S+l o O, (2.2.6)
r

and perform the computation there. The only adjustment needed to be made is as follows. Given a point p € S?**1,
all points e'? p are mapped to the same point [p] € CP". By differentiating with respect to 6, it is apparent that
in 7,S?"*! the tangent direction ip € T,S?"*! is contracted under the identification p ~ ¢ p. Hence when
calculating derivatives at the level of S2n+1 we take usual Euclidean derivatives in C**1, project onto TPSZ"H,
and then factor out the real subspace spanned by i p. In fact, that the last two parts of this process amount to
taking the complex projection,

Pw=w—(w, p)cn+1p, (2.2.7)

of derivative terms w. We have, of course, | Pv|? = |v|? — (v, p)|>.
Let 9/0zy and 3/0Zx be the usual basis for T, C". For any vector wo € C" define 9/dwo = Y, _; wa'd/dzpm
and d/dwe = Y _, Wa/am If {wy }7 _, is an orthonormal basis of C" then the derivatives {0/dwy, d/ 0w }

are an orthogonal basis for the tangent space and so, by the expression for |dv|? local in coordinates,

\dv|? 4iPa” 2+Pa” i (2.2.8)
v|© = — — 2.
owy owyg
k=1
One verifies the formulas at the point z € C”,
o —<w°’z>; 8—1 _ Lz wO); Dz _ o : a—i = 0. (2.2.9)
Jdwoy 2r Jw 2r dwog |wo| Jdwy
We then set wy = z/|z| and define w2 (z), ..., wx(2) locally so that that {w (z)}} _, is an orthonormal basis of

C" for each z. In this setup, w is the radial direction and wy, derivatives for k > 2 will be independent of radial
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terms.
Hence for k > 2 we compute and find,

v 1 W v
L S ; —) d = =o.
Bwr NeERALE ( (u1 +iuz) . an or
We see from (2.2.6) that dv/dwy is complex orthogonal to v and so,
p v 2: v 2: I ui+uy  1-us
Jwy dwg 2(1 +u3) r2 2r2

where in the step we used u? + u3 + u3 = 1.
We now differentiate with respect to w; and wy. In this case the radial terms will also be differentiated. We
note, however, that when differentiating that we can ignore the scaling term 1/ (v/2(1 + u3)/?): when this is
differentiated we simply get a scalar multiple of v(z), which disappears under the projection (2.2.7). Hence,
a—v = ;Pi [1 + us (u1 + luz)i]
ow! V2(1 +uz)/2 ow! ’ r
1

1 z z
— —P / -, / . - . = ,
V20 + us)l2 (”32 (uy +”42)2r (u1 +lu2)2r2)
and similarly,

v 1

= P u’l(u’+iu')z+(u +iu)Z
dwl V2(L+umlz 3R TR )
The difference in sign gives rise to the simplification,

v
ow!

1

P = —
‘ 4(1 + u3)

‘Bv

aw’

/ / N4 2 . zZ\|?
‘P <u3,(u1 + lu2);>) + ‘P (O, (u1 + luz)r—2>‘ .
Finally, a computation using the relations u? + u3 + u3 = 1 and uju) + unu), + uzuy = 0 reveals that,
/ I ./ z 2 / I ./ z 2
‘P (u3,(u1 —i—zuz);)‘ = ’(u3,(u1 —i—zuz);)‘

- K(ué () + lu;)é)

2

(1 +us, (uy +iu2)§)>

1
' «/5(1 + u3)1/2

1 . . 2
= |u,|* — 20 1y |(1 4+ uz)uly + (uy — iug) () + iub)|
3
1 . 2
= |u,|* - ST |y + i uyuhy — wus)|
1
= el = Sy [0 1 00) + 0)3 = Zurauauy
1 I +us
2 21, 12 2
_ - [a- __ 7
[ur| 20 + s [(1—ud)ur?] 3 |ur|”,
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and,

)P (0, (uy +iu2)riz)‘2 - ‘P (@,0) i

- [(1 Fuz)t—

(4 u3)(1—ud)
- 2r2 '

4
m(l + usz) }

We have, then, by substituting these expressions into (2.2.8),

P 0 G S P e 75
|du|” = - T3 +2(n— 1)1 —u3) |,
and then,
1 1
E(v) = / \dvPdx = _/ [|u,|2 + = [1-ud+202n —2)(1 - ug,)]} dx,
R2n 2 R2n r
which completes the computation. O

By the relations 1 — u3 = u? 4 u3 and,
lu—es3* =uf +us+ (us — 1) = 2(1 —u3),

we can equivalently write the energy as in an L? form as,

&) = %/ |:|ur|2 + riz [u% +ud +@2n—2)u— e3|2]] dx. (2.2.10)

R2n
With this representation we determine the following result.
Proposition 2.2.3. There holds ||u,||l%2 S &) S ||u,||1242

~

Proof. The lower bound is obvious. For the upper bound, we observe that u% + u% < |u — e3]? and hence that,

2

L2) '
and the result follows from the Hardy inequality [|¢/ 7|12 < ||¢r .2 for functions ¢ : R — R3 (see Theorem
2.5.6 in the Appendix). O

u—e3‘

1
60 < 5 (Il + @0 -1 |

2.2.3:- VARIATION OF THE ENERGY, AND THE FLOW PDES

In order to find the PDEs corresponding to the harmonic map heat flow, the Schrédinger maps equation, and the
GLL equation, we need to calculate the variation of the energy, given by the formula,

d
/ (t(u), w)r,s2dx = — e E(u + ew),
RrR27 € €=0

for all radial maps w : R?” —€ T'S? such that w(r) € T,,S?.
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Proposition 2.2.4. We have

9%u 2n—13u+2n—2—|—u3
— — es ).
or? roor r2 3

t(u) = Pr,s2 (
Proof. Using the representation (2.2.5) we find for w € T,,S?,

2w )gs + g [2usis + 20— 2)(-w3))]

2n

d 1
—_— 8 = -
del_ (u +ew) 2/

2n—1

1
Up, W +—2((2n—2+u3)e3,w)R3 dx
R3 T

__/ P 82_u+2n—18_u+2n—2+u36 " dx
— Jren Tus? \ 572 roor r? ) TS

and the formula follows. O

In general the harmonic map heat flow is given by u; = 7(u), the Schrédinger maps equation is given by
u; = Jt(u), where J is the complex structure on the target, and the GLL equation is given by u; = (o + 8J)t(u)
for @ > 0 and B € R. By the previous proposition, t(u) is determined, while as discussed above, the complex
structure in the u coordinates is precisely the usual complex structure on the sphere. We are therefore ready to
write down the flow PDEs.

Definition 2.2.1. The equivariant generalized Landau-Lifshitz (GLL) equation from C” to CP" is the Cauchy
problem for u : R?" — S? given by,

Pu 2n—1ldu  2n-2
S e ”—Jr”%), (22.11)

us(r,t) = (P + Bux) (— = 7y

or2 r o or r2

u(r,0) = ug(r), with ug(0) =0,

fora > 0 and B € R. The case « = 1 and § = 0 is the harmonic map heat flow. The case « = 0 and 8 = 1 is the

Schrodinger maps equation.
Note by re-scaling time we can always assume that @® + 82 = 1, which we do from now on.

By taking the stereographic projection f(r) = (u1 + iu2)/(1 + us), with inverse given by,

M1,uz,u3) = IJW(ZRef,ZImf, 1—|f1%). (2.2.12)

we can determine the stereographic representation of the problem. With this stereographic projection, the north
pole is mapped to the origin.

Proposition 2.2.5. The GLL equation is given in the stereographic coordinates by,

(2.2.13)

L ) 2
ft=(a+iﬁ)[frr— X WU il Lzlflf]

T+ 1/ e e W IE

The proof involves substituting the expression for the stereographic projection (2.2.12) into the PDE (2.2.11)
and computing; we omit the computation.
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2.2.4- CLASSIFICATION OF THE HARMONIC MAPS IN THIS CONTEXT

The equivariant harmonic maps from C” to CPP" are the time independent solutions of (2.2.11). Because the PDE
has one space dimension, the time independent problem is an ODE. In all, ¢ is harmonic if and only if,

O=¢x(ﬁ 2n_1d—¢+(2n_2)+¢3e3), (2.2.14)

dr? rodr r2

with the boundary conditions given by ¢(0) = e3 and ¢'(0) = v = (v1, v2,0) € T,,S?. Writing the harmonic

function ¢ in the stereographic coordinates as g, the ODE is,

2gg? 2n—1 2n—1 1 2lgl*g

+ 8r — 2 21+ |g|2,

0= -
&rr 1+ 9P 2

and the boundary conditions are g(0) = 0 and g,(0) = v; + iv,. Remarkably, we can solve this ODE explicitly
with the linear function g(r) = (v1 + ivy)r. Moreover, because it is an ODE for which we have a uniqueness
theory, g(r) = (v1 + iva)r is the unique solution. (See the Theorem 2.5.8 in the Appendix for a local well-
posedness theory for ODE of this type.) Using the stereographic projection we can write the harmonic map in the
sphere coordinates as,

1
(2rv1, 2rva, 1= [u]?r?) = ————— (2rv + (1 — [v]*r?)es) ; (2.2.15)

¢(r) = 14 |22

in fact, ¢ is just a version of the stereographic projection itself. This is consistent with the well-known fact that
the harmonic maps in the sphere (n = 1) case are stereographic projections; what is interesting is that when 7 is
incremented in the ODE (2.2.14), the new terms still cancel under this expression.

Qualitatively speaking, the harmonic maps in our context are quite simple: they start, when r = 0, at the
north pole and, as r increases, move monotonically away from the north pole, converging to the south pole in
the limit r — oo. By way of comparison, in the case of equivariant harmonic maps from the d-dimensional
ball B to S the situation is different [35]. For 3 < d < 6 the harmonic maps oscillate about the south pole,
while for d > 7 the harmonic maps approach the south pole monotonically, as here. In general one finds that the
equivariant harmonic maps usually fall into either an oscillatory regime or a monotonic regime [27].

Finally, we note that while the expressions above for the harmonic maps are independent of 7, there is a
difference when n > 2. In the case of the sphere, n = 1, the energy of the stereographic projection is 4. (This
may be verified by substituting (2.2.15) into the energy (2.2.5) with n = 1, or by consulting [3].) However, for
n > 2 the energy is infinite. To see this it is sufficient to observe that,

lim ¢(r) = —e;
r—>o0

and to use the following Lemma.

Lemma 2.2.6. Suppose that &(u) < oo andn > 2. Then lim,_, o u(r) exists and equals e3.

. 1/2 nooq 1/2
< (/ Iurlzrz”‘ldr) (/ md’)
r r r

Proof. For any rp > r; > 0 we have,

u(r) — u(ry)| = / Cn(r)dr

< Cé’(u)r;”‘“,
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which, because n > 2, shows that lim,_, o, u(r) exists. This means that in the energy (2.2.10), the right most term
in the integrand,

1 -
— @ =2)lu(r) - esr> 7,

converges as ¥ — 00. For the energy to be finite, the limit must be 0. As n > 2, this implies that lim, oo u(r) =

es. ]

Corollary 2.2.7. Whenn > 2, the equivariant harmonic maps from C" to CP" all have infinite energy.

§2.3 - SELF-SIMILAR SOLUTIONS

In this section we study self-similar solutions, which are solutions of the form u(r,t) = y(r/+/t) for a profile

Y (r) = u(r1).
To determine a convenient equation for the profile, we take the GLL equation (2.2.11) and multiply both sides
by (cu x 4+BP). Using the relationship,

(au X +BP)(aP + Bux) = (& + B2ux = ux,

(compare to («i + B)(« + Bi) = i) we may equivalently write the PDE as,

Pu 2n—10u 2n—2+u;
— _ . 2.3.1
or2 ror + r2 83) ( )

auxut—i—ﬂu,:ux(

We now substitute in u(r, ) = ¥ (r/+/t) to determine the ODE for the profile.

Definition 2.3.1. The self-similar problem for the GLL equation is given by the ODE,

Py 2n—13y . Cn -2+ I/f3)63) , (2.3.2)

L@y v = v (35

ar? rooor r2
subject to the initial conditions ¥ (0) = 0 and ¥'(0) = v = (v1, V2, 0) € T,,S>.
In the following sequence of Lemmas we will prove Theorem 2.1.1, as stated on page 80 in the introduction.

Lemma 2.3.1. For every v = (v1,v2,0) € To,S? there is a unique global solution to (2.3.2). For r > 0 this global
solution is smooth and, if v # 0, satisfies ¥ (r) # es.

Proof. Local existence and uniqueness in a neighborhood of the singular point » = 0 follows from the Theorem
2.5.8 in the Appendix. For r > 0, the ODE (2.3.2) is smooth and local existence, uniqueness and smoothness comes
from the standard ODE theory. In order to prove global existence we establish an a priori bound on the derivative
of ¥r.

Define the function A(r) = r2|,|*> We have,

A/(”) = 2"|wr|2 + 2”zwrr “Yr. (2.3.3)
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In order to calculate v, - ¥, we take the inner product of the ODE (2.3.2) with ¥ x ¥,. Using the fact that if v or
w is orthogonal to u, then (u X v) - (4 X w) = v - w, and also the relation v - (u x v) = 0, we determine that,

2+
P ey,

or 5 2n
_7|Wr| = Wrr . Wr +

and hence by solving for v, - ¥, and substituting this into (2.3.3) we find,

A'(r) =2y - (2” L %) 22 2 = @1 =2+ Y3)(Y)r
:_(271—3 + = )ZA( )—i[(Zn—Z)Wa-i- w3i| (2.3.4)
r 2 2
Integrating this equation gives,
A(r) + /r (2n =3 + E) 2A(s)ds = |:(2n —2)(1 —y3) + ﬂ] . (2.3.5)
0 s 2 2

To bound A(r), we observe that the integral on the left hand side is non-negative because A(s) > 0, and so the
left hand side is bounded below by A(r). On the other hand, we have {3 € [—1, 1] and hence the right hand
side is bounded above by 4n. This then gives A(r) < 4n, and || < 2n/r. This proves global existence. (The
constants 4n and 2n are, of course, not optimal; they are displayed merely to show that the constants may be
chosen independently of v.)

To prove that ¥ (r) # e3 for r > 0 we observe that the integral on the left hand side in (2.3.5) is increasing in
r. In the non-trivial case v # 0, it is strictly increasing a neighborhood of = 0 because A'(r) = 2|y, |? > er?
in a neighborhood of r = 0. Hence in this case the integral is strictly positive for r > 0. Because A(r) > 0 we see

that the left hand side of (2.3.5) is strictly positive and so,

2
[(zn S -y 4 WS (%) ] 0,
for r > 0. This gives ¥3(r) # 1, which means ¥ (r) # es. O
Lemma 2.3.2. Ifa > 0 we have |,| < 1/r3.
Proof. Recall the bound A(r) < 4n. Using equation (2.3.4) we have,
ar
Al(r) < —7/1(7) —@2n =2+ Y3)(Y3)r
2
4 [P s
2 r3/2 /a/2
or 1 (8n rla
=—5A)+ 5 (T —|Wr|2)
2 roo
4n 3
=2 A0 +
3

Integrating this equation then gives A(r) < A(l)e_"”z/8 +1/r* < 1/r*and |y,| < 1/r3. (The details of how
this integration may be performed are given in Proposition 2.5.9 in the appendix.) O
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Lemma 2.3.3. There exists a point Yoo € S?, Yoo # €3, such that lim, oo ¥ (1) = Yoo. We have the convergence
rate inequality | oo — ¥ (r)| < 40n2/r2. The profile  has infinite energy.

Proof. For a > 0, the bound || < 1/r3 implies convergence of ¥ in the limit 7 — oo. In the case a = 0,
when there is no heat flow contribution, the decay on the derivative is less strong, and so a different argument is
needed. However in the proof we consider the general case as it is useful to know that the constant in the rate of
convergence equation may be chosen independently of .

We first multiply the ODE (2.3.1) by (—a ¥ x +BP). We have the relations (—a ¥ x +8P)(ayy x +BP) =
(@? + B?)P = P and (¥ x)(¥x) = —P (compare to (—ai + B)(ai + ) = 1 and (i)(i) = —1). We can thus

write the equation as,

2n—1 2n—2
—%¢r=(a1’+ﬁ¢><) (Wrr'f' ﬂr Yr + . r2+1/f3€3)’

2
=@+ 99 (e 2+ Py 4 5 b

where in the second equality we have moved the projection P inside and expanded PV, = ¥, + |, |>%. We
divide through by r and integrate over [ry, 3] to determine that,

ey 2”‘2+‘/’3pe3) n

r3

——(W(m)—wm))—/ (a+ﬂwx>( )

Now integrating by parts in the first term yields,

[ + BY (r2) X1, (r2) [ + By (r) X]¥r (r1)

2 ri

_/r2(a _|_ﬂ1//x)( znz-:ll r2n—11//r) dr
o 2
+ [ (ozw’r| Vmirg P+Wx)e3) r

Now using the bounds |/ ()| = 1 and |¢, ()| < 2n/r yields,

1 2n "2 4n 2 4n? 2n 20n?
§|1//(r2) (V1)| —2 r—2+[ r—dr—i—/; (O{ 3 3 )dr 3

Ty 1 1 1 A

W) = Yr) =

which implies the solution converges with the rate given in the statement of the Lemma.

To see that the limit ¥/, cannot be e3 we consider equation (2.3.5) again. As discussed previously, the integral
in (2.3.5) is strictly positive and non-increasing for » > 0. If § denotes the value of the integral at r = 1 we then
have, forall r > 1,

§ < / (2n -3 otS) 24(s)ds < [(Zn —2)(1 —y3(r)) + M} _
0 Ky 2 >

We therefore have

)

_ 2
5 < [(2n —2)(1 = (o)) + W}

which gives Yoo # €3.
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Because the limit is not e3, the profile has infinite energy by Lemma 2.2.6. O
Lemma 2.3.4. When o = 0 we have lim,_, o r|¥,| = 0.

Proof. 1t is sufficient to show that lim,_,s, A(r) = 0. In the @ = 0 case equation (2.3.5) reads.

’ B _ 2
A(r) +/0 (2ns 3)2A(s)ds = [(Zn —2)(1 = ¥3) + 1 (21/f3) }

We know from the previous lemma that /3 converges as r — 0o. The integral also converges simply because it
is non-decreasing; moreover, because it is bounded above (by 4n) it converges to a real number. We then have
that A(r) converges as r — 0o. By examining the integral, which is finite in the limit, we see that we must have

lim, 00 A(r) = 0. O
Lemma 2.3.5. The limit Yo is a continuous function of the initial data v. In particular, asv — 0 we have Yoo — 0.

Proof. For convenience we will denote the self-similar profile corresponding to initial data v by v, (r), and we
will let ¥, (00) denote its limit as r — oo.

The ODE local existence results give that for any 7o > 0 the map v > V(o) is continuous.

We have previously established the bound, for ry < ry,

60n2

5
i

[V (r2) = Yo ()] =

This shows that the map v — ¥, (r) converges to the map v + ¥, (0c0) uniformly, and hence that the map
v > 1y, (00) is continuous.
Finally, we note that ¥ (r) = 0, ¥(0c0) = 0, and so lim, ¢ ¥, (00) = 0, by continuity. O

With this Lemma, the proof of Theorem 2.1.1 is complete.

§2.4- GLOBAL CRITICAL WELLPOSEDNESS IN DIMENSION TWO

In this section we prove a global critical small data wellposedness theorem for the Schrédinger maps equation for

equivariant maps from C” to CP” when n = 2. The equation may be written in the sphere coordinates as,

Pu 2n—10u 2n—2+u;
Mt(r,t)zux (87 - 8_r+ r2 33), (241)
or equivalently as,
02 2n—19 2n —2
S (rt) = S P A AT (2.4.2)
ar2 or r2

where P, ej is the projection of the vector e3 = (0, 0, 1) onto the tangent space at u.

Our proof relies on techniques that have been developed for the Schrédinger maps equation for the sphere.
Because of the structural similarity between that equation and (2.4.2), such techniques can be adapted here. We
first use a form of the Hasimoto transform to determine an equation on a derivative term of u that has a simpler
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nonlinearity. We then formulate the fixed point argument, and determine necessary estimates on the nonlinearity
for the fixed point argument to be carried through. We conclude by proving these estimates in the case n = 2,

thereby establishing Theorem 2.

2.4.1- DERIVATION OF THE PDE THROUGH THE HASIMOTO TRANSFORM

The Hasimoto transform is an extensively used tool for proving wellposedness of Schrédinger maps equations
when the target is the sphere or a general complex surface. In geometric terms, it arises as follows. For fixed 7, a
smooth solution of (2.4.1) will satisfy u(0, #) = e3. The function r + u(r,t) thus defines a curve in S? starting at
e3 at r = 0. If one fixes a unit tangent vector e(0) € T,,S?, one can consider the parallel transport e(r) of this
vector along the curve r — u(r, t); the function e(r) satisfies D,e(r) = Vy, e(r) = 0. Now because the tangent
space at any point is two dimensional, the vectors e(r) and Je(r) give a basis for the tangent space T,()S?. Any
derivative of u, or other element of the tangent space, can be expressed in terms of this basis. In our case, we

define a complex valued function g by the formula,
ge = Req +Imgq J)e = u,. (2.4.3)

We then determine an equation on ¢. The right hand side is chosen so that ¢ will satisfy a Schrédinger equation
with a non-linearity that is easier to handle than that of (2.4.2).

Lemma 2.4.1. The function q satisfies the PDE,

. 2n—1 2n—1
iqr = grr + dr— 3 q+ N(q), (2.4.4)

where the nonlinear term N(q) is given by,

d 2n—2 r
N(g) = I [_nr—szo u3(s)q(s)ds:| + agq, (2.4.5)

for a real-valued function a satisfying,

_ 2 2n—-2+4u r
or = Re (qqr + |qu - qr—23/ u3(s)q(s)ds) . (2.4.6)
0

Proof. First, we recall that in the embedding S? C R? the covariant derivative of a vector field v(r) € Ty )S? is
given by D,;v = v, + (u,, v)u, where the inner product here is the usual inner product on R3.

Now let p and ¢ satisfy pe = u; and ge = u,. We will determine three equations relating p, g and u.
1. Because e satisfies D,e = 0 we have,
gre = Dr(qe) = Dy(uy) = upr + |ur|2ua (2.4.7)

which is the first two terms two term in the right hand side of (2.4.2). The next termin (2.4.2) is (2n—1)/r)qe.
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For the projection term we calculate, using D,e = 0,

A (Pues,e) = o3 — s €) = (Dy(es — . eshu). )

dr

= (—(uy, es3)u — (u, e3)u, + (u,, e3)u,e) = —uz{u,,e) = —usz(r)Re p(r).

= <i(€3 —(u,e3)u) + (ur,e3 — (u,e3)u)u,e>

Using the fact that u(0, #) = e3, so that P,e3 = 0 at r = 0, we have,

(Pye3,e) = _/Or us(s)Req(s)ds. (2.4.8)

An identical calculation for (Pye3, Je) gives, in total,
r
P,e; = — (/ u3(s)q(s)ds) e(r).
0

Plugging (2.4.7) and (2.4.8) into (2.4.2) then gives,

2n —1 2n —2 + us

ip=qr+ q— 5 / u3(s)q(s)ds. (2.4.9)
r r 0

2. From the identity D,u; = D;u, we find,
pre = Dy(pe) = Dyu; = Dyuy = Di(qe) = qre + qDe. (2.4.10)

Because e is a parallel transport vector field, |e|> = 1 and so 0 = (d/dt)|e|*> = (D,e, e). The vector D,e
is thus orthogonal to e. Because the tangent space is spanned by e and Je, we must have D;e = aJe for
some real-valued function «. Substituting this into (2.4.10), we get p,e = gre + qaJe, or,

Pr=¢q: +iagq. (2.4.11)

3. To determine an equation on « we use the curvature relation D; D,e = D, D;e + R(u;,u;)e where R is
the Riemann curvature tensor. On the sphere R(v, w)z = (Jv, w)J z. Therefore, using also D,e = 0, we
find,

0= D,(aJe) + (Jus,u,)Je =a,Je + (pJe,qge)Je,

which gives o, = —Im (pgq). Substituting the formula for p in (2.4.9) gives equation (2.4.6).

To determine an equation only on ¢ we differentiate (2.4.9) with respect to r, to find,

. 2n —1 2n—1 d 2n—2+4u r
ipr=dqrr+ 4r————4q9+ [——23[ us(S)q(S)ds,} .
r r dr r 0

Substituting the expression for p;, in (2.4.11) gives equations (2.4.4) and (2.4.5). O

94



2.4.2- FORMULATING THE FIXED POINT ARGUMENT

We recall the Theorem from the introduction.

Theorem. Fix p € [1,2] and define,

and the spaces X and X given by the norms

lgllx = Vgl 30, and liglix, = e (ag)llx.

where a(x) = x1/r. There exists € > 0 such that if ||qo||x, < € there is unique global solution of (2.4.4) forn =2
in the space X .

We begin by determining a convenient Duhamel representation for the problem. Our Duhamel representation
will be valid for all n, though we carry out the wellposedness argument for n = 2 only. In the following we will
rely heavily on the Hardy inequalities given in Theorems 2.5.6 and 2.5.15 in the appendix.

First, we absorb the linear term —(2n — 1)g/r? into the Laplacian. To do this, we fix a function a : S?"~! — C
that satisfies Agen—1a = —(2n — 1)a. We may concretely choose a(x) = x;. To see this, extend a to a function
on all of R?" by a(x/|x|). On the one hand, we have,

Apon (ra(x/|x|)) = Agan (x1) = 0.

Then, using the polar representation, Ag2n = 3, + ((2n — 1)/r)d,; + (1/r%) Agan—1, we see that,

2n—1

1 2 —1
0= [a,, 0+ r—zASan] (ra(x/|x|)) = [0 + =

r

; :|a(X/IXI)+rr—2ASZn1a(x/|x|),

and so,
Agen—1a(x/|x]) = —(2n — Da(x/|x|).
Now defining w(x,t) = q(r,t)a(x/|x|), we see that,

d%q 2n—1dq 2n-—1
_a — f—
or? r o or r2

Ag2nw = qa. (2.4.12)

This is exactly the Laplacian term in the PDE (2.4.4) multiplied by a.

In terms of estimates, we have the pointwise estimate |Va| < 1/r, which is determined from a calculation.
For Lebesgue estimates we have,

[e )
iz, =tgal, = [ (e [ law/spprax) ar

=/w (|q(r)|1’r2”_1/ Ia(x/IxI)lpdx) dr
0 s2n—1

=Cliqlz».

where C = |la||1»2n—1)/|S** | < co. We also have,

IVgliLe ~ IVrgllLe ~ Vr@@)liLr S IVr@@)llLe + 1IVo(ag) e ~ [[Vwl|Lr,
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while,

1
IVwlize ~IV(@qlier +llaVegler <l 2qllee + IVrgliLr < 1V4llLr.

so in conclusion ||Vq|L» ~ [|[Vw]|L».
In the next Lemma we rather carefully verify that we can recover solutions to the PDE for ¢ from solutions to
the PDE for w.

Lemma 2.4.2. The PDE on w is given by,

wy = Aw + N(q)a, (2.4.13)
or in Duhamel form by,
w(x, 1) = e w(x,0) +i / ' TIAN(g(r, s))a(x/|x]|, s)ds. (2.4.14)
0

If the solution w(x,t) corresponding to initial data of the form w(x,0) = q(r)a(x/|x|) is unique, then the
solution is of the form w(x,t) = q(r,t)a(x/|x|), where g satisfies (2.4.4).

Proof. To determine the equation (2.4.13) for w we simply multiply the PDE for g (2.4.4) by a, and use the
expression (2.4.12) for Aw. The Duhamel representation is standard.

We now show how solutions of (2.4.4) may be recovered from solutions of the equation for w. Let w be a
solution of (2.4.14) and define w = —(1/(2n — 1)) Ag2n—1w. Assuming uniqueness we will show that w = w.
We take the spherical Laplacian —(1/(2n — 1)) Ag2n—1 of (2.4.13), noting that it commutes both with A = Ago2n
and N(q), as N(q) is radial. We then find that W satisfies the same PDE (2.4.13) as w. Moreover, we have,

1

w(x,0) = 3 1A§2n—1W(X,O) i —

Agen—1 [g(r)a(x/|x])] = w(x,0),

and so by uniqueness, W(x,?) = —(1/(2n — 1)) Agan—1w(x, t) = w(x,t). This means that w is a radial function
times an eigenfunction of the Laplacian of the sphere of S?”~! with eigenvalue —(2n — 1).

Let Ty : R?" — R2" be the linear map that multiplies the kth component of x € R?” by —1 and leaves the
other components fixed. From the representation of a we see that for k = 1 we have wo (T x) = —wo(x) while
for k > 2 we have wo (T x) = wo(x). By uniqueness, x — w(x, t) inherits these properities also. But now the
only eigenfunction of the Laplacian on the sphere with eigenvalue —(2n — 1) with these symmetries is precisely
a. Therefore w(x,t) = q(r,t)a(x/|x|). Substituting this expression into the PDE (2.4.13) for w yields the PDE
(2.4.4) for q. O

By virtue of this Lemma, we can perform the fixed point argument on w. The next Lemma describes sufficient
estimates for this fixed point argument to hold, and in the proof the fixed point argument is described.

2.4.3- WELLPOSEDNESS WHEN 11 = 2

For the reminder of this section we fix n = 2.

Before stating the lemma we fix some index notation. In the course of the proof we will need to handle
Lebesgue space norms of quantities like ¢, ¢, g%, qqr, etc., and other quantities which scale like these. We are led
to define the index, . . .

LU e o (2.4.15)
s(i, ) 4 6p
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We will put items that scale like the product of i copies of ¢ with a total of j derivatives in the space Lfc(i’j ),
For example, we will put ¢ in Lfc(l’o), we will put g2 in Li(z’o) and ¢g, in Lfc(z’l) . In this way, critical scaling is
maintained throughout as, for example, ||gg; || L3 is invariant under scaling.

The Strichartz inequality we will use is,

t
i(t—s)A < ) .
/0 e Gds < ||G”LfL§“‘”’

L L%
this is classical: see, for example, [43]. The Holder inequality is,
I fgll psitierm < Nf N psii - &N st

and the Sobolev is, for k < [,
IV £l s SNVl pstssiso
X X

One verifies that these inequalities hold by checking the relevant exponent conditions.
Finally, note that s(1,1) = r.

Lemma 2.4.3. For Theorem 2 to be true, it is sufficient that the following bounds hold:

IVN@Il se.0 < IIVq||3L§(<1.1>, (2.4.16)

IV @1) = N@2)ll o 5 191 =)l gan (IVa1 2 0 + Va2 200 ) (2417)

Proof. Well-posedness follows by a fixed point argument for the operator
. l .
Tw=e"w(x,0) +i / e COAN(g(r, $))a(x, s)ds.
0

We will show that T is a contraction mapping on a small ball around 0.
We first show that 7" maps a ball to itself. We have the bound,

t
ITwllx < [lwollx, + H /0 ' “IAY(N(q)a)ds < lwollxo + IVIN@@) p 3.0 -

LPLY
Considering the space norm of the integral, we have, by Holder and Sobolev, and then conditions (2.4.16),
IVIN@@) s S IVIN)alsen + [INVal se
< IVl e + HENHLH < IVl o 5 IVa12 00 S IV g0,
and hence, as r = s(1, 1),
ITwllx < llwollx, + Cllwllk-

Now choose € so that Cel < 1/2, and let € < ). Then, if [|wo|lx, < €/2 and |w|x < € we have,

€ €
ITwllx < 5 +Ce® < 5+ (Ced)e < e,

and so T maps every € ball into itself, for € sufficiently small, assuming the initial data satisfies the bound
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[lwollxy = €/2.
We next show that T is a contraction in a sufficiently small ball around 0. Let w; and w, be two solutions,

with radial parts ¢; and g, respectively. We have,
t .
Twy —Tw, = / ' IA(V(N(qy)a) — V(N(g2)a))ds,
0

which gives, using (2.4.17),

IV(N(g1)a) = V(N(g2)a)| psc.0
S IVIN(q1) = N(g2))al psa.o + [[(N(g1) = N(g2)) Vall se.n

< IV @) = N@2)all o + H S (V@) ~ N(@2)

L;(?x,l)

< (IIV%IIiiu,n + IIVQ2||i§C<1,1>)||V(¢I1 —4q2)|san,
< (||Vw1||i§c(1,1) + ||Vw2||ii(141))||V(w1 - w2)||L§((1,1),
and so
17wy = Twallx < (il + w2l llwi = w2lx.
and hence by choosing the ball small enough, T is a contraction. O

Lemma 2.4.4. Whenn = 2 the bounds (2.4.16) and (2.4.17) hold.

Proof. Write,

d 2n —2 + us
dr

,
/ us(S)q(S)dS) +aq =: N1 + Na,
0

2
and recall,

2 2n—2+4us ("
ar = Re (q,ﬁ + @ —6_1—3/ u3(s)q(s)ds) . (2.4.18)
0

We will prove the bounds for N first.
We have,

VN1ls@3,1) <

V2 (—m / ' u3(s)q<s>ds)
0

‘L§(3.1)

2
1 r
S (VPuz)— | us(s)g(s)ds
r2 Jo L33
2n—24uz 1 [’
e N N d
* H r2 r2 Jo U3(5)g(s)ds L3G.D
2n—24u
+ H——23V<u3(r>q(r)>ds
JRLCRY

=:A+B+C
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From the equation u,, + |u,|*u = g,e, we have |u,,| < |q|*> + |¢| pointwise. Therefore, for A,

] r
A= (4P +lah [ wa)aeds
r% Jo L33
q L[ L[
= a0 |2 s |7 [ 13600005 o Pl | [ waacsyas e
1
= gl aolla/rllsan lus()g6)l a0+ lgrll a0 | ~usls)gls)ds 20
X
1
S ol g0 0o + Dy | Fusia)|
S 1912 samllgrllsan + llgrllsa,n “ o g sa0 < 1grll san- (2.4.19)
Ly x r Lx( -0) X Ly
For B, we have,
2n—2+u 1 [
B |—= —3/ u3(s)q(s)ds
r 1300 |13 Jo L3@D
1
< R
< llurllpsa.o rzus(r)Q(V)”L;(z’”
uz(r) q(r)
<yl 00 at)
* s@o) il 7 llpsab
< ||"r||isv(l.0) ”qr”LfY(l‘l) < ||qr||zs(1.1)‘ (2.4.20)
For C, we have,
2n—2+4u
C 5| =—5—Vus(rq(r)ds
LBVC(3.1)
2n—2+us 1 1
S|l =V(u3)g + H—(Ms)Vq
r Li(l.O) r L}YC(2.1) r Lfc(2.l)
q us
< lal 00 (nwanL;a,m 1] o+ 12 o ||VCI||L§C<1,1))
< Mlgrl s (2.4.21)
X

The three estimates (2.4.19), (2.4.20) and (2.4.21) together give the estimate [V N1, sa.0 < [lgr ||z(1_1).
x X

As for N,, we have,

IVl sen S llargllpsen + lagrllpseo
S ||Olr||L§C(2-l>||Q||L§C<1.0) + ”a”Li(Z’O)”q'”Lfc“’”

< ||Olr||L§Ct2,1> HQr”Li(l,l% (2.4.22)
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Then, using the expression for o, in (2.4.18) and the fact that uz € L°°,

2 r
q 2n —2 +us
larlsceny < gl s + ‘— o2 g (s)ds
x rogsen r 0 52.1)
q q L[
< lall oo (gl o0 + |2 L +H7\L¥m ;) w@aeds)
- - X
3 q 3
a3 + | 2| penn 1500 5 Darl g (2.4.23)

The estimates (2.4.22) and (2.4.23) give ||VN2”L§;(3'” < llgr ”iﬁ}*”' and hence (2.4.16). The estimate (2.4.17)

follows from an identical argument. O

Theorem 2.1.2 is thus established.

§2.5- THE ‘REAL’ HEAT FLOW CASE

In this section we will discuss what might be termed the ‘real’ equivariant heat flow from C” to CP”. In the case
when « = 1 and 8 = 0, that is, for the harmonic map heat flow, it is possible to make an ansatz which further

reduces the problem. In terms of the spherical coordinates,

2n—1 2n—2+ us
U = Uy + ulu,* + . Uy + - (e3 —u(u,es)), (2.5.1)

u(r,0) =v(r) = (v1(r), v2(r),0) € Te3SZ,

this ansatz involves assuming that the initial data is valued in one great circle passing through the north pole;
that is, the initial data is of of the form c(r)es + d(r)vy. (See Figure 2.1.) In this case for # > 0 the solution will
continue to be valued in the same great circle. To see this, let w = v X e3 and let a(r,¢) = u(r,t) - w. By taking
the inner product of equation (2.5.1) with aw we have,

—1 2n—2+ us
aa, + ————

ada; = ady, — az|u,|2 + (—a®uz)

n—1 2n—-3 ,
<aap + aar + ———a-.
r r

72

By integrating this equation and using the Hardy inequality with best constant 4/d? = 4/(2n —2)? we determine
that,

d 1
dt2 Jeon

o0
d
(@)2dx < 0201 [ a- (" a)dr + (20 —3) | 4|

0 ar r

2

L2
® 2.2n-1 4 2

= —02n—1[0 (ar)“r""dr 4+ 2n — 3)m||ar||m <0,

and hence a(r, t) = 0 for all time. The solution is therefore a linear combination of vy and e3.
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o W =0 X 63

Figure 2.1: In the case of the harmonic map heat flow, if the initial data takes values in one great circle (here the
great circle spanned by vg and e3), then the solution will be valued in the same great circle for future times. Both
the harmonic maps and the self-similar solutions constructed in section 2 are of this type.

In terms of the stereographic representation of the problem,

21f12f
L+ /()P

B 2 £ 2n—1 2n—1
ft—frr_1+|f|2+ O+ )+

J(r.0) = fo(r)

the ansatz is that the initial data is of the form f(r,0) = b(r)e'?, for some real valued function b(r) and a constant
6. The solution will then be of the form f(r,1) = b(r,t)e'?, for the same constant # and for some real valued
function b(r, t). This motivates the terminology ‘real heat flow’.

It is not surprising that this problem is simpler to analyze, and in fact with this assumption we are able to say
more about the dynamics of the problem. On the other hand, this problem is still interesting because both the
harmonic maps and the self-similar solutions constructed in section 2 fit into this context. In fact, the harmonic
maps are given in the stereograpic coordinates by f(r,t) = ar = |a|re’?. The initial data for a self-similar
solution is just a point, so the initial data is valued in the great circle passing through that point and the north
pole.

We will now describe how, based on the ansatz just described, a simpler PDE on the solution may be determined.

As the solution is valued on a great circle we can perform a change of variables,
u(r,t) = cos(g)es + sin(g)vo,
for an unknown real-valued g. Geometrically, g is the spherical distance between u(r, t) and e3. We calculate,
ur = gr(—sin(g)es + cos(g)vo),
and,

Urr = grr(—sin(g)es + cos(g)vo) + g7 (—sin(g)es — cos(g)vo)
= grr(—sin(g)es + cos(g)vo) — ”|ur|2~
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Substituting these into (2.5.1) gives,

2n —

¢1(=sin(g)es + cos(g)vo) = (grr + 1gr) (= sin(g)es + cos(¢)v0)

2n — 2 + cos
n : (g)
P

(e3 — cos(g)(cos(g)es + sin(g)vo)).

Taking the inner product of this equation with — sin(g)es + cos(g)vo then yields the equation on g.
Definition 2.5.1. The real heat flow problem is the Cauchy problem,

2n = lgr — iz |:(2n —2)sin(g) + lsin(2g):| (2.5.2)
r 2

&t = &rr +

subject to the initial condition g(r,0) = go(r).
For convenience we let n(x) = (2n — 2) sin(x) + sin(2x)/2.
Definition 2.5.2. The stationary real heat flow problem is the ODE,

2n—1
r

0= Vi) + ) — W), (253)

subject the initial conditions ¥ (0) = 0 and ¥, (0) = « > 0.

In the spherical coordinates the stationary solutions - that is, the harmonic maps - are given explicitly
in (2.2.15). By transforming these solutions into the coordinates g, one finds that the unique solutions to the
stationary real heat flow problem are,

Yy (r) = 2arctan(ar),

which may be verified by substitution into (2.5.3). In light of later results, what will be most notable about the

explicit solution is that it is independent of n.

2.5.1- UNIQUENESS OF SOLUTIONS TO THE PDE PROBLEM IN THE # > 3 CASE

PDEs of the type,
d—1 n(u)

U, — —=
r2’

Uy = Upp + (2.5.4)

with,

n(0) = n(w) = n(2n), n(x) > 0 for x € (0, ), n(x) < 0 for x € (m,27),

arise naturally in the study of the equivariant harmonic map heat flow from R¢ to spherically symmetric manifolds.
There is a general theorem classifying when there is uniqueness of solutions and when there is not uniqueness
[23]. It states that if,

d —2)?
n'(w) < _d-2 1 ) , (2.5.5)
then there is non-uniqueness - that is, two distinct solutions with the same initial data — while if;
d —2)?
' (x) > _e-2 1 ) : (2.5.6)
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for all x then for every initial data there is at most one solution in L L$°. We offer the following new proof of

the latter case.

Proposition 2.5.1. Suppose that n'(x) > —(d — 2)?/4 for all x. There there is at most one solution to (2.5.4) in
L¥PLY.

Proof. First we observe that the condition (2.5.6) implies the one-sided Lipshitz inequality,

— d —2)?
N0 =0 s €22
u—v x€[0,27] 4

Now consider two solutions u and v of (2.5.4) with the same initial data uy and set ¢ = u —v. We will initially

assume that ug € L? N L%, and remove the L? condition later. Under this assumption we calculate,

1d 1d 00 .
3101 = 5 5r0a [ pGoprtar
* 2n—1 u)— v _
=0¢4/ ¢[@v+ ¢,—”()2“)]rhldr
0 r r
oo 42 u) — n(v B
= _||¢r||iz _O'd71/ ¢—2 |:—77( ) —n( ):|r2n Ldr
o F u-—"v
e, d=2 ¢
< —lgrll;> + 1 ol
(-2 4 ,
< —llgr 72 + T - 112 <0, (25.7)

where in the last line we have used Hardy’s inequality with the best constant 4 /(d — 2)?. This implies that ¢ = 0,
and hence that u = v.

We now show how the condition uy € L? may be removed so that uniqueness holds for all data u¢ simply
in L*°. The following is, up to a permutation of notation, an argument of [23]. We repeat it here merely for
completeness and in no way to claim it as our own.

Fix € > 0 and define,

Yt x) = g(t,x) —elx),
where (x) = /1 + |x|? and ¢ = u — v is as before. The function ¢ satisfies the equation,
Vi =AY = ¢ — A + €A(x)

L) + 1)) + eAlx)
-

- 1 (d—2)2| I+ C

——|u—v €—

—r2 4 r
1 (d —2)? C

< —2¥|1/f€|+6—. (2.5.8)
r 4 r

Define ¥$ = max(y€, 0). From the definition of 1€ we see that suppz{ C B(0, R/¢), where R = 2[|¢/€||o0.
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We now calculate using the inequality (2.5.8),

2dt||w+”]‘2 / W+(1/f+)tdx
. d —2)? (w ) Vs
5/Rdw+(Aw+)dx+( ) - dx +cf +dx

4 R4

v
< —IVUSIZ, + IVYSIZ. + ce/Rd B,

where in the last step we used Hardy’s inequality with optimal constant. The first two terms on the right hand
side cancel. For the last term we have, by the support property of 1§ and the Cauchy-Schwarz inequality,

Vs Ve
2dl ||¢+||L2 = CG/ +d.x = CE/;; _+d_x

(O,R/e) T

1/2
< Celle Iu2 (/ —zdx) < Ce+ CVeve 2,
B(O,R/e) I

This differential inequality implies that,
195172 < eV — 1,

which gives, as € — 0, that max(¢,0) = 0. A similar argument shows that min(¢,0) = 0 and hence that
¢=u—v=0. O

In this context of the real equivariant heat flow from C” to CPP", this implies the following result (given as
Theorem 5 (i) in the introduction).

Proposition 2.5.2. Letn > 3. For a given initial data there is at most one solution to (2.5.2) in LS°L°.

Proof. Here d = 2n and n(x) = (2n — 2) sin(x) + sin(2x)/2. We calculate,

7'(x) = (2n — 2) cos(x) + 2 cos?(x) — 1
= (2n — 6) cos(x) + 2(cos(x) + 1)*> —3
>2n—-6)(-1)+0-3=—(2n-3),

where the last inequality holds because # > 3 and so (22 —6) > 0. Now using the inequality —(2n—3) > —(n—1)?
(which is equivalent to 3 > —(n + 1)?) gives condition (2.5.6) and hence the result. O

2.5.2- THE CP? CASE: BREAKDOWN OF UNIQUENESS
The n = 2 case is the most interesting. From the expression,
7' (x) = 2cos(x) + cos(2x),

we see that /() = —1, which is precisely the threshold —(d — 2)?/4 = —1 in the conditions (2.5.5) and (2.5.6).
The condition that would imply non-uniqueness, (2.5.5), does not hold. However we find that,

7' () = —2sin(w) — 4sin(2w) = 0,
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Figure 2.2: Plots of the function 1’(x) in the case of the real equivariant heat flow from C” to CP” in the cases
n = 2 (left) and n = 3 (right). For the n = 3 case, we easily see that 7 satisfies the condition (2.5.6) with d = 2n,
and hence that uniqueness in L$°LS$° holds. For the n = 2 case, we see that both (2.5.5) and (2.5.6) do not hold,
so the case does not fit into the general classification theory.

and,
7" () = —2cos(m) — 8 cos(2m) = —2(—1) — 8(+1) = —6 < 0,

so in fact, by the second derivative test, 7 is a local maximum of n’(x). This means that the condition that would
imply uniqueness, (2.5.6), does hold either. Hence the case of the real equivariant heat flow from C2 to CP? is a
borderline case not covered by the classification theorem of [26]. (Plots of 5 in the n = 2 and n = 3 cases are
given in Figure 2.2, which make the difference clear.)

The question is then: does uniqueness hold or not? First, we see that the proof of uniqueness presented in the
last section clearly breaks down: because the derivative goes below the threshold value —(d — 2)?/4, a Lipshitz
inequality of the form n(u) — n(v)/(u — v) > —(d — 2)?/4 cannot hold.

On the other hand, inspecting the proof in [26] of non-uniqueness in the case (2.5.5) we see that it relies
critically on the following fact: if condition (2.5.5) holds, then the stationary solutions (that is, the harmonic maps)
of the PDE problem oscillate around the fixed point 7 as they converge to it. In our case, the harmonic maps
are given explicitly by ¥ (r) = 2 arctan(or) and are clearly not oscillatory, and so that proof of non-uniqueness
will not hold. In fact, what is interesting is that the harmonic maps being monotonic is ordinarily a sign that
there is uniqueness (if the uniqueness condition (2.5.6) holds, then the harmonic maps are necessarily monotonic.)
However, by using an alternative method in [26] we are able to show that uniqueness for the problem from C?
to CP? does not hold. The original theorem requires some background to state, so we state a special version
adapted to our setting.

Theorem ([26], Theorem 2.2). Suppose that the ‘equator map’ u(r,t) = m (which is a time independent solution of
the PDE) does not minimize the energy,

1
= [ e+ B2 i

where y'(x) = n(x). Then there exists a self-similar weak solution of the initial value problem (2.5.4) that is not
constant in time and that has the same initial data as the equator map, uo(r) = .
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Using this, we prove part (ii) of Theorem 5 in the introduction.

Proposition 2.5.3. For the casen = 2 there is non-uniqueness of the problem (2.5.2): there are two distinct solutions

with initial data ug(r) = m.

Proof. The key aspect of the proof is capturing the fact that in the n = 2 case, the condition n’(x) > —(d —2)?/4 =
—1 in (2.5.6) is violated. If the non-uniqueness condition 7(7) < —1 in (2.5.5) held, this would be easy. However
because 7' (7) = —1, we need to do a higher order expansion of 7(x) around 7 to show this. Once we establish
that condition 7' (x) > —1 is violated, we follow [41] and construct /& based on a function which almost saturates
that Hardy inequality.

Let u = m denote the equator map and % be any function. We have,

1 h) —
E(h)— E(u) = [ [|h’|2 + LZV(”)} ré=ldr, (2.5.9)
0 r
where y’(x) = n(x). One calculates,
y' () = n(r) = 0;
() =n'(r) = -1
y" (@) =1n"(w) =0
)/””(JT) — n///(n) — _6
Therefore by a Taylor expansion, if we choose § small then there exists a constant C > 0 such that,
y(x) —y(m) < —(x —7)* = C(x — m)*, (2.5.10)

forall x € [x — 8, 7 + 8]. The constant C is positive because y* () < 0.
To use the inequality (2.5.10) in the energy expression (2.5.9), we need to choose / valued in [7 — §, w + §].
Following [41], we define, for any € > 0, the function f; : [0, 1] — R by,

el forO0 <r <e,
Je(r)y = qr7t fore <r <1/2,. (2.5.11)
41 —r) forl/2<r <1.

One verifies that f(r) satisfies,
1
J

for some B > 0 independent of €. That is, f is close to saturating the Hardy inequality, which in this case has
best constant 4/(d — 2)? = 1. Then set,

f

2 1 1
3 712 .3 B f
. rdrf/o|f|rdr§(l+|log(6)|)/0 =

7

2
ridr, (2.5.12)

fer) _ S
17Tz 2

h(ry=mn—19§

We observe that (r) € [x — &, w + 8] for all r.
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We then have,
-
B0~ £ = [P+ X0
0 r

1 _ _ 2 _ _ 4
E/ |h/|2+ (h 7[) C(h ﬂ) i|rd—ldr
0 L

72
1[ g2 ) 52
— [ 5e-5
0

Now using bound (2.5.12) we determine that,

y(h) — y(ﬂ)] pd—17,

fe

2 84

16

Jfe

7

2
|f€|2:| ré=1dr.

Je

r

2 2
B
( —C%|fe|2) r3dr,

52 1
E(h) — Eu) s;/o T

and by choosing € sufficiently small we may make the right hand side negative.
We thus determine that E(h) < E(u), and hence there are two solutions. O

2.5.3- THE N > 3 CASE: PRECISE DYNAMICS OF THE SELF SIMILAR SOLUTIONS

We finally present some results on the dynamics of the self-similar solutions in the real heat flow case when n > 3.

The methods of analysis here are not original, and our results are based on analogous results elsewhere. Our

motivation in presenting them here to show how in this special case, one can determine precise dynamics of the

self-similar solutions; it would be very satisfactory to extend these results to the general case of the GLL equation.
We first recall the self-similar problem.

Definition 2.5.3. The self-similar real heat flow problem is the ODE,

2n—1

1
0=¢g<r)+( +g) B~ 51p).

subject the initial conditions ¢g(0) = 0 and ¢}3 0)=p>0.

From section 2.3 we know that for every > 0 there is a unique global solution to this problem and that there
exists ¢pg(00) € R such that lim, .o ¢pg(r) = ¢g(0).

Proposition 2.5.4. Let ¢g be the solution of the self-similar problem and g the solution of the stationary problem.
(i) We have the bound ¢g(r) < Yg(r).
(ii) The function ¢g is monotonically increasing and ¢pg(r) < 7.

(iii) For fixed r > 0, the function B — ¢g(r) is strictly increasing, ¢o(r) = 0, and ﬁlim pp(r) =m.
—00
(iv) The function B +— ¢g(00) is strictly increasing, ¢o(c0) = 0, and ﬂlim ¢pg(c0) = m.
—>00

The content of this Proposition may be seen at a glance in Figure 2.3. Note that in light of the non-uniqueness
theorem for n = 2, we don’t expect the same dynamics in the n = 2 case: in fact we expect a self-similar profile
whose asymptotic limit is 7.

Lemma 2.5.5. Suppose that for allr € [0, R], we have ¢g(r) < m. Then ¢g is increasing on [0, R].
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Figure 2.3: Plots of ¢g(r) for r € [0,2.5] and 8 = 0.25,0.5, 1, 2, 4.5, 10, 30 and 100.

Proof of lemma. Becase B > 0, the solution is initially increasing. For a contradiction, let ry be the first critical
point in [0, R]. Because ¢g is initially increasing, ro must be a local maximum. However from the ODE we have,

2n—1

r
B (r0) = — ( T 5) 81, (r0) + (5 (r0)) = 1 (o)) > 0.

where 1(¢g (r9)) > 0 because ¢g(ro) € (0, 7). The condition ¢g (r0) > O contradicts ro being a maximum. Hence
¢p is increasing on [0, R]. O

Proof of Proposition 2.5.4, (i). Let € > 0 and consider the functions ¢g and ¥ g4¢(r). Define,

f(r) = r?(Yp+e(r) — pp(r)).

We will show that f(r) > O for all r. Letting ¢ — 0 will then give the result.
By continuity of derivatives given by the well-posedness theory, there is an initial interval [0, §) on which
Vpte(r) — ¢pp(r) is increasing, and hence, as r? is also increasing, the function f is increasing on this interval.
Now suppose that f has a critical point. Let ry be the first critical point. Because f is initially increasing, this
critical point must be a local maximum. Because f is increaing on (0, r¢), we have f(rp) > 0.

We then calculate,

F(r) = r2 (W (1) = g () + 4r (Y, (r) = (1) + 2(Yp4e(r) — pp (1))

4—(2n—1 22n—1)—6 3
= (rn )f”r (nrz) f+%¢};+?7(1ﬂﬂ+e)—n(¢ﬁ)~ (2.5.13)

Firstly, we have the Lipshitz bound,

N(Wp+e(ro)) — n(@p(ro)) = —(2n —3)(Yp+e(ro) — ¢p(ro)).
where we have used the fact that f(ro) = Ygc(ro) — ¢g(ro) > 0 to multiply across by Vg1 (r0) — ¢g(ro).

Secondly, because f(rg) > 0, ¢g(ro) < Yg4e(ro) < m, and hence by the Lemma ¢y is increasing on [0, o).
Therefore (,i)}/9 (ro) = 0.
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Using both of these inequalities, and as well as f’(r¢) = 0, in (2.5.13) yields,

22n —1) —

f"(ro) = +
2n

f(r)+0—

ro 0

f(ro) >0,

f(ro)

which contradicts ro being a local maximum. Hence f has no critical points; it is increasing for all . In particular,
it is always positive, so ¢g(r) < Yg4c(r) for all r. Taking the limit € — O then gives ¢g(r) < ¥g(r). O

Proof of Proposition 2.5.4, (ii). The previous bound gives ¢g(r) < Y¥g(r) < m for all . Hence by the Lemma,
¢g(r) is always increasing. O

Proof of Proposition 2.5.4, (iii). Set o < . We wish to show that ¢ (r) < ¢g(r), which follows from a maximum
principle analysis of g(r) = r?(¢g(r) — ¢o(r). The analysis is similar to the proof of item 2. The function g is is
initially increasing. If rp denotes the first critical point, which must be a maximum, one calculates,

g//(ro) _ |:4nr; 8 + 1] g(ro) + ¢ﬂ(r0)’;¢a(r0)

=[50 ] eom - 2000 = [ 225

a contradiction. Therefore g is increasing for all r, and in particular is positive, and hence Yrg (r) > Yo (r). O

+ 1i| g(ro) = 0,

Proof of Proposition 2.5.4, (iv). The proof follows from a similar maximum principle argument as in the previous
proof to show that the function,

v = (55 ) V5 () — Yal)),
is increasing. One then has, for r > 1,

1
(52 s —vaen = S~ vetn >0

and hence on taking limits,
1
(Yp(00) — Yo (c0)) > 5(%3(1) —vYa(1)) >0,

which is what we wanted to prove. O
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APPENDIX: SOME STANDARD RESULTS

2.5.4- HARDY INEQUALITIES

Theorem 2.5.6 (Generalized radial Hardy inequality). Suppose that f : R — R is radial. Then forall p > 1 and
k > 0 such that p < d/(k + 1) there holds,

f

rk—i—l

Jr

rkdl s

P

< 2.5.14
S d=pk+D) (25.14)

Proof. We suppose that f is smooth and compactly supported. The result for arbitrary f then follows from a

d (f S fr
d_(_k) = K

k+1)p—1rd—1

standard density argument.
We have,

Multiplying this equation by (f/r and integrating over [0, 0o yields,

/°° dA(SON( L Nk - /°° S (LN
o dr \ rk rk+1 s(d) o Jo rk \rk+l '
where 5(d) is the measure of the unit sphere in R¢. Now performing integration by parts on the term on the left
*d (SN e
o dr \rk )\ rk+i
00 p—1 p
= —/ i i J rd 7t dr + —f ré
o \rk ) dr |\ [kt rk+1

The boundary term corresponding to r = 0o is 0 because f is compactly supported. For the r = 0 term we find,

f

rk—i—l

we find,

r=o00

r=0

lim

p
d _ 1; ppd—plk+1) _
r—>0(rk+1) " rh—l;l})f(r) " 0
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ifd — p(k + 1) > 0. We therefore have,

*®d (f f p—1 i
() Ao
0
= _/°° (rik) [(d —1—=(p—=Dk + 1)) f(r)?~1rd-2=p-DGE+D .
0

+(p = DS (r)rd—‘—@—”“‘“)] dr
d—plk+1)+k p—1
_d-pkt D+ | _f 1)/ (,m) pd—1

s(d) rk+1
Substituting this into the equation above and combining terms we get,

£l (N fr i
d—pk+1)|— = —s(d = dx < ,
(d—pk+D) |25 Lo s(d)p T Y=l e,
which upon dividing through by the norm of f/r¥*1 gives the result. O

Corollary 2.5.7. Suppose that f : R? — X is radial with X = C or X = R™. Then forall p > 1 andk > 0 such
that p < d/(k + 1) there is a constant C(d, p, X) such that,

f

prES]

<Cd, p,
Lr

(2.5.15)

Proof. Take X = C and write f as f(r) = a(r) + ib(r) for real valued functions a and b. Using that |u|L» ~
|Reullrr + || Imu|rr, we have,

A, = I F: <|%
P I R Y rk+1 Lr o 2
A similar argument holds X = R” writing f in terms of its real-valued coordinate functions. O
2.5.5- LOCAL WELLPOSEDNESS FOR A CLASS OF SINGULAR ODE
Theorem 2.5.8. Consider the Cauchy problem,
Sy )
Fry=A(f'(r). f(r),r) —k (T e B(f( ), (2.5.16)
f(0) =0,
f(0)=a€eC,
where,
o k>0,

o A(z1,z2,1) is a smooth function with A(«,0,0) = 0,
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e B(z) is a smooth function such |B(z)| < C|z|? in a neighbourhood of 0, and (3B /9z)(0) = (dB/dZ)(0) = 0.
There exists ro > O such that there is a unique solution among all functions f : [0, ry] — C satisfying,

‘M < 0. (2.5.17)
r Lo°([0,ro])

[ f (M) Looo.ro)) +

The unique solution in this space is second differentiable at r = 0 and satisfies " (0) = 0.
Let us make two remarks on the conditions in the theorem.

e The condition (2.5.17) on f is equivalent to both f and f” belonging to L* and f” satisfying a Liphitz
condition at r = 0.

o The assumptions on B ensure that its behaviour as r — 0 is non-singular; indeed, one readily verifies
that, for smooth f, B(f(r))/r? — 0 as r — 0. With this formulation of the Cauchy problem the singular
behavior occurs only in the term «(f/(r)/r — f(r)/r?).

Proof. Step one: setting up the fixed point formulation. For any r > 0, define u, by,

'f’(r) — /'(0)
. :

Lee([o.r])

wr(f) = 11 (M)l Leo o) + ‘

and let X, ps denote all functions f such that u,(f) < M. On the space X,y we define a distance function for
/. & € Xrm by,

I !

d (f.e) =If - g”L‘X’([O,r]) + H U

r lreoqory

We will perform the fixed point argument in the complete metric space (X, ar, dr).
We now express the Cauchy problem as a fixed point problem for an operator defined on X, ps. Multiply
equation (2.5.16) by r* and integrate from 0 to r. Using integration by parts, the left hand side is,

/r F(s)skds = f(r)yr¥ —k/r F(s)s* s,
0 0

while the right hand side is,

/ ' [A(f’(s), for+ BLO SO 1 (j)} skds,

We see that the integral terms involving k f/(s) cancel, giving,
] r
ro == [ [A(f/(sx £).9)5 + BN + k&sk—l} ds.
r 0 N

Using the fact that ,LA for ks*~1ds = 1, we can write this as,

f1r) = rik /0 [AC/9). £5). 55" + B(f ()52

(22 o) a0
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To find an equation for f(r) we simply integrate this equation from 0 to r.
We therefore define T by,

@no = [ 1 [ [A076. 6105 + Bt

+k (fis) - f’(O)) sk_li| ds} dt + rf'(0).
By the preceding computations, constructing solutions of the Cauchy problem (2.5.16) is equivalent to finding a
fixed point of T'.

Step two: T maps a space into itself. We will show that for any M, there exists r¢ such that 7 maps X, ps into
Xy m forallr <rg.

Fix M > 0. We will assume throughout that r < ry < 1, as we are only interested in the local theory about
r = 0. Thus if p,,(f) < M we have for all r < ro,

|fO = pe(f) =M and |f'()] < | f'O) + rr(f) < 1£/0)] + M; (2.5.18)

that is to say, if 4, () < tr,(f) < M then f(r) and f'(r) are valued in a bounded set in the complex plane
for all r < rg. By the smoothness conditions on A and B we therefore have that that there exists a constant Cyy
depending only on M such that for every f € X, ,

AL (). f(r). 0] = Cua (LF' () = £ O+ £ ()] +7) (2.5.19)

|B(f(r)] < Cu| f(r)P. (2:5.20)

In what follows the constant Cps may change from line-to-line, but in all cases indicates a constant that only
depends on M and o = f7(0).

We first examine (Tf)'(r). It is clear from the definition of T that if f € X, then (Tf) (0) = f’(0). We
therefore have,

<ot [ [0 .91

’ f©)
N

(Tf) (r) = (T1)'(0)

r

HIB(f(5))Is* 2+ k — £/(0)

sk_1:| ds

We deal with each of the three terms on the right hand side in turn.
Using (2.5.19), the first term is,

ot [ AU 6091 s < Curgrr [ (16 = O+ 0]+ 5) st ds

_ oy /r(|f/(S);f/(0)|s+|f(s)|+s)skds
0

<C 1 ’ (0 s? kd
= Mmfo (/‘Lr(f)s+s|f()|+7ﬂr(f)+s)s s,

where in the last step we have used (2.5.18). On evaluating the integrals, and using r < 1, we find,

o [, AU 6915 ds = Corpr ()7 + 1 O+ 1
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Now for the second term. Using (2.5.20) we have,

1 r _ 1 r B
o [ 1B < Cu i [ 7R R

<Cum

1 r
pk+1 /0 (S3|f/(0)| + S6l/«r0(f)) k24
< Cumpr()r + 1 (0)r.

For the last term, we first look at,

f(s) L, , 1
| =i [1ro-rou = |

- f(0) VO=TO 4y < 2,0,
N t 2

This gives,

L | fes
2 [ P2 o

k "
k—1 k
s s < 2k 1/0 wr(f)s"ds

— S = 5,
With these three estimates we have established that,
'(Tf YO IO < Copriue () + 1701+ 1 + St < Cur + 4 @5
The L estimate on T follows immediately from this,
@)= [ EOZE Oy 4 1p10) < Cur (2.5.22)

With the two estimates (2.5.21) and (2.5.22) we thus have,

M
wr(Tf) < Cyr + B

for all r < ry. By choosing ry sufficiently small (namely ro < M/2Cys), we have that for all r < r¢ that
ro(Tf) <M ,and hence that T : X, pr — X, m.

Step three: T is a contraction mapping. We will show that for sufficiently small ry, T is a contraction mapping
in Xy M.

As before, fix M. For sufficiently small ro, T maps X, pr into itself for every r < ry. Take f, g € X, . By
the smoothness assumptions there is a constant Cps such that

[ACf' (). f(r).r) = A(g' (). (r). 1) = Cy (1f(r) — g + [ f'(r) = g'(")]) (2.5.23)
|B(f(r) = B(g(r)] = Cu|f(r) =g AS ]+ 18D (2.5.24)

forall r < ry.
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Again we look at the derivative term first. We have,

(TS (r) — (Tg)'(r)

r

1 r
< ot |, [0, 7619 = 400 506).0015

+[B(f(s)) — B(g(s))|s*>
+ k ‘—f(s) s_ g(s) sk_l] ds.

By similar arguments to before, and using conditions (2.5.23) and (2.5.24), we determine that,

(Tf)2(r) — (Tg)2(r)

r

< Curdy(f.g) + %dr(f,gm

Again the L estimate is a direct consequence of this,

/’ (T1)'s) = (Te)G)
0

N

(TF)() = (Te) ()] = ‘ o < Curdr(£.0).

The previous two equations imply that,

4, (Tf.Tg) = Currdy(f.) + 50+ (f. ).

Hence choosing ry sufficiently small, T is a contraction on X, as. It follows from Banach’s fixed point theorem
there exists is a unique solution of the Cauchy problem (2.5.16) in X, a.

Note that the constant M in the proof was arbitrary. Setting M = 1, say, gives us one solution f of the
Cauchy problem that is unique in the set X, 1 for ry sufficiently small. Now suppose £ is another solution of
the Cauchy problem satisfying (2.5.17). This means f € X o.M for some r, and some M. We may assume that
M > 1,that rj < ro, and that r{ is such that the existence and uniqueness argument above applies. We then have
X1 CXpr M and so f and f are both in the space X r;,M - Because the solution in this space is unique, f = f .

Step four: the second derivative atr = 0 is 0.

The previous steps gives that for M = 1/n there exists r, such that the unique solution f of the Cauchy
problem (2.5.16) is in X, 1/,. We may assume that r, < 1/n. In an equation, this says,

‘f’(r) - /(0
r

1
|/ ()L o, + <

Leo([0,rn])

for some r,, < 1/n. Taking the limit as n — 0 we see that f”(0) must exist and equal 0. O
2.5.6+- AN INTEGRATION INEQUALITY

Proposition 2.5.9. Supposethat A'(r)+c rA(r) < czr_kforcl > 0. Then foranyrg > 0, A(r) < C(cy, ro)(A(ro)e_c1’2/4+
—k+1
cor ).

Proof. We may write the equation as,

i (eclrz/ZA(r)) < C_]Zceclrz/2’
r r
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which on integration gives,

r
A(r) < ecl(rg—rZ)/ZA(l) + Cze—clﬂ/z/ ikeclsz/zds

r()s

,
= 1062 4(1) 4 ¢, kl 1( : [ ikemz/zds).
ree ro

r—k+1lpc1r2/2 s

To prove the result we show that the term in the brackets is bounded independently of r. This term is clearly a
continuous function of . Moreover, we have from the condition ¢; > 0,

r
. _ 2 . 1 2
lim r—*t1e€17°/2 — 55 and lim —_eC157/2,
r—o0 r—=>00 J,o Sk

which means, by L’Hopital’s rule, that,

r
lim ; _eclsz/zds
r—00 r—k+leclr2/2 ro Sk

1 1 2 1
= li e 2 - i ——— =
oo ((—k + Dr—kec1r?/2 4 ¢y p—k+2ec1r2/2 e ) o0 —k + 1 + 172 0

We thus have for all r € [rg, 00),

1 "1 2
157/2
(r—k+lec1r2/2 j;o e ds) = C(ro, 1),

which completes the proof. O
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